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The degenerated homoclinic bifurcation for high dimensional system is considered. The
existence, uniqueness, and incoexistence of the 1-homclinic orbit and 1-periodic orbit near I'
are studied under the nonresonant condition. Complicated bifurcation pattern is described
under the resonant condition.
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§1. Introduction and Hypotheses

In recent years, with the development of nonlinear science and the deep study of chaotic
phenomena, an increasingly large number of papers are devoted to the bifurcation problems
of homoclinic and heteroclinic orbits in high dimensional space (see [1-14]). Due to the
difficulty encountered, unfortunately, only a few (e.g. [1, 13, 14]) are concerned with the
periodic orbits bifurcated from singular loops. Papers [1, 13] discussed the problem of the
homoclinic loop bifurcation in high dimension with codimension 2, that is, the system has
resonant eigenvalues and the homoclinic loop I' = {z = r(t) : t € R, r(+o0) = 0} satisfies
the nondegenerated condition codim(T.,y W* + T,y W*) = 1.

In this paper, the periodic and homoclinic orbits produced from the degenerated homo-
clinic bifurcation are considered, which means we assume codim(T,.yW*" + T, W?*) = 2.
Results corresponding to nonresonant and resonant conditions are obtained. The method
to establish a system of local coordinates near the homoclinic loop suggested and used in
[13, 14] is simplified here.

Consider the following C” system

z=f(2) +eg(z,u,e), (1.1)
where r >4, z ¢ R™™ p e RF, 0 < |¢| < 1, £(0) =0, g(0, p,&) = 0.
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We need the following assumptions.

(H1) For e = 0, System (1.1) has a homoclinic loop I = {z = r(t) : t € R} with r(fo0) =
0. The stable manifold W* and the unstable manifold W* of z = 0 are m-dimensional and
n-dimensional, respectively. Moreover, The linearization D f(0) at the equilibrium O has
simple real eigenvalues A1, —A2, A3 and —A4 such that any remaining eigenvalue A of D f(0)
satisfies either ReA > A5 > A3 > A1 > 0, or ReA < —)\g < —A4 < —Ag < 0 for some positive
numbers A5 and Ag. For any p € I', codim(T, W™ + T,,IW*) = 2.

(H2) Define et = t_lirinoof‘(—t)/|1'"(—t)|. Then, et € ToW® and e~ € TyW*® are unit
eigenvectors corresponding to A\; and — s, respectively.

Let W#¢ and W™ be the strong stable manifold and the strong unstable manifold of z = 0,
respectively, €" and €~ be unit eigenvectors corresponding to A3 and —\4, W¥4+ C Wy
and W*5~ C W** be the one-dimensional solution manifolds tangent to €" and €~ at z = 0,
respectively, W*%* C W¥ be the (n — 2)-dimensional solution manifold tangent to the
generalized eigenspace corresponding to those eigenvalues with larger real part than s,
and W**¢ C W** be the (m — 2)-dimensional solution manifold tangent to the generalized
eigenspace corresponding to those eigenvalues with smaller real part than —Ag. Then, we
have TyW 4 = ToWwut @ ToWwut ToWss = ToW s @ ToW s~

(H3) t—lzgloo(TT(t)W n Tr(t)W ) =e de ,
i s uy — ot et
t—I}I—Iloo(TT(t)W NT.pW )=e€e" @e" .

(H4) span (TT(t)Wua TT(t)Wsa 6+a é+ ) = Rm+n7 t > ]-7

span (T, yW*, T,zyW*®, e, & )=R"" t< -1

We say I' is degenerate if dim (7}, W*" N T, W?*) > 1. In degenerate cases, the patten
of bifurcation will be much more complicated. It is easy to see that under the hypothesis
(H1), the hypothesis (H2) is generic, and so are the hypotheses (H3) and (H4). Hypothesis
(H4) is equivalent to

T,oyW" = T,W"™ @e” e as t— +oo,
T,yW?® = T,W*** @et det  as t— —oc.

This is called the strong inclination property.

§2. Local Coordinates

Our study will be based on the analysis of the Poincaré map defined on some local
transversal section of I". For the establishment of the Poincaré map, we should choose
a suitable coordinate system. Consider System (1.1) under the hypotheses (H1)-(H4).
Suppose that the neighborhood U is small enough. Then we can introduce a C" change
such that System (1.1) has the following form in U:

=)+ la g=[ha(e)+ oy,
= [\3(e) + -], )4 -], (2.1)
= [Bie)+]u,
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where X;(0) = \; for i = 1,2,3,4, Reo(Bi(¢)) > A3 and Reo(—Bz(e)) < —Ay4 for || small
enough. In other words, we have straightened the following manifolds in U,
FﬁngC = {yZO,EZO,T}:O,UZO,UZO} ‘/I/vlqég+ = {x:O7y:O,17:07U:O7’U:O},

POWe={o=0,a=0,0=0,u=0,0=0}, Witt = {o =0,y = 0,a=0,u=0,0=0,

Wit ={x=0,y=0,0=0,0=0,v=0}, W ={r=0,y=0,u=0,9=0,u=0}.
Here, u € R"2, v € R™72, and (2.1) is C" 1.

Taking a time translation if necessary, we may assume r(—T) = (4,0,0,0,0%,0%)*, »(T) =
(0,6,0,0,0%,0%)*, where 0 is small enough such that {(z,y,a,v,u,v) : |z|, |y|, |@l, |9], |ul,
lv|< 3§/2}C U. Let A(t) = Df(r(t)). Consider the linear system

z2=A(t)z (2.2)
and its adjoint system
i=—A*(t)2. (2.3)
Now we choose solutions of (2.2) as following:
21 (t) Zz(t) € (Tr(t)Ws)c n (TT(t)Wu)C,
z3(t) = —r(t)/|7(T )| 24(t) € T,y W N Ty W,

25(t) = (25(t), - (’5)) € TiyW"™ C (T.yW*)* N T yW",

26 (t) ( (t), . (t) eT, t)ngs C Tr(t)W ﬂ( T(t)Wu)C,
z1(T) = (1,0,0,0,0,101‘6) , 29(T) = (W21,0,1,0,0 wﬁﬁ)*, 23(T) = (0,1,0,0,0,0)",
Z4(—T) = (0,0,1,0,0,0)*7 ( T)= (O 0,0,0,1,0)%, z6(T) = (0,0,0,0,0,])*

such that Z(t) = (21(t), 22(t), 23(t), z4(t), 25(¢), 2z6(t)) is a fundamental solution matrix.

Proposition 2.1. If (H1)—(H4) are valid, then there exist constant vectors wig, was and

way such that the followings are true:
21(=T) = (w11, w12, w13, w14, w15, 0)", 22(=T) = (wa1, waa, W23, Was, Wi, 0)",
23(=T) = (w31,0,0,0,0,0)*, 24(T) = (0,wa2,0,w44,0,0)",

25(T) = (w;hw;%w§33w;4,w;57w§6)*7 ZG(*T) = (wglvwg%w237wg4ﬂw;5vwg6)*a
where w3y < 0, wyy # 0, detwss # 0, detwgg # 0 and either wiswsy # 0, woe = 0 or
wie = 0, Wwop = 0, wigwoe # 0. Moreover, for § small enough, \wliwﬁl\ < 1 fori # 2,
lwoiway| < 1 fori # 4, |a1wa,| < 1, waswy!| < 1, lwsiwsy| < 1 fori # 5, lweiwgg | < 1
for i #6.

Proof. The existence of z5(t) and zg(t) with given values at T' and —T is clear. By
the definition of z3(t), we have ws; < 0 immediately. Now let z;(¢) be a solution of (2.2)
with z,(T') = (1,0,0,0,0%,0%)*. Then, z,(t) = Z1(t) + 2z6(t)wie is also a solution of (2.2)
with z1(T) = (1,0,0,0,0%,wis)*. Denote z1(—T) = (w11, W12, W13, W14, W5, Wig)" and take
wig = fwggww. Then we get z1(—T') as desired in case det wgg # 0.

Now by the definition, z1(t) € (Tr,iyW*) N (TyW*)°, we get (wi2)* 4+ (w14)® # 0.
First assume wis # 0. Then, similar to the procedure for getting the desired z(t),
we see there is a vector Wy such that there exists a solution Z(t) satisfing Zy(T) =
(0,0,1,0,0%, w3g)* and zo(—T') = (wWa1, Waa, Wag, Way, Wiy, 0*)*. Since wis # 0, we can de-
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fine z5(t) = Za(t) + 21 (t)wWay with g = —wggwfgl and wog = Wog + Woiwig such that
29(=T) = (wa1, 0, wag, way, Wiy, 0%)*.

That z4(7") has the expression (0, w42, 0,w4q,0%,0)* is simply because T,y W* N Ty W
is an invariant subspace of (2.2) and becomes the y — v plane as t > T.

A simple computation shows that det Z(T') = —wy4 det wss, which turns out that wyy # 0
and det wss # 0.

Now we show det wgg # 0. In fact, if det wgg = 0, then, due to dimW?**® = rankzg(T') =
rankzg(—T), we have T, _pW*** N span{T,_p)W* e",e"} # (. Notice that hypoth-
esis (H3) means dim(7;._pyW* N span{T,_7)W*",e~,e"}) > 3, which turns out that
dim(span{T,—myW", T, —yW?*,e™, €~ }) < n+m. It contradicts hypothesis (H4) .

way # 0 is a direct consequence of det Z(—T) = —wiowaqws; det wgg # 0.

If w3 = 0, then w4 # 0, and we simply take z5(t) = Z2(¢). This means we; = 0. Now it
follows from det Z(—T) = wigwaaws; det wgg # 0 that way # 0.

The remainder is easy to check by using the expressions of A(t) at ¢ = +o00 and —oo, we
omit the detail. The proof is finished.

Generically, we have wio # 0. Since the discussion is similar for the case wia = 0 (then
wi4wag # 0 by Proposition 2.1 ), we restrict ourselves to the case wi2 # 0 in this paper.

Denote r(t) = (ri(t),ra(t), r3(t), ra(t), ri(t), r5()*, w1z = Alwia|. We say that T is
nontwisted as A = 1, and twisted as A = —1.

In the following, we regard z1(t), 2z2(t), 23(t), z4(t), 25(t), z6(t) as a local coordinate
system along I'. Denote W(t) = (11 (t), %2 (t), ¥3(t), a(t),%5(t), v¥s(t)) = (Z71(t))*. Due to
[15], we have

Proposition 2.2. U(t) is a fundamental solution matriz of (2.3). Moreover, 11(t), pa(t)
€ (T,pyW?*) N (T, yW")¢ are bounded and tend to zero exponentially as t — Foo.

§3. Poincaré Map and Its Associated Successor Function

Now we set up the Poincaré map. Set
ns = (ng, - ,ng?)*,

s(t) =7(t) + z1(t)n1 + z2(t)na + z4(t)na + 25(t)ns + 26(t)n6.

ng = (”éw” ,ngn—2)*,

Let
So = {z=s(T): |z, lyl, [u], [v], lu], [v] < 36/2},
S1={z = s(=T) : [a],Iyl, [al, o], |ul, [o] < 33/2}
be cross sections of " at t =T and ¢t = —T, respectively, where § is small enough such that

So, S1 C U. At first, we set up a map Fj from S; to Sy which is defined by the orbits of
(1.1). Secondly, we consider the map F» from Sy to S; induced by the orbits of (2.1) in
U. Thirdly, by combining the two maps we get the Poincaré map F' = Fj o Fy: Sy — Sp.
Finally, the associated successor function is given.

Let z = s(t) be a solution of (1.1). Substituting it into (1.1), we get

#(t) + Z(t)(n1,n2,0,n4, 0, n5)* + Z(t) (11, 722, 0, g, 15, 1) *
= f(r(t)) + A@®)Z(t)(n1,n2,0,n4, 0%, ng)* + g(r(t), 1, 0) + h.o.t.
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By 7(t) = f(r(t)) and Z(t) = A(t)Z(t), it reads as
Z(t)(n1, na, 0,04, 15, 05)" = eg(r(t), 1, 0) + h.o.t.
Multiplying two sides of the equation by ¥*(¢) and using U*(¢)Z(t) = I, we obtain
n; = e; (t)g(r(t), u,0) + h.ot.,, ¢=1,2,4,56. (3.1)

System (3.1) yields the map Fy : Sy +— Sp defined by (n1(—=T), ne(=T),na(—T),ni(=T),
ng(=1))" — (n1(T), n2(T),na(T), n5(T), n5(T))",

n(T) = n;(=T) + eM; (1) + h.o.t., (3.2)
where M;(u) = f_TT r(t)g(r(t), u,0)dt, i =1,2,4,5,6.

Proposition 3.1. Fori=1,2,4,5,6, M;(n) = fjoooo E(t)g(r(t), p, 0)dt.

Proof. It suffices to show ) (t)g(r(t), 1,0) = 0 for |[t| > T. Clearly, r(t) = (0, r2(t), 0,
0, 0%, 0*)* and |r2(t)| < 0 for ¢ > T. Owing to ¥ (T)z3(T) = 0 for i # 3 and solving (2.3)
we get the y-component of ¢;(t) is equal to zero for ¢ > T. Meanwhile, (2.1) implies that
g(r(t), u,0) = (0, g2(r(t), ,0),0,0,0*,0%)* for ¢ > T. Thus we have ¢} (t)g(r(t),,0) =0
for t > T'. Similarly, we have 7 (t)g(r(t), u,0) = 0 for ¢ < —T. Thus the proof is complete.

Functions My (u), Ma(p), Ma(p), Ms(u) and Mg(u) are called Melnikov functions.

Now we consider the map F» : So — S1, qo(zo, Yo, To, Vo, us, v5)* — q1(x1,y1, U1, V1,
uf,v)* which is induced by the orbit of (2.1) in U, where u; = (u},---,ul"?)*, v; =
(v}, v 2)* for i =0, 1.

First assume A\; < Ay. In order to guarantee the differentiability of the map at the

)\1(6)7’

origin, we set s = e~ , where 7 is the flying time from g¢o(zo, Yo, @0, Vo, ug, v3)* to

ql(xlayla’ala 1717”{7’01:)*'
If we apply the method of [2] or successive substitutions with initial solution value

Tr = e/\l(a)(t_T_T)!Eb _Az(e)(t_T)y(Jv

y=e
u=etEET-1g, 7= e MEEDg (3.3)

u = eBIEOE=T=7) = e~ BO=T)y

to (2.1), and neglect the higher order terms for ¢ sufficiently small, then we get

To = ef)\l(s)'rzl = sa1, Y1 = 6*)\2(6)7‘y0 _ 5)\2(5)/>\1(€)y07
Uy = 6_)‘3(5)7'1]1 = 3>\3(5)/>\1(5)al7 U = 6_>\4(5)T170 - 8)\4(5)/A1(5)@0’ (3.4)
uy = e_Bl(E)Tul _ SBl(s)/)\l(e)ul, vy = e—Bz(s)‘rvO _ SB2(E)/>\1(E),UO.

Here we have used the fact that
2~ 0Ty L O(8)e 2T 5 O(8)eMs =T,
T~ 0(8)eMET) 1y 0 0(6)ePr T 4~ O(8)e B20-T),
Now we seek the new coordinates of gy and ¢;. Let
o = (%0, Yo, o, Vo, g, v5)" = 7(T) + Z(T')(no1, noz, 0, noa; noss noe) s
@1 = (x1,Y1, U1, 01,u7,0])" =r(=T) + Z(=T)(n11,n12, 0, 014,075, n7¢) "
Then, using r(T") = (0,6,0,0,0%,0*)* and r(—T) = (4,0,0,0,0%,0*)*, we get
(no1, n02, 0, m0a, 155, 156)* = Z~H(T) (0, Yo — 6, o, To, ug, v5)

* * O\ % — e ko k\ % (35)
(n11,m12,0,n14, 135, n36)" = Z7H(=T)(z1 — &, y1, U1, 01, uf, vi)"
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Let

_ -1 _ -1 _ -1

a1 = W11 — W21Wey W14, a3 = W13 — W23Woy W14, a5 = W15 — W25We,y W14,
~ -1
b1 = w51 — Wa1wWs3, by = Ws2 — WarWyy Ws4,
~ -1
bs = wss — WieWs1 — (w26 - w21w16)w537 C1 = We1 — W21Wey We4,
-1 -1 -1

C3 = We3 — W23Wqy We4, C4 = We4 — W14W1g W62, C5 = Wes — W25We, We4,

where |la;wiy || < 1 for i = 1,3,5, ||biwss || < 1 for i = 1,2,6, ||ciwgg | < 1 for i =1,3,4,5
as 0 small enough. Due to the hypothesis wis # 0 and Proposition 2.1, we have

- -1 _ -1
N1 = To — Wa1llg — biwss Ug, Moz = Uy — Ws3Ws5 Ug,

Yo A~ 0, Mos = wyy (o — W54Wsg "), (3.6)
S\ -1
nos = U155 up, MNoe = —WieTo — (W — W1Wa1)lUo — bewss uo + vo,
— —1 _ =1 -1 - -1
N1l = Wyg (y1 We2Wgg 1)1), N12 = Woy (—w14w12 Y1 + U1 — Cawgg Ul),
~4 _ -1 . —1- -1 -1 3.7
T1 /R0, M4 = —a3Wio Y1 + U1 — W23Wgy U1 — (63 — a3Wqg w62)w65 U1, ( . )
—1 —1- —1 -1 —1
Nis = —A5Wiy Y1 + Ul — WasWay U1 — (C5 — A5Wi5 We2)Weg V1, M6 = Weg V1-

Now we have defined the map F; : S; — Sy by (3.2) and the map F» : g9 € Sop — ¢1 € S1
by (3.4), (3.6) and (3.7). Let Fi(q1) = q2 = 7(T) + Z(T)(nz1,n22, 0, nog, nas, nog). Then
(3.2) reads as

No; = N1; + EMZ‘(,U,) +h.o.t., i=1,2,4,5,6. (38)
Thus we get the Poincaré map F' = Fy o Fy : gg € Sog — ¢2 € S,
F((no1, noz2, no4, ngs: nog) ™) = (21, n22, noa, nys, nag)”
where (n;1, ni2, nia, nis, nl)* for i = 0,1,2 are given by (3.6), (3.7) and (3.8). Explicitly, if
we substitute (3.4) (3.6) and (3.7) into (3.8) and neglect the higher order terms (compared
with O(s*2(5)/X1(2)) or O(s*3()/A1(2)) ) "then the Poincaré map F : Sy — Sy is given by

No1 = w1_2158>\2(6)/>\1(6) +eM (/,L) + h.o.t.,

Ny = —wa wigwiy 3532/ E) gy LA @M E g0 e My () 4+ hoot.,

Ny = —azwiy 6572/ M) _qposans tsr (/M E G 4ay 4 eMy(u) 4+ hoo.t.,

N2s = —a5W1y 15sh2(e)/Aa(e) _ WasWay LM/ ME g0 4y + eMs(un) + hoo.t.,

Nog = Weg LgB2(e)/M(E) g 4 eMg(p) + h.o.t., (3.9)

and its associated successor function
G(s,v0,v0,%1,u1) = F(q0) — qo = (n21,n22, N4, N5, 136) " — (n01, M02, N04, N5 Nop) ™
is given by
Gi1 = wleés)‘z(s)/’\l(a) — 85 4 gy s/ Mg, 4 eMi(u) + hoo.t.,
Gy = 7w2_41w14w1_2155>‘2(5)/>‘1(6) — M@/ M@y, 4 eMsy(p) + hoo.t.,

Gy = —aswi 052/ E) Ly —wi g + eMy(p) +ho.t., (3.10)
Gs = —a5w1_2158>‘2(5)/>‘1(5) + U1 — waswyy Sl @)/ )5 +eMs(p) + hoo.t.,
G¢ = —vg + wyeds + (w26 — leWQl)SAS(E)/Al(E)ﬂl + EMG(M) + h.o.t.
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Then assume \; > Xo. In this case, we take s = e *2(5)7. We should now use s*/*2(¢) to
replace s*/*1(5) in (3.4), (3.9) and (3.10) for A = Ay, --- , A4, By, B, respectively.

Remark 3.1. In the following, we always assume that functions F and G have been
differentiablly extended to some neighborhood of s = 0.

§4. Nonresonant Homoclinic Bifurcations

In this section, we consider the nonresonant case Ay # Az. We only study the case
A1 < A2, and the results also apply to the case A\; > As if we change ¢ to —t.

Now we use (3.10) to study the existence and the uniqueness of the 1-homoclinic orbit
and the 1-periodic orbit. Consider the solutions of the equation

G(S,@O,Uo,ﬂl,ul) =0. (41)
The degeneracy of the homoclinic loop T' implies that G = dG(s, g, vo, Gy, u1)/d(s,
To, Vo, U1, u1 ) is degenerate at (s, Tg, vo, U1, u1) = 0. Thus the implicit function theorem is not
valid in this case. But, the last three equations of (4.1): G4 = 0, G5 = 0, G¢ = 0 always have
a unique solution % = @y (g, i, 8, Up) = O(e) +0(Tg) +0(s), u1 = u1(g, i, 8, 99) = O(g)+o(s),
vo = vo(e, i, 8, ) = O(e) +O(s) for ||, s, |Up| sufficiently small. Substituting it into G; = 0
and G = 0, we see G = 0 is equivalent to Gy = 0, Go = 0, that is,
w1—2155/\2(s)/>\1(e) 05 4 gy 87O/ Mg, 4 ey (1) + h.o.t =0,
- w2741w14w1721<5$k2(5)/)‘1(s) — g/ Mg, 4 eMs(p) + h.ot = 0. (4.2)
If there is a u = i such that

(My (1), Ma (7)) = (0,0),  rank((My (1), Ma (1)) /Oplmp) = 2 (4.3)
then, by a scale transformation s — es, 99 — €0y, we can apply the implicit function
theorem to claim that there is a (k — 2)-dimensional surface ¥; = ¥ (s, 9,¢) C R¥ in the
neighborhood of f such that (4.2) has a solution (s, 7p) satisfying 0 < s < |e] and |Tp| < |¢|
for |e| small enough and g € ¥; . That is, (1.1) has a homoclinic orbit near I' for |¢|
small enough and pu € ¥1(0,09,£) and a periodic orbit near I' as pu € ¥4 (s, 0g, €) for s > 0.
Moreover, (4.3) means OM;(f)/0p # 0. Then it follows from the first equation of (4.2) that
(OM1(1)/0p)(0p/0s) = 6 + h.o.t. for |¢] and s small enough, which means that at least one
component of p is monotonic with respect to s for fixed € and 7y. It turns out that System
(1.1) has a unique 1-homoclinic orbit or a unique 1-perioddic orbit Iz ,, as p € 31 such that
the fourth component of I'. , N Sy is ¥p.

Now we assume that there is a u = i such that My (f) # 0, Ma(f) = 0 and OMy (i) /Op #
0. Then we have s = e6~'M;(u) + h.o.t., and the implicit function theorem says that there
is a (k — 1)-demensional surface Y9 = Y5(%g,e) C R in the neighborhood of ji such that the
second equation of (4.2) has a solution vy for u € 35 and 0 < |¢| < 1 satisfying e M7 (jz) > 0.
In this case, System (1.1) has a periodic orbit near I'. Furthermore, if 9M; (1) /0p # 0, then
the periodic orbit near I' is unique for fixed vg.

If Ma(i) # 0, then the first equation of (4.2) has solution s = O(g) 4 o(|vg|), and the
second equation of (4.2) has the form Ms(u) = o(g) + o(|vg|). Obviously, it has no solution
for 0 # [el, |vol, |u — pf < 1.

Thus, we have shown the following theorem.
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Theorem 4.1. Suppose that hypotheses (H1)—(H4) are valid and wiz # 0, A1 < Asg.
Then the following are true.

(1) If there is a p = [i such that (Mq (), M2(i)) = (0,0), rank(90(M, M) /Ou|u=5) = 2,
then there exists a (k — 2)-dimensional surface X1 = 31(s,0p,€) in the neighborhood of fi
such that (1.1) has a unique 1-homoclinic orbit near T as p € 31(0, 0g, €) for || small enough
and fized |vg| < 1, and a unique 1-periodic orbit near T' as u € 31(s,7g,€) for 0 < s < 1,
0 < |lel < 1 and fized |Ug| < 1. Moreover, the 1-homoclinic orbit and the 1-periodic orbit
near I' cannot coexist.

(2) If there is a p = i such that M1(f) # 0, Ma(f) =0 and OMs()/0p # 0, then there
exists a (k — 1)-dimensional surface Yo = ¥o(Ug,€) near i such that System (1.1) has a
1-periodic orbit near T' as p € Xo(Ug,€) for o] and |e| sufficiently small and eMy() > 0.
Moreover, if OMy(R)/0p # 0, then the above 1-periodic orbit is unique for fixed vy.

(3) If Ma(n) # 0, then System (1.1) has no 1-homoclinic orbit or 1-periodic orbit near T’
as |e| > 0 and |p — fi] sufficiently small.

5. Resonant Homoclinic Bifurcations
At last, we consider the homoclinic bifurcation with resonant eigenvalues A\ = Ao :=A\.
This is one kind of bifurcation with codimension 3. For conciseness, we may assume
A1) = A, Ae(e)=A+e), O0<exl (5.1)

In this case, the successor function has the following form

G = 6(wiy 81 — 8) + 1915/ Ay + e My () + hoo.t.,

Gy = —w541w14wf21551+5 — &gy 4+ eMs(p) + hoo.t.,

Gy = —azwiy 08" 4+ @y — wy o + eMy(p) + hoo.t., (5.2)

Gy = (—aswf21651+8 +up — w25w27418’\4(5)/)‘170 +eMs(p) + ho.t.,

Gg = —vo + wids + (was — wlﬁdzzl)s’\B(E)/’\ﬁl +eMg(u) + h.o.t.

As before, the equations G4 = 0, G5 = 0, Gg = 0 always have solution @; = 4 (¢, p, 8, Tg),
up = uq(e, 1, 8,00), Vo = vo(g, i, 8,7p) for s, € and |7, | sufficiently small. Substituting it into
G1 =0, G2 =0, we have

s = wiafs — 6 e My (p)] + heo.t., (5.3)
wigs'te = w24w125*15M2(u) + h.o.t.
Set
N(s) =s'T,  L(s) = wiafs — 6 teMi(n))] + h.o.t. (5.5)

Proposition 5.1. Suppose that (H1)-(H4) and (5.1) hold, w1z # 0. Then L(s) is tangent
to N(s) if and only if My(n) = B(e, Tp) for A=1,0<s<K1,0<e <1, 0<wp <1,
where

Ble, o) =06(14¢) " (w12)/ + hoot. (5.6)
and 0B(g, U,)/0c — 0 ase — 0.
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Proof. Clearly, the necessary and sufficient conditions for L(s) to be tangent to N(s) at
some point so(0 < so < 1) are L(so) = N(so) and L'(sg) = N (so), that is ,

5(1)+6 = w12[50 — 8671M1(p,)] + h.O.t., (]. + 6)56 = W12.
By some calculation, we get

so=(14¢e)6 "My(p) + hoot.,  Mi(p) =6(14¢)" Y (wi2)"® + hoo.t.,

1

88(z,5,)/0e = 5(1 + s)*lfl/a(wm)l/s( —5 e 1nw12) +hot. (5.7)

Then, it is easy to see that the proposition is valid.

Denote M (s, g, €) = féé(wﬁlsl“ —s) +h.o.t. defined by (5.3), and M, := M (0, 0o, €),
M* :=B(e, U,).

Theorem 5.1. Suppose that (H1)—(H4) and (5.1) hold, and A =1,¢ >0, 0 < w2 < 1.
Then the following conclusions are true:

(1) If there is a p = [ such that (Mq(R), M2(f)) = (0,0), rank(0(M, M2)/0u|u=5) = 2,
then, in the neighborhood of [i, there is a (k — 1)-dimensional surface Xo and two (k — 2)-
dimensional surfaces ¥1 = 31(0g,€) C Lo and o = Xa(Tg,€) C Xg such that, for fized |vo]
small enough,

(i) System (1.1) has a unique and 2-fold 1-periodic orbit near T if and only if p € ¥4
(corresponding to My(u) = M*);

(ii) System (1.1) has no 1-homoclinic orbit or 1-periodic orbit near I' if and only if n€¥
or u € ¥y is situated in the region corresponding to Mi(u) > M*;

(iii) System (1.1) has exactly two 1-periodic orbits near I' if and only if u € g is situated
in the region bounded by X1 and g (corresponding to M, < Mj(pu) < M*);

(iv) System (1.1) has ezactly one 1-homoclinic orbit and one 1-periodic orbit near I' if
and only if p € 3o (corresponding to My (u) = M,);

(v) System (1.1) has exactly one 1-periodic orbit near T if and only if p € X¢ is situated
in the region corresponding to —1 < My (p) < M..

(2) If there is a p = [i such that My () # 0, Ma() = 0 and wig # 0, then System (1.1)
has no 1-homoclinic orbit or 1-periodic orbit near T'.

(3) If there is a p = G such that My(g) = 0, Ma(i) # 0, then System (1.1) has no
1-homoclinic orbit or 1-periodic orbit near T.

Proof. (1) Consider Equation (5.4). Since s — 0 and 79 — 0 as ¢ — 0, and 9s/Je and
07y /0e exist for 0 < e < 1, we can set s — £s, vy — vy, so that (5.4) reads as

Mo(p) = wytwigwiy 665 + hoo.t. (5.8)

Applying the implicit function theorem at (u, ¢, s, ¥y) = (i, 0,0,0), we see there exists a
(k —1)-dimensional surface ¥y = (s, Up, €) near fi for (s, 7, ) near (0,0,0) such that (5.4)
becomes an identity as p € Xo. Now we solve (5.3) for p € 3g. It follows from Proposition
5.1 and its proof that (5.3) has a 2-fold small solution s; = s3 = s, > 0 if and only if
Mi(p) = M*, where pu € Yo(e~1s,e 10p,¢) and s = sq is given by (5.7). By the implicit
function theorem, it defines a (k — 2)-dimensional surface %1 = %1 (9, €).

For p € Yo(e~ts,e 10y, €), it follows from OL(s)/OM; < 0 that the following are true.

(a) If My () > M*, then (5.3) has no small solution.
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(b) If M. < My(p) < M*, then (5.3) has exactly two nonnegative small solutions s; > 0
and so > 0.

(c) If My(pu) = M., then (5.3) has exactly two nonnegative small solutions s; = 0 and
sg > 0. The equation M;(p) = M, defines a (k — 2)-dimensional surface g = Xo(Tp, €).

(d) If -1 << My(p) < M., then (5.3) has a unique nonnegative small solution s; > 0.

(2) Due to (5.4) and w4 # 0, we have s't¢ = O(e|u — fi|). Substituting it into (5.3),
we get My(p) = O(|p — f|), which means M; (i) = 0, a contradiction to the hypothesis
My(j) # 0.

(3) The proof is similar to that of (2). The proof is complete.

Remark 5.1. We call X1 (7, €) the 2-fold periodic orbit bifurcation surface, and 33 (%, €)
the homoclinic bifurcation surface.

Remark 5.2. If wis > 1, we can consider the case 0 < —e < 1 in a similar way and
obtain a similar result.

Remark 5.3. If A = —1, then we can consider the 2-homoclinic and the 2-periodic orbit
bifurcation near I'.
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