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Abstract

This paper studies the stability of the periodic solutions of the second order Hamiltonian
systems with even superquadratic or subquadratic potentials. The author proves that in the
subquadratic case, there exist infinite geometrically distinct elliptic periodic solutions, and in
the superquadratic case, there exist infinite geometrically distinct periodic solutions with at
most one instability direction if they are half period non-degenerate, otherwise they are elliptic.
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§1. Introduction and Main Results

In this paper, we consider the stability of the periodic solutions of the following second
order Hamiltonian systems

i+ V.(t,x) =0, zeR", (1.1)

where n is a positive integer. V' : R x R™ — R is a function and for 7 > 0 it is 7-periodic
for the variable t. V; denotes its gradient with respect to z. We now state the main results
of this paper.

For the superquadratic case, we have the following two theorems

Theorem 1.1. Suppose V' satisfies the following conditions:

(V1) V€ C*(R x R*,R) and V(t +7,2) = V(t,z), V(t,z) € R x R".

(V2) There exist constants p > 2 and ro > 0 such that

0<uV(t,z) <VI(tz) z, Vz|>ry, teR.

(V3) V(t,x) >0, V(t,x) € R x R™.
(V4) V(t,z) = o(|z|?), at x = 0.
(V5) V(t,—x) =V (t,z), V(t,x) € R x R™.

(V6) VI .(t,z) >0, V(t,z) € R x R".
Then Equation (1.1) has 2j7-periodic solution xo; for j € N. Moreover, x2; has at least 2(n—
1) Floquet multipliers lying on the unit circle in the complex plane if it is half period(jT)non-
degenerate, xo; is elliptic (i.e., all 2n Floquet multipliers of xo; lying on the unit circle in the
complex plane) if it is half period(jT) degenerate, and the sequence {x2;} has a geometrically
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distinct subsequence {Tor}pen. In particular, if V(t,xz) = V(z), i.e. Equation (1.1) is
autonomous, then for any T > 0, there exists a T-periodic elliptic solution x.

Theorem 1.2. In Theorem 1.1, if we replace the condition (V2) by the following condition

(V7) There exist constants § > 0 and 1 > 0 such that V(t,x) < $|z|?, V|z| <ri, teR,
then Equation (1.1) has 2jT-periodic solution xo; for1 < j < TL\/S which has at least 2(n—1)
Floguet multipliers lying on the unit circle in the complex plane if it is half period(jT) non-
degenerate, xo; is elliptic if it is half period(jT) degenerate, and the finite sequence {x2;} has
a geometrically distinct subsequence {xqx} for k € {s € NU{0}|2° < 27/V/§}. In particular,
in the autonomous case, for any 0 < 7 < 27r/\/5, there exists a T-periodic elliptic solution
x.

For the subquadratic case, we have the following two theorems.

Theorem 1.3. Suppose V' satisfies (V1), (V3), (V5)—(V6) and the following

(V8) There exists constant 1 < a < 2 such that V](t,x) -x < oV (t,z), V(t,z) € R x R™.

(V9) There holds V](t,0) #0 fort € R.
Then Equation (1.1) has 2jT-periodic elliptic solution xo; for j € N, and the sequence {x2;}
has a geometrically distinct subsequence {xok }ren. In particular, in the autonomous case,
for any T > 0, there exists a T-periodic elliptic solution x.

Theorem 1.4. In Theorem 1.3, if we replace the condition (V8) by the following condition

(V10) There exist positive constants m and b such that T < 7/\/m and

V(t,z) < %W‘ +b, ¥(t,z) €R xR,

then Equation (1.1) has 2j7-periodic elliptic solution xo; for j < w/Ty/m, and the sequence
{z2;} has a geometrically distinct subsequence {xor} for k € {s € NU{0}|2° < 2m/7y/m}.
In particular, in the autonomous case, for any T < %, there exists a T-periodic elliptic
solution x.

Our results should be compared with those results in [3-6], especially Theorems I-IV of
[4] (also the results in Section 7 of [3]). In Theorems I-IV of [4], they did not assume V
satisfies the condition (V5), but in their conclusions there was a condition for the period
7€ Jy(A)or 7 € J_(A). In the autonomous case, in [5], they obtained an elliptic periodic
solution for the first order subquadratic Hamiltonian systems. In [8], the author of this
paper and Long studied the stability of characteristics on star-shaped surfaces. The elliptic
solutions are first obtained here for the superquadratic case. All papers mentioned above
only obtained the elliptic solutions for the subquadratic case. The methods in this paper
are related with that in [7].

§2. The w-Index Theory of Second Order Hamiltonian Systems

In this section, for 7 > 0 and w € U = {z € C||z| = 1}, we consider the following

boundary valued problem
{ Q(t) + M(t)Q(t) =0, Q(t) eC, (2 1)
q(7) = wq(0),  4(7) = wq(0), '

where M € C(S;,Ls(R™)) the 7-periodic symmetric n X n continuous matrix function,
Sr =R/(7Z).

Denote the usual norm and inner product in C™ |g| and p- ¢ for p and ¢ € C", and denote
Hi(n) = WbH2(S,,C"), E(n) = WH2([0,7],C"). Then we have

Hy(n) = {v € E(n)|v(r) = v(0), o(r) = 0(0)}.
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For w € U, we also denote H,(n) = {v € E(n)|v(r) = wv(0), ¥(7) = w0(0)}, and define an
operator from Hj(n) into E(n) by ¢, : Hi(n) — E(n), ¢.(v)(t) = w/7v(t). Then we have
H,(n) = ¢,(H1(n)). We consider the following quadratic form defined in the space H,(n),

m@AMWM@w»w»w (2.2)

The space H,(n) has an orthogonal decomposition H,(n) = H} (n) & H2(n) ® H (n)
according as ¢, is positive, null, or negative definite respectively. Define a linear operator
M on H,(n) by the following formula

(Ma(0) (O = [ (a(t) + M(Balt) -p(0) .
Then M is self-adjoint and compact, and there holds

(/j)w(Q) = ((I - M)Q7Q)E(n) for all qc Hw(n)
Thus there hold H2(n) = ker(I — M), dim HY(n) < 2n and dim H; (n) < +oco. We define
the Morse index j(M, 7,w) and the nullity v(M, 7,w) of (2.2) by
(M, 7,w) =dim H; (n), v(M,7,w)=dimH(n).

I 0
0 M(t)
C(S;, Ls(R?™)) and the first equation of the system (2.1) is transformed into the follow-
ing first order linear Hamiltonian system

&(t) = JB(t)x(t), (2.3)

where £,(R?") is the set of 2n x 2n symmetric matrices in R and J = (? _OI> is the

Let p = ¢ and © = (p,q). For all ¢ € R define B(t) = ( > Then B €

standard symplectic matrix on R*". Let  be the fundamental solution of (2.3). Then 7 is
a continuous path starting from the identity matrix I, in the symplectic group Sp(2n) =
{M € L(R?>")|MTJM = J}. The w-index theory for such paths in Sp(2n) is defined in
[10]. This index theory assignes to the system (2.3) or the same to the matrix B through
7 a pair of integers denoted by (i (Y), Vrw(7)) = (irw(B),vrw(B)) € Z x {0,1,--- ,2n}.
The following theorem is the main result of this section.

Theorem 2.1. For 7 >0, M € C(S;, Ls(R*")) and B € C(S,, Ls(R?")) defined above,
then there hold

J(M,T,w) =iru(B), v(M,T,w)=uv;,(B). (2.4)

We know that the w-index (i, (7), Vr) for a symplectic path « is defined by geometric
or algebraic methods, but the Morse index (j(M,7,w),v(M,T,w) is defined by analytic
methods. Theorem 2.1 tells us that these two concepts are essentially the same. We note
that (2.4) can be regarded as a consequence of Theorem 6.1 of [10]. We now follow the ideas
in [1] to prove it.

We define L, = L?([0,7],C?"), the Hilbert space with the usual L? inner product

- /OT(a:(t),y(t»dt, o,y € Ly, (2.5)

and E, = W12([0,7],C?") as a subspace of L,, where (-, ) is the inner product of C>". For
w = exp(if) € U, where i = /-1, define E¥ to be the subspace {y € E. |y(1) = wy(0)} of
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L,. Any y € E¥ has the form y(t) = Y e0+2kmt/7¢, = ¢ € C?" with
kez

> (0 + 2km)* + 1)[&|* < +o0.

keZ
Define B = E<F @ B, with B2 = /0+2km¢/7( ] £ i[)R?". Then there holds
EY = OE7,. (2.6)
Define A = —J% : B¥ — L. Then A is continuous and symmetric, i.e., it satisfies

(Az,y)r2 = (x, Ay) 2, Vz,y € EZ.
Viewing A as from the subspace E¥ of L, to L., we have
0 + 2k
o(A) = [NE|kez), AE=2lTT

T

where each eigenvalue )\f of A has multiplicity 2n and the corresponding eigenspace is E:’ki
For a given B(t) € C(S,, Ls(R?")), it induces a symmetric operator on L, by

(Bay)e = [ (BO(0.p0) dr, oy e Ly (2.7)
0
The system (2.1) is equivalent to the following linear Hamiltonian system
y=JB(t)y for ye EY. (2.8)
The solutions of (2.8) are one to one correspondent to the critical points of the functional
1
fro(y) = 5((A=B)y.y)r2, Vye B C Ly (2.9)

Then f;., : E¥ — C is smooth in the topology of L.
Using the saddle point reduction method (cf.[2]), we obtain a subspace
Z¢, = P EL (2.10)
k| <ko

with a sufficiently large ko € N (see [2, Section 4.2.1]), an injection map ur ok, € C®(Z¢,
L) and a smooth functional ar g, x, € C’OC(Z‘;”,CO, C) defined by

Aro.ko (2) = frw(Urw iy (7)), V2 € Z o (2.11)

Note that the origin of Z, ~as a critical point of ar , corresponds to the origin of EY as
a critical point of f; .. Denote by mj for x = +,0, and —, the positive, null, and negative
Morse indices of the functional a, ., , at the origin respectively.

We denote 2d;, x, = dimc Z7, . Then by Theorem 3.1 of [10], there hold

Mgy = draw ko +irw(B), (2.12)
my, = Vrw(B), (2.13)
m;jo = dr}w,ko — i77w(B) — V—,—’w(B). (214)
For the above given B(t) = <é Mo(t)> and y = (p,q) € EY the functional f. ., defined by

(2.9) becomes

ﬂAwZﬂMEQZt[@m—ﬁqﬂW—M@mwﬁ- (2.15)

1
2
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The bilinear form @ of f;, is defined by

2(r,) = 5 (Fras(w +9) ~ Frao(&) — Fr®))
(2.16)

:Re/ (B2 -y + P2 -1 — 21 -y1 — M(t)xo - y2)dt
0

for all = (z1,22) and y = (y1,y2) € E¥. Let X be the dense subspace of E¥ defined by
X = H,(n) x Hy, where Hy = {v € W22([0,7],C") |v(7) = wv(0), 9(7) = wi(0)}. Define
two subspaces of X by W1 = {(p,q) € X |¢ =0}, Wa={(p,q) € X|p=4}.

Lemma 2.1. Wy and Wy are ®-orthogonal and X = Wy & Wa.

Proof. For any z = (p,0) € Wy and y = (¢,q) € Wa, by direct computation and
(2.16), we obtain ®(x,y) = 0. On the other hand, for any =z = (p,q) € X, we have

=(p—¢0)+(¢,q) € Wy & Ws. This proves the lemma.

Define Zi,‘: = Z‘*’k N Wy and 7% k = Z‘*’k N W5. Then ka = ZT ko <) ZT ko
Lemma 2.2. The injection u, o i, : 2y = EY is linear, maps zh k and Z? ’k into Wy
and Wy respectively, and there holds Uf,wﬁko(ZT,ko) c X.

Proof. The proof is a simple modification of the proof of Lemma 4 of [1].

Lemma 2.3. For a sufficiently large ko ¢ o(A), the Morse index of arwk, on Z2) s
the sum of the Morse indexes of aT7w7k0|Zi::0 and aT>W;k0|Zf:;;’O'

Proof. Denote by Wy, the bilinear form of a,, x,. Then for Z; € Zi";c’o with [ = 1,2, we
obtain

1

Wy, (21, 22) = §(ar,w,ko (21 + 22) = Grw ko (21) — Qrw ko (22))

= %(f'r,w(u'r,w,ko (21) + Urw ko (22) = friw(Urw ko (21) = frw(trwko (22)))
= O (U ko (#1)s Ur w ko (22)) = 0.
Here we have used Lemmas 2.1 and 2.2.

Lemma 2.4. For sufficiently large ko ¢ o(A), the Morse index ™~ of aT’“”kO‘Zf,’fo
satisfies M~ = ir o (B).

Proof. Note that dim Z, == 2d; . k,. From direct computations on eigenvectors of A,
we obtain dim Zi:,“:o = dr k- Forany z = (21,0) € Zil“: \{O} there holds ¥y, (z,2) =
Arwio(2) = frw(z) < 0. So Wy, is negative definite on zh k and the Morse index of
afyw,k0|zi::0 is equal to dr k- By (2.12) and Lemma 2.3, we obtain i~ = irw(B).

Lemma 2.5. Denote by m~ the Morse index of fr.|lw,. Then m~ = j(M,T,w).

Proof. Note that f;.(¢,q) = ¢.(¢) for all (¢,q) € Wa. Since Hs is dense in H,(n) and
there holds dim W5 = dim Ha, we obtain m~ = j(M,1,w).

Proof of Theorem 2.1. By the equivalent of the systems (2.1) and (2.8) for B(t) =

I 0 .
(O M) ), we obtain v(M, 7,w) = v, (B, 7).

For the first equality in (2. 4) by Lemmas 2.4 and 2.5, it suffices to prove m~ = m~ for ko
large enough. Since wr g , : 72 ’k — Wa is alinear injection and ar ko (2) = frw(Urw ko (2))
for z € ZE’ZJO, we obtain m~ < m~ for large kg. On the other hand, suppose f. . is

negative definite on a subspace W5 of Ws. Since W, is finite dimensional, there exists
a constant ¢ > 0 such that f;,(z) < —§ < 0, Vo € W5 with ||z|| = 1. We denote by
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Py, : EY — Z¥,  the projection. Then by the Lemma 2 of [1] or Lemma 2.4 of [11], it is
clear that ||ur e ko (Prko®) — |lwi2 — 0 as kg — +oo. Thus for kg large enough, there holds

1
Ar ko (Pro®) = frwWrw ko (Pro)) < —56 <0, VzeW,; with|z| =1.

Therefore ar ., i, is negative definite on Py, (W5 ) by its 2-homogeneity. Since W5 is a finite
dimensional space, we can choose kg large enough so that dim P, (W5 ) = dim W, . This
proves that m~ > m~ and the Theorem 2.1.

From Corollary 4.12 of [10], we have the following consequence.

Corollary 2.1. The locally constant function j(M,T,w) is not continuous only at the
Floquet multipliers of M lying on the unit circle, and we have

lim (j(M,7,e"V71) = j(M,7,e"*V"1)) = p—q, (2.17)
e—0*t
where (p,q) is the Krein type of w € U.
Proof. By Corollary 4.12 of [10], there holds lier(iT(eEﬁ‘”) —i(e7VTIO)) = p—¢q.
e—0
So we obtain (2.17).

§3. The Stability of the Periodic Solutions
of Second Order Hamiltonian Systems

In this section, we give a proof of Theorems 1.1-1.4 stated in the first section. In his
pioneering work'?, Rabinowitz introduced the following variation formulation for the system

(L1),

27
¢uy:A (%uFfVﬁw»du Vo € Wh2(S,,, R™), (3.1)

where Fy, = W12(S,,,R") is a Hilbert space with the usual norm
2T ) ) 1/2
|um7=(/‘qm FlPyar) L vee b,
0

By the condition (V1), it is well known that ¢ € C?(FEs,,R), i.e. ¢ is continuously 2-times
Fréchet differentiable on Fs., and there hold

2T
(¢ (), 9)2r = /0 (-9 — VI(tz) - y)dt, Yz, y € B, (3.2)
27
(d)/’(lﬂ)y, Z)2T = / (y cZ— Vz//z(tvx)y : Z) dtv VfE, Y, 2 € EQT' (33)
0

By the conditions (V1) and (V2), ¢ satisfies the (PS) condition on Es,. So finding the
periodic solutions is equivalent to finding the critical points of the functional ¢ on Fs,.
By the condition (V5), one can restrict ¢ on the closed subspace of Ear, Earodqqa = {v €
Es-| v(1) = —v(0)} and denote its restriction by ¢oqq. It is easy to check that any critical
point of ¢oddq on Ear oda is a critical point of ¢ on Es. This critical point satisfies z(T+t) =
—x(t).

Proposition 3.1. Suppose V satisfies the conditions (V1)—(V5). Then there ezists a
critical point T2 of Poda ON Earodd with its Morse index m™ (x2) < 1.

Proof. It is easy to check that Ea; oqq is orthogonal to R™, and ¢oqq(0) < 0. For any
x € Ear odd, we have fOQT z(t) dt = 0, so we can take [|z]| = ( 027 || dt)l/Q. By the condition
(V4), one can choose a small number p > 0 such that ¢oqa(z) > n for any x € Ea; gqq with
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|z|| = p, where n > 0 is a constant. By the condition (V2), one can choose an element
e € Ea; oda with |le]| > p such that ¢oqa(e) < 0. Since ¢oaq also satisfies the (PS) condition
on Farodd, by the Mountain pass lemma there exists a critical point 2 of ¢oqq on Ear odd
with its Morse index m ™ (z2) < 1.

By the condition (V5), one can check that

T 1 ]
Godd () = 2/ (§|517|2 - V(@@) dt, Vz € Er odd-
0
We now consider the following quadratic form
Qoda(v) = / (J6]2 = (VI (¢ 2za(t))v,0)) dt, Yo € Hy(n)
0

and denote its Morse index by j(x2,7,w). By Proposition 3.1 and the arguments of the
previous section, we obtain

jlzo,7,—1) < 1. (3.4)
Proposition 3.2. Suppose V' satisfies (V1)-(V6). Then there holds
jlxe, myw) >n, w= eV g 0. (3.5)

Proof. Since the set [0, 7] is compact and on this interval V! (z2(t)) > 0, we can suppose
that V! (x2(t)) > A > 0 for small \. On H,(n) we define the following quadratic form

Qo) = [ (3F = NaP) at.
Any g € H,(n) has the form

+oo —
g(t) = Z exp (W""—W

)ak, ap € C™.
=

k=—o0

+oo 2 2
Thus there holds Q(g) = > [(M) —)\} lak|*. Since § — 0, we can see that (L”;""g) -

k=—o0
A <0 for k = 0. Thus the dimension of the negative space of Q(g) is at least n. It is clear
that Qodda(g) < Q(g) for all g € H,(n). So we obtain (3.6).

Proof of Theorem 1.1. If w € U is a Floquet multiplier of x5 with its Krein type
(p,q), then we say w has positive multiplicity p and negative multiplicity g. By Corollary
2.1, Propositions 3.1 and 3.2, there holds

n+nt—n" —d_y <j(ze,T,w)+nT —nT 4+ (z2,7,—1) = j(z2,7,—1) < 1,
where nt and n~ are the total positive and negative multiplicity of the Floquet multipliers
of x5 lying on the upper unit circle respectively, 2d_; is the multiplicity of —1 as the Floquet
multipliers of zo, and j~ (xq,7,—1) = EILI(I)IJr [J(zo,1,—1) — j(z2, T, e(”*e)\/jl)]. Thus we get
n~ +d_; > n — 1. Since the Floquet multipliers lying on the unit circle are symmetric,
we obtain at least 2(n — 1) Floquet multipliers lying on the unit circle if 1 is not a Floquet
multiplier, i.e., x5 is half period non-degenerate, otherwise x2 has 2n Floquet multipliers
lying on the unit circle, i.e., it is elliptic. We note that all solutions of autonomous systems
are degenerate, so in this case the above obtained solution is elliptic. Since V' (¢, ) is also a
jr-periodic function about variable ¢ for j € N, by the above arguments, we can obtain zo;
for j € N as x4 satisfies the stability condition. That every two elements of the subsequence
{or }ren are geometrically distinct follows from the fact that one is periodic for some period
but another is anti-periodic.
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Proof of Theorem 1.2. If the condition (V4) is replaced by (V7), then in Proposition
3.1,if 27 < 277/\6, we can still obtain a critical point x5 of ¢oaq on Ear oqq with its Morse
index m~(22) < 1. In fact, under the condition (V7), by the Wirtinger’s inequality, for any
x € Ear oaa with ||z|| small (we note E2; can be embedded in C(S2,,R™)), there holds

2 2

Goaa(a) = Glall — 3 - Tl = 5 (1= 2 ) el
Soif 0 <7< w/ﬂ, there exists a small positive number p such that ¢oqqa(z) > n > 0 for
any « € Ear oqaq with ||z]| = p and some constant 1. Thus we can still use the Mountain
pass lemma. The remainders are the same as in the proof of Theorem 1.1.

Proof of Theorem 1.3. Under the conditions (V3) and (V8), we can prove that for
some constant ¢ there holds 0 < V (¢, z) < |z|*+¢, V(t,x) € RxR". By the same arguments
as in [9], we can prove that ¢oqq is weak lower semi-continuous and coercive on Es; oq4, and
attains its minimum on Fa; oqq. By the condition (V9), as a critical point of ¢oqa, the
minimun point xo is nonconstant. So we have its Morse index m™(x2) = 0. Thus there
holds

n+nt—n" —d_y <j(xe, T, w)+nT —n" + i (z2,7,—1) = j(z2,7,—1) = 0.

From this estimate, we obtain n~ + d_; > n. Note that n~ + d_1 < n, so we have
n~ 4+ d_1; = n. The remainders are the same as in the proof of Theorem 1.1.

Proof of Theorem 1.4. Under the conditions (V1) and (V10), by the Wirtinger’s
inequality, if 27 < 27 /y/m, we can still prove that ¢oqq is weak lower semi-continuous and
coercive on Fa; oq44, and attains its minimum on Ey; oqq. The remainders are the same as
in the proof of Theorems 1.1, 1.2 and 1.3.
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