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Abstract

Under the assumption that h(z) is strictly monotone the existence of solutions to a type of
nonlinear differential-iterative equations in the form of z’(t) = g(z(t)) — h(z(x(t))) is discussed
according to the behavior of the quasi-isoclinic curve C: = h=1(g(t))
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§1. Introduction

Differential-iterative equation is a kind of special functional differential equations which
were discussed recently!'=6. Most of the researches!' ~3] now available focused on the exis-
tence of autonomous differential-iterative equation in the form of

2'(t) = fa™ (1)),
where 22 = z(z(t)) and % = 2(2{*=V (1)), k = 3,4,--- ,n, and some in them!*~° dealt
with the equation z’(t) = (a? — 22(t)) f(z™ (t)). We proposed a transformation theorem in
[6] and used it to discuss the existence and behavior of solutions to the equation z’(t) =
ax(t) — bx(x(t)), where 0 < b < a. In this paper we study a more general equation of the
form

'(t) = g(x(t)) — h(z(z(1))), (L.1)

where h is strictly monotone on R and h(R) = R. Without loss of generality we suppose h is

strictly increasing since we can change it into the case by use of the transformation y = —x
and 7 = —t when h is decreasing. Then we have
lim h(z) = to0.
z—+o0
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Definition 1.1. A function x(t) defined on an interval I is said to be a solution of (1.1)
on I iff x(t) satisfies (1.1) on I and x(I) C I.

Definition 1.2. The sets T = {(t,z) e R? : 2 = h™1(g9(t))} and L = {(t,) e R? : x =t}
are said to be a quasi-isoclinic curve and a base line to Equation (1.1), respectively.

We suppose in this paper

(H) g,h € C°(R.R) are locally Lipschitz, h is strictly increasing and

lim h(z) = £oo,

z—+oo
lim maX{O,g(ﬂg) —h@)} _ 4
Tr—+00 €T

Let m = inf{t e R: g(¢)—h(t) =0}, M =sup{t € R:g(t)—h(t) =0}, where m = —c0
and M = +oo are included. And set

Ag ={t e R:g(t) — h(t) = 0},
Ay ={t e R:g(t) — h(t) > 0},
A_={teR:g(t) - h(t) <0}.

Obviously under hypothesis (H) Ay consists of only one point when g is decreasing. It is
easy to show (see [4]).

Proposition 1.1. All the solutions of (1.1) are monotone.

Proposition 1.2. Forn € Ay and § € R,z(t) = n is a constant solution satisfying
z(§) = .

Proposition 1.3. Suppose f(u,v) is continuous and locally Lipschitz with respect to
(u,v) on R? and x = z(t) is a solution of ' (t) = f(x(t),z(x(t))) on I. If there isty € I
such that o' (tg) = 0, then x(t) = x(ty) on I.

Proof. Let F(y) = f(y,2z(y)). Then F is locally Lipschitz with respect to y for y € I since
x is differentiable on the interval. The condition 2'(tg) = 0 implies f(z(to),z(x(t9))) = 0.
Consider

v = fy,=(y)),
L i (2
Obviously both y = z(t) and y = x(tg) are solutions of (1.2) on I. The Picard’s theorem
implies x(t) = x(tg) on I.

Proposition 1.4. Every decreasing solution of (1.1) has one and only one common point

with L :x =t.

§2. Existence and Behavior of Increasing Solutions

Under hypothsis (H) the assumption that g is increasing implies that h=1(g(t)) is increas-
ing and the sets {(t,z) e I' : t € A.},{(t,x) € I' : t € A_} are above and below the line
x = t respectively.

Forne Ay, let uy =sup{t € Ag: t < n},us =inf{t € Ag : ¢t > n}.

Theorem 2.1. Suppose (H) holds. If n € Ay, m < n < M, then (1.1) has a strictly
increasing solution x(t) satisfying x(§) = n for arbitray £ € R. And

(i) z = x(t) intersects I at a point (c,h=(g(c))),c € (u1,u2) and such a solution can be
extended to the left to —oo with t_l}r_rloox(t) =c and

(i) 2(t) can be extended to the right in one of the three ways.
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(a) x = x(t) meets I' at a point (o1,h " (g(01))),01 > uz,01 > inf{t >n:t € Ag} and
then z(t) can be extended to +o0o0 with x(t) < o1, lir+n x(t) = o1;
—+00

(b) x = x(t) does not meet I but has a common point with L at to > inf{t >n:t € Ay}
with 2’ (t) > 1;

(c) x(t) has no common point with LUT fort > inf{t > n:t € Ag} and then x(t) can be
extended to +oo with x(400) = 400.

Proof. Let u; = max{t < n:¢t € Ap},ues = min{t > n : ¢t € A}, and I = [v1,v2],

where v = min{uy, &}, va = max{us,£}. Set M = ( gnz[xx | | g(z) — h(y) |> 0. Take in
T,Y)€Eul,uz

consideration a set
G={z¢e CO(I, [ur,us]) : 2(§) = 0,0 < z(t2) — z(t1) < M(to —t1) for ¢ <ta}
and a map T : G — C°(I, [u1, us]) defined by

Uz

(=)0 = [+ [ max{0,g(=(6) ~ h(a(=(a1)1es] (2.1)

U1
where [A]}jf stands for min{us, max{ui, A}}. Obviously
Al = [Blat 1<l A= B

ul
It is easy to show that G is convex and compact and T continuous. Since (T'z)(§) =
n, u1 S (TZ)(t) S U2 and fOI‘ tl,tz c [, tl S tQ,
12

0<(Tz)(t2) — (T2)(t1) < | max{0,9(z(s)) — h(z(2(s))) }ds < M(tz —t1),

t1
we have TG C G. The Schauder’s fixed point theorem implies the existence of x € G such
that x = Tx. If
up < x(t) <wug, when v <t< vy, (2.2)

then
ot) =7+ [ max{0.9((5)) = hl=((5)) s (2:3)
3

holds on I. We show at first {t € I : z(t) = ua} = ®.

Suppose the contrary that {t € I : z(t) = uz} # ® and let inf{t € I : 2(t) = u2} =to. In
this case u; < z(£) =1 < ug implies £ < tg < vo. Then vy = us and ty < us. Consequently
x(t) satisfies (2.2) on [£,t9]. When t € [to,uz], we have g(x(s)) — h(z(x(t))) = 0 since
z(t) = ug and z(x(t)) = uz. Then (2.2) holds on [£,us]. That is to say, x(t) satisfies

— —

{y = max{0, g(y) — h(z(y))}, (2.4)
y(to) = uz,

on [£,us]. At the same time, y = ugy is also a solution to (2.3). It is easy to see that
F(-) = max{0,g(-) — h(z(-))} is locally Lipschitz and then we have x(t) = us on [{,us].
However, x(§) = n # ug, a contradiction. Therefore {¢t € T : x(t) = ug} = ®. Similarly
{tel:z(t)=wu1} = o. Hence

up < x(t) <wug, tel. (2.5)
It follows from (2.2) that

2'(t) = max{0, g(2(t)) — h(z(x(t)))}. (2.6)
We show 2/(t) > 0 for ¢t € I. Otherwise there is a to € I such that 2/(¢y) = 0.
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Because f(u,v) = max{0, g(u) — h(v)} is locally Lipschitz, Proposition 1.3 implies z(t) =
z(tp) and then n = z(&) = z(tp). It follows that

9(x(8)) = h(z(z(€))) = g(n) — h(n) <0

However nn € A implies g(n) — h(n) > 0, a contradiction.
Obviously z’(t) > 0 means g(x(t)) — h(z(z(t))) > 0 and then (2.6) becomes
g

o'(t) = g(x(t)) — h(x(z(t), tel.
That is to say, z(t) is a solution of (1.1) on I with z(§) = 7.
Finally we consider the continuation of x(t).
It follows from that z(vs) < ug < vy. Consider
y/ = g(y) - h(x(y)), (27)
y(v2) = z(v2), z(vg) <y < v
The solution y(t) of (2.7) is uniquely determined by

Y ds
| o ram = ¢ 28)

(a) If there is a o € [x(v2), v2] such that g(o) — h(z(o)) = 0, then we claim that
lim ’ 45 +00
V=0 Ju(oy) 9(8) — h(x(s)) '

Otherwise suppose the limit is 7 < +oc0. Then y(r + &) = o,
Y (1 +€) = glo) — h(z(0)) = 0.

Proposition 1.3 implies y(t) = o for ¢ € [ve, v2 + 7], a contradiction.
Therefore y is defined on [vg, +00) with y(ve) = ug and tll)r{.lo y(t) =o0. I g(y)—h(z(y)) >0
for y € (ug, vy, then
. Y ds
B 9 —hGa(e) ~ DTS
and ve = y(vy) where vy 1= vo + d; > v9. So y(t) is defined on [ve, v4] and y(vy) = vo < vg4.
Let
P {x(t), t € [v1,v9],
y(t), t € [va,vd],
and z(t) stands for Z(t) on [v1, v4]. Continue the above process with v replaced consequently
by V4,V6,y""".
Suppose there is o € (vak, var12] such that g(o) — h(z(o)) = 0. Then we can extend z(t)
to +oo0 with tligloox(t) = ¢. Otherwise we have an infinite series {vor},k = 1,2,--- , such

that g(t) — h(z(t)) # 0 for t € {vak, var42}

(b) When {vgy} is bounded and hrf var, = to, we claim that z(tg) = to since otherwise
—) o0

x(t) can be further extended to the right. It follows from x(t) < t,t € [¢, ), that 2'(tg) > 1.
(¢) If {va } is unbounded, then x(t) is defined on [u1, +00). We show that \ ligl 2(t) = .
—+00

Otherwise suppose lim «(t) = d < oo and hence
t——+o00
. ! _ 3 _ — — =
Jim /(1) = Jim_{g(a(t)) — h(x(x(t)))] = gld) — h(x(d) = 0.
Obviously d > 7. It follows that x = x(t) meets I at a point d, a contradiction to the
process.
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The last part of the proof is to show x(t) can be extended to the left to —oo with

tll{noox(t) =c>u.

We have shown in (2.5) that z(u1) > w3 = h™(g(u1)) and x(ug) < uz = h=1(g(uz)).
It follows that {t € (u1,u2) : 2(t) = h=(g(t))} # ®. Set ¢ = max{t € (uy,uz) : x(t) =
h=1(g(t))} and x(c) > c. Then the unique solution of
{ v = 9(y) — h(z(y)), (2.9)
y(v1) = z(v1), ¢ <y<ua(c) '
is determined by

— V1.

/ v ds _y
(vy) 9(8) — h(z(s))
A similar discussion as above leads to the conclusion that

. v ds
lim _— = —

y=C (o) 9(8) = h(2(s)) ’
and then y(t) is defined on (—o0,v;) and , lim y(t) = C. The proof is completed by setting
——00

—oy _ Ja(t), e v,
&) = {y(t), t <
and replacing symbol Z(¢) by z(t) again.
Lemma 2.1. Given a differential-iterative equation

() = f(x(t), x(2(t))), (2.10)
where f € CO(R2,RN), such that for a o € R and a small e > 0 satisfying f(o,0) =1, f(t,t) <
0, fort € (0,0 +¢), (2.10) has an increasing solution x(t) on I = [o,0 + €] such that
z(0) =o0,2(t) <t, fort € (0,0 +¢].

Proof. Let [ =[o,0 +¢] and M = max {f(x,y)}. Take a set
zel,oc<y<z

G={2eC%,I):2(0) =0,0 < 2(ts) — 2(t1) < M(ty —t;) for t; <ts}
and a map T : G — C°(I,I) defined by

(Tg)(t) = |:0' + /: f(z(s),z(z(s)))dsr, tel.

By a normal discussion shown in Theorem 2.1, we can show that a fixed point z of T" in
G is the needed solution of (2.10) on I.

Theorem 2.2. Suppose (H) holds. If n € Ay,n > M, then (1.1) has a strictly increasing
solution x(t) satisfying x(§) = n for arbitrary £ € R. Such a solution x(t) can be extended
to the left to —oo with tiil}loox(t) =c¢ > M and to the right in one of the two ways.

(a) z(t) meets L at a point to > M with 2'(to) > 1;

(b) x(t) has no common point with L and then x(t) can be extended to 400 with x(+00) =
+00.

Proof. The condition that n € Ay and n > M implies I is above L when ¢t > M.

For M < n < &, the proof is similar to that of Theorem 2.1 except that z(¢) can never meet
T below line L. So we prove the theorem only for the case n > . (When n = &, g(t) — h(t) >
1,t € (n,n+9) is required for a certain 6 > 0 small enough.)

Let y(7) = % and T = ﬁ Then (1.1) is transformed into

z(t
W) _ e, i) 0w, (2.11)
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2 T

where y(r,y(7),y(y(7)) = P [9(55 + (€= 1) = h(5505 + (€= 1))

It is easy to see that if x(t) is a solution of (1.1), satisfying z(§) =n > £ and z(t) > ¢ for
t > &, then it becomes an appropriate solution y(7) of (2.10) satisfying

1

1)=— <1 d < f 1.
y(1) - an O<y(r)<t for 7<
Let

faa%a:{65%nﬂﬂﬁmi+@1»Mi+@nn,5§g>m

i

where €, = 5 > 0. Obviously f, is continuous on the set
D={(r,y,2) eR*:0<2<y<1,0<7<1}
and locally Lipschtiz with y and z when z # 0. Condition (H) implies
2
. Yy 1 1
< < L z )l _ _
0.< lim fu(ry,2) < Jim Zomax {0.( 4 (€~ 1) =h(Z+ - 1)} =0
and then there is M > 0 such that
1 1
< < — — —hl = — < .
fa(my,2) <M, 0< maX{O,g(y + (¢ 1)) h(z + (¢ 1))} <M, (r,y,2)€D
Take a close and convex subset of C([0, 1], [0, 1]),

1
H= {z € C(]0,1],[0,1]) : 2(1) = TrErT 0<z(s) <s,
0 < z(s2) —2(s1) < m, Vs1 < 32},

E/n,
and a map P : H — C([0,1],]0, 1]) defined by

T

(P2)(r) = {ﬁ + /OT fn(s,z(s,z(z(s)))ds}o, 0<r<l.

Obviously H is compact, P continuous and Ph C H. By the Schauder’s theorem of fixed
points, we have y,, € H such that

1 T T
— <r7<1.
) = g+ [ I mne)E] 0<r<
A similar discussion as in Theoerm 1.1 shows that
1
0<yn < —. 2.12
blr) < o (2.12)
Then
1 T T
n =|—F+ n\9; Yn s Yn\Yn d ,OS Sla OSn Sla
() = [+ | £l oas] L 027 ()

and for any o € (0,1), clearly
1
0< fn(Tvyn(T)vyn(yn(T))) < ﬁM’ c<7t<1L

Then {y,(7)} is uniformly bounded and uniformly continuous. This implies {y,(7)} has a
subseries which tends to a function y(t) > 0,

o) = [+ [ f s, e 0.l
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Obviously n = y(7) must meet L : y = 7 at a point 79 € [0,1]. Then

W) =+ [ 1))

It follows from y(t) > 0 that n(s) # 0 implies y(y(s)) # 0 for ¢t € [rg,1]. The function
f(7,y, 2) is locally Lipschitz when y, z # 0 and Proposition 1.3 implies y'(7) > 0 for y(7) # 0.
Therefore

o= ey [ P2 (oo + - - h(cs e )]s e

1
n—§+1°
After making the inverse transformation of (2.10), we obtain the solution to (1.1), z(t) =
m + (£ — 1) defined on [¢, %0 — &+ 1] satistying z(§) = n and z(1/70 — £+ 1)
1/790 — £+ 1. Clearly when 19 = 0, z(t) is defined on [£, +00) with . lir+n z(t) = 4o0.
— 400

with y(79) = 79. That is to say, y(7) is a solution to (2.10) with y(1) =

The proof for the assertion that x(t) can be extended to —oo is similar to that in Theorem
2.1.

Theorem 2.3. Suppose (H) holds. If n € Ay,n < m, then (1.1) has a strictly increasing
solution x(t) satisfying x(§) = n for any & € R. Such a solution can be extended to the whole
R, and if x(t) meets T'at a point t1 > m, then tliinoo x(t) = t1. Otherwise ti}?oo x(t) = +o0.
On the other hand, if x(t) meets I at a point tg < m, then tE@mx(t) = ty. Otherwise
t_lir_noox(t) = —0o0.

Proof. (i) Set I = [¢,m] when & < n or £ = n with g(t) — h(t) < 1,t € [p—6,n), required
for 6 < 0. The same proof as in Theorem 2.1 shows the existence of solution z(t), which can
be extended both to the right and to the left in three ways. The theorem is valid except the
case that z(t) meets L at a point £, < £ or £ > m.

(ii) Applying a transformation in the form y = ziéﬂ) ,T = t7(§+1) when £ >noré=n
with g(t) —h(t) > 1,t € [p—40,7), required for a certain § > 0, the same proof as in Theorem
1.2 gives the same results as in (i).

(i) € = n,9(n) — h(n) = 1. Set s = inf{t < n: f(s) —h(s) =1 forall t < s < n}.
The existence and continuation to the right of z(¢) can be proved in the way as showed in
Theorem 2.1. If s = —o0, then x(t) =t for t <n. If s > —o0, then there is § > 0 such that
for t € [s — 4, ), one of the inequalities g(t) — h(t) < 1 and g(¢) — h(t) > 1 is valid. Then
the continuation of solutions is changed into the case (i) or (ii).

In order to prove our assertion it suffices to discuss the case that x(¢) meets L at a
point ¢; > m with z(¢;) = t;. Obviously z'(¢;) > 1 implies g(¢1) — h(t;) > 1 > 0 and
then t; € A4,t; > my. Taking (t1,t1) as (§,7) discussed in Theorems 2.1 or 2.2, we
can extend z(t) to the right furthermore. Continue the process and then get a set {¢,},
tho1 < tn,x(tn) = t,. If {t,} is finite or infinite but bounded, the continuation to the
right is proved as in using Theorems 2.1 or 2.2. If {¢,} is infinte and unbounded, then

tllinoox(t) = +o0 since x(t) is increasing.

The continuation to the left can be proved in a similar way.

When the same argument is applied to the case discussed in Theorem 2.1 or 2.2 we have

Corollary 2.1. Suppose (H) holds. If n € Ay, then (1.1) has a solution z(t) defined on
R satisfying ©(§) =n for any & € R. If x(t) has a common point t1 > nlty < n] with the line
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L:x=t, then lim x(t) =t [t lim «x(t) = t1]. Otherwise

t—+oo ——00

i () = o0 [ m_a(§) =~

Corollary 2.2. Suppose (H) holds. If g(t) is bounded in the positive direction, then all
increasing solutions are bounded in the same direction.

§3. Existence and Behavior of Decreasing Solutions

Theorem 3.1. Suppose (H) holds. Ifn € A_, (1.1) has a decreasing solution x(t) defined
on R satisfying (&) = n for any £ € R. Let o be the unique common point of x = x(t)
and x =t and S; = {t < o :2(t) = h1(g(t)},S = {t > o : 2(t) = b= (g(t)},t1 =
max S1,ta = minSy (If S1 = ®,[S2 = |, then t1[ta] is defined to be —oo[+o0]). Then

lim z(t) =ty and lm x(t) =t;.
t——o0 t—+4o00
Proof. (i) If m < n < M, then let

up =max{t <n:te Ag}, uz=min{t >n:te€ Ap}

and I = [vy, va], where v; = min{uy, £}, v2 = min{usg, &} Set M = ( rn§1x12 | g(z)—h(y) |> 0.

T,Yy)€
Take in C°(I,[uy,us]) a subset
H = {Z S CO(I, [ul,u2] : Z(f) =1, 0 < Z(tg) - Z(tl) < M(tz - 151)7 t1 < tQ}
and a map P : H — C°(I, [uy,us]) defined by

U2

t
(T2)(t) = {77 +/ min{0, g(z(s)) — h(z(z(s)))}ds} , tel. (3.1)
€ vl

A similar discussion as that in Theorem 2.1 leads to the conclusion.

(i) If n < m, then the proof is almost the same as the case (i) except that I = [min{&,n},
max{&,n}| this time and u; and uy are replaced by min{¢,n} and m respectively.

(ii) If » > M, then @ h=Y(g(z)) = +oo. Let 7 = min{t > M : h=1(g(t)) = n}.

T—r+00

Obviously 7 > M since h=1(g(M)) = M < n and t@ h=1(g(t)) = +oo. Take a set and
—+oo

a map similar to those in (i) except I = [min{{, M}, max{r, {}],u; = min{&, M}, us = 7.
Then applying the same discussion as the proof of Theorem 2.1 leads to our assertion.
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