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I'~-CONVERGENCE OF INTEGRAL FUNCTIONALS
DEPENDING ON VECTOR-VALUED
FUNCTIONS OVER PARABOLIC DOMAINS**
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Abstract

This paper studies I'-convergence for a sequence of parabolic functionals,

Fe(u) = /OT/Qf(:E/a,t,Vu)dxdt as € =0,

where the integrand f is nonconvex, and periodic on the first variable. The author obtains the
representation formula of the I'-limit. The results in this paper support a conclusion which
relates I'-convergence of parabolic functionals to the associated gradient flows and confirms one
of De Giorgi’s conjectures partially.
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§1. Introduction

We begin with the characterization of I'-convergence in [1, 2].
Definition 1.1. Let (X,7) be a first countable topological space and {F"}° | be a se-
quence of functionals from X to R = RU{—o0,00}, u € X,\ € R. We call

A=T(r) lim Fh(u)

if and only if for every sequence {u"} converging to u in (X, 7)

A < liminf F"(u"), (1.1)
h— o0
and there exists a sequence {u"} converging to u in (X,7) such that
A > limsup F"(u™). (1.2)
h—o00
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We call A =T'(7) im F¢(u) if and only if for every e, — a (h — o0)

E—a
A=T(7) lim F*"(u).
h—o0

Throughout this paper, we assume that €2 is a bounded open set in R™. Let p > 1, T > 0,
and m be a positive integer. Denote

Qr =Qx (0,T), Vp(Qr,m)=L"([0,T], W"P(Q, R™)),
V) (Qr,m) = L((0,T), Wy P (2, R™)),

Ou'(x,t) . )
Du(z,t) =Vu(z,t) = (————2%) (1<i<m,1<j<n)
( 8.’£j )
for a vector valued function u.
Consider the fuctionals
Ff(v,Q) = / fi (;Dv)dm, v e WP(Q,R™) (¢ —0") (1.3)
Q

and the corresponding parabolic functionals in the following form:
Fe(u,Qr) = / f(g,t,,Du)dxdt, u € Vi (Qr,m) (e —01), (1.4)
Qr

where f: R"*! x R™" — R is a Caratheodory function satsfying
CLIAP < f(z,8,0) < Co(1 4 A7) (1.5)
for some positive constants Cy > C;.

In 1979, E. De Giorgil® conjectured that when a sequence of functionals, for instance,
the one in (1.4) or in a more general form, converges in the sence of I'-convergence to a
limiting functional, the corresponding gradient flows will converge as well (maybe after an
appropriate change of timescale). Also see [4, p.216] and [5, p.507].

In [6], the author proved the De Giorgi’s conjecture for a rather wide kind of functionals.
Thus, a natural question is under what conditions the functional sequence like (1.4) can be
I"-convergence.

The first result related to this question appeared in [7]. Because the integrands in [7] have
the same scale for the variables x and ¢, the methods there can not be applied to functionals
(1.4) whose integrands are anisotropic in « and t.

In this paper, we will cleverly combine the arguements in [8, 9, 10], all of which study
the T-convergence of elliptic functionals like (1.3) with the weak-topology of W1P(Q2, R™),
to prove that the I'-convergence holds for the functional (1.4) under Assumption (1.5) and a
periodic hypothesis (see (1.8) below). For this purpose, we construct functionals as follows.

Let Y =(0,1)" ={0<y; < 1,i=1,2,---n}, kY = (0,k)", and kr = kY x (0,T). For
A€ R™ and a.e. t € R, define

7t 0) = inf inf { k] /ky F, A+ Doy, 0)dy: & € VO (krm) b, (16)

here and below |E)| det- L"(E) and L* is used to denote the k-dimensional Lebesque measure.
Obviously (1.5) implies that f(t, Du) is nonnegative and measurable, so we can define
the homogenized functional

F(u,Qr) = A f(t, Du)dzdt, u € Vy(Qr,m). (1.7)
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The main result of this paper is the following theorem.
Theorem 1.1. If hypotheses (1.4) and (1.5) are satisfied, and suppose

fly,t,\) is Y-periodic on the first wariable y, (1.8)
then for every T > 0 and every bounded open set 2 C R™ with L™(0%2) = 0,
L(7) 313(1) Fe(u,Qr) = F(u,Qr),Vu € V,(Qp,m),
where T is taken as the sw-topology of V,(Qr,m). (See the Definition 1.2 in [6] for the

sw-topology.)
The proof of this theorem will be given in Section 4.

§2. Preliminary Lemmas

We collect some properties of the I-limits in [1, 2] which are well-known but important
for the coming arguements.

If the limsup in (1.2) is replaced by liminf , Definition 1.1 is turned to the definition
of low I'-limit. In this case, we denote it by A = I'~(7) limp_s oo F"(u). Similarly, we have
upper I-limit and denote it by A = T (1) hlirn F(u).

—00
Obviously, I'(7) lim F”(u) exists if and only if [T (7) lim F"(u) =T~ (7) lim F"(u).
h—o0 h— o0 h— o0
Lemma 2.1. F~(u) =T (1) hlim Fh(u) ezists for every u € X, and F~(u) is lower
— 00
semicontinuous in (X, 7). If F(u) = T'(1) hlim Fh(u) exists for every u € X , then F(u) is
—00
also lower semicontinuous in (X, 1) .

Lemma 2.2. For each sequence {F"} of functionals in (X, T), there exists a subsequence
F and F> from X to R, such that

F*(u) =T(r) lim Fh(u), Vu€ X.

Lemma 2.3. Suppose that A = T'(7) liH(l) Fe(u) and e, = 0 (h — 00). Then
e—
I (r) im F"(u) =T(7) lim F*"(u) = A

h—o0 h—o0

Lemma 2.4. Suppose that f: R x R — R. Then there exists a function 6:& — 6(g) such

that € — 0 implies §(¢) — 0 and
limsup f(6(g),e) < limsuplimsup f(d,¢). (2.1)
e—0 6—0 e—0

Moreover, the opposite inequality for low limits and the equality for limits hold true respec-
tively.

From now on, we restrict ourselves to the sequence of functionals (1.4), or more general
functionals

Fe(u, Q) (a,b))z/b/f(x,t,Du>d:ndt (e = 07). (2.2)
a JO M€

We will fix T' > 0 and allow  and (a,b) to be arbitrary. Let S = R"™ x (0,T), Sr be the
o -ring generated by the set {Q x (a,0):0 <a<b<T,Q C R"™ are bounded open sets}.
Then (S, B, L™*1) is a measure space. Let

Vptoe = LP([0,T], W57 (R™, R™)). (2.3)

loc
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Lemma 2.5. Assume that (1.4), (1.5) and (1.8) are satisfied. Then for every sequence
e — 0T, there exist a subsequence e, — 07 (h — 0) and a family of o-finite and o-additive
measures H(u,Q X (a,b)) on Br, such that for every u € Vjoc, every finite interval (a,b)
and every bounded open set Q C R™ with L™(0§) = 0,

T'(7) hlLrI;O Fr(u,Q x (a,b)) = H(u,Q x (a,b)), (2.4)
0< H(u,Q x (a,b)) < C’/b/(l + | Du|P)dzdt, (2.5)
a JQ

where T is the sw-topology of V(2 x (a,b)).

Proof. We follow the proof of in [9, Theorem 3.1]. D is used to denote the algebra
generated by all open cubes in R"*! with rational vertices and E the class of all bounded
open sets in R"*!. Applying Lemma 2.2 and a diagonalization argument, we can find a
sequence €, (h — 00) such that I'(7) hlLIr;O Fer(u, Q) exists for all @ € D, i.e.,

H™(u,Q) = H (u,Q), VQe€ D,
where H™ (u,Q) =T~ (1) hlim Fer(u,Q) and HY (u, Q) =T (1) hlim Fen(u, Q).

In the same way as in [9, pp.738-739], by Lemma B in [6], we can prove that H~ is

(finitely) super-additive and H™ is sub-additive over D. For e € E, define
H(u,e)= sup H (v,Q)= sup H'(v,Q), Q€ D.
QCCe QCcCe

Then H(u, e) is an increasing, inner regular and finitely additive set function. Therefore, the
routine methods implies that (2.4) holds and H (u,Q X (a,b)) can be extended to a o-finite
and o-additive measure on fSr (see [11, Proposition 5.5 and Theorem 5.6 ]. From (2.4) and
(1.5), the estimate (2.5) follows immediately.

§3. T-Lmits of Layered Affine Functions

Throughout this section, suppose that (1.4), (1.5) and (1.8) are satisfied. 7 is used to de-
note the sw-topology of V,,(Q7, m). For simiplicity, V,(£2r) denotes the space V,(Qr, m). We
intend to determine the I-limits of F*©(u, Q) for u = A\(t)-z+a(t) with A € LP([0, T], M (m x
n)) and a € LP([0,T], R™), where we define the norm on M (m x n), the space of all real
m X n matrices, as the same as on R™".

Lemma 3.1. For each uy o, = A(t) -« + a(t) with A € LP([0,T], M(m,n)) and a €
LP([0,T],R™), there exists a sequence of functions {u®} C V,(Qr) satifying

{u® —uxra} C VpO(QT) and u S uyg in Vp(Qr) as e — 0"
such that
lim F¢(u®,Qp) = ft, Ndzdt = F(uya, Qr),

e—0t Qr

where f(t,\) is given by (1.6) and F by (1.7).
Proof. Fix ¢ € (0,1), one can choose k € N and ¢° € V2 (kp,m) (see (1.6)) such that

FEAWD) < kY] / J(t A+ Doy < F(tA0) + 6 (3.1)
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We use E} to denote the extension of nY on the nY-period, and let

Q,={e€E,,eCQ}, E,= U e, Q= U e.

e€E; e€Qs,
Then E;, = R™. As ) is bounded, (27 is a finite set for each >0 , and
lim L"(Q\Q,) = 0. (3.2)
n—0t

For every t € [0,T] , extend ¢°(y,t) so that it is a kY -periodic function on the variable .
Then define

e _ Juna(z,t) +ed?(£,1), Qu,
v (x’t)_{u)\,a(:v,t), O\ Qek. (3.3)

It is easy to know that v®9 € Vp(Q7), o0 — Urg € V;?(QT). For each D € Q., by the
periodicity of g(y,t) = f(y,t, A(t) + D¢’ (y,t)), we have

T T
/ f (*7 t, Dve"s)dfﬂdt = / [6" fy,t, A(t) + D¢ (y, t)dy} dt
Dx(0,T) € 0 D/e

_Tn 4 —1 )
- (D)/O dtfky| /kyf(y,t7>\(t)+D¢ \dy -

Summing up the both sides for all D € Q. and applying (3.1), we obtain

(Qek)/OT Ft @) dt < /OT dt /ng f(g,t,Dvs"5>dx

< 1@, )/0 (F(t.AD) + ).
5) and (3.3) that

(1.
L(Q. )/ ())dt</ f(x t Dvs‘s)dxdt
k)

f(t,
/(f(tA +5dt+/ dt/ﬂ\nk = (t))da:

B T
< 1(Ou) / (FENO) + 8t -+ CL™( @02 [ (1+ A7)t (3.5)

By this estimate and (3.2), we see that

Thus, it follows from

< L™(Q.

x —
lim i (—,t,D Ev“)d dt = £ (1)) dtda. 3.6
Jim - lim QTf o6 D™ )de QTf( (t))dtdx (3.6)
Moreover, we have
159 = unal ey = S 1D / aiy | [ (0P (3.7)

DeQ g
Applying (3.6), (3.7), and Lemma 2.4, one can find a sequence §(¢) — 07 as ¢ — 0 such
that {u® = v=9(): e > 0} satisfy that
{ue - u)\,a} C VpO(QT)v EE%& ”ue - uA,a||Z£p(QT) =0,

lim FE(’LLE,QT) = F(U,\’a,QT).

e—0t
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On the other hand, the coercive condition in (1.5) and (3.5) imply that {Du®} is bounded
in LP(Qp, R™"). Thus, by Lemma B in [6], we obtain u® = Ux,q- This proves the desired
result.

Lemma 3.2. Let uy o(x,t) = A(t) - & +a(t) be the same as in Lemma 3.1. Then for each
sequence us = uy 4 i Vy(Qr) (¢ — 07F),

liminf F©(u®, Qr) > F(uy,q, Q7)) = f(t, A(t))dtdz.

e—0t Qr
Proof. (1) Firstly, assume u® N Ux,q and u® —uy o € VPO(QT). As Q is bounded, we

find an open cube D whose sides are parallel to axes and whose center concides with the
origin, such that Q C D . The side length of D is denoted by 2d, and let

2d d
kez[*}"_?’, 06:{_7}3

€ €
e = (ae, -+ ,ac) € R", D. = e(we + kY),

where [k] denote the maximum integer not greater than . It is not difficult to get

D c D,, 1i%1+ L"(D.) = L"(D). (3.8)
Let
Q=D\Q, Qr=Qx(0,7). (3.9)

Applying Lemma 3.1 to the open set (), we can choose a sequence

V" S ure swoin Vp(Qr), v° —urg € VPO(QT)

such that
lim F¢(v°,Qr) = / f(t, Ndadt. (3.10)
e—0+ Q
For fixed t € [0, T, define
Ut —uyg, T €KL, )
¢ (z,t) =4 v° —une, = €D\Q=0Q, (3.11)

0, z € D\D.

By the periodicity of f(y,t, A), using the variable transformation, we obtain

/DE f(f £\ + D (z, t))dx - 5”/ Fy,t, A + Do (ey, £))dy

r.+k:Y

= (ko) kY| / | Ht A+ D0y, -

where ¢°(y,t) = e ¢ (e(y + x2),t). Obviously, (3.11) gives us ¢° € V) ((k-Y) x (0,T)).
Thus, we deduce from (3.12) and (1.6) that for each t € [0, T,

_ x € _ — e R
DA [ 5 (Ftas Do) = kY1 [t DYy, )y 2 i)

Therefore

[ ] s(Eerspaeaz o [ v
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On the other hand , by (1.5) and (3.8), we have

hmmf/ dt/ —t /\—l-quE)dxdt = hmlnf/ dt/ —,t )\+D¢E>
e—0+

This yields

liminf F* (uyq 4+ ¢, D x (0,T)) / /ft/\d:rdt
e—0t

Combing this estimate, (3.9), (3.10) with (3.11), we have
liminf F©(u®, Qr) = hmlnf[FE(u)\ o+ 6°,Dx(0,T)) — F*(v*,Q x (0,1))]

e—0+
2/0 /Df(t,)\)dxdt—/o /Qf(t,)\)dxdt

= f(t, N)dzdt.
Qr

(2) In order to remove the restriction u® —uy,q € V,)(Qr), it is sufficient to apply the De
Giorgi’s arguements and the result of the case (1). See [11] or [8, p.197] for the details.

Definition 3.1. Let {Q;:i =1,2,--- ,h} be a finite partition of Q into open sets (except
for a set of measure zero), \; € LP([0,T],M(m,n)), a; € LP([0,T],R™). We call the
function

)\z(t)z+al(t), x € €,

h
0, xze O\ U Q,

i=1

W(x,t) =

an LP -layered affine function on Qr.
Summing up Lemmas 3.1 and 3.2 (observing that {2 may be arbitrary there ), Lemmas
2.5 and 2.3, we obtain the following theorem.
Theorem 3.1. Suppose that Q) is a bounded open set in R™ with L™(0Q) = 0, H (u, Q1)
is given by Lemma 2.5. Then
I(r) lim F*(w,Qr) = f(t, Dw)dzdt = H(w, Q)
e—0+ Qr

for any w, an LP-layered affine function on Qp.

¢4. A Proof of Theorem 1.2

In this section, we suppose that all the hypotheses of Theorem 1.2 are satisfied. Applying
the same arguement as in [9, Section 5], we can prove that for almost ¢ € [0,T], f(¢, ) is
convex if n = 2; and convex with respect to each column vector if n > 2. This implies that

Lemma 4.1. For a.e. t € [0,T], f(t,\) is continuous in M(m,n).

Lemma 4.2. Suppose v € V,(r) (1 < p < 00). Then there exists a sequence of
LP-layered affine functions

Ne(t) -z +ak(t), =€,
h
0, e\ U,

i=1

oF(z,t) =

such, that [[v —v* ||y, ;) — 0 as k — oo.
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Proof. (1) Suppose 1 < p < 2. Fix v € V,,(Qr). For any ¢ > 0 we can choose u € Vo(Qr)
such that

[u = vllv,2n) <e (4.1)

Because H < W12(Q) is a Hilbert space, one can assume that {1}, is its complete
orthonormal basis. Let Cy(t) = (u(t,-),¢1)u. Then Ci(t) € L*[0,T], and for a.e. t € [0,7],

Ii(t) = Hu - Zk:cm(x)HH 50 (k— o0).
=1

Thus the dominated convergence theorem implies that for some integer k&,

k
Hu — ;Cﬂ/}l Vo) <e (4.2)
It is well known that there exist piecewise affine functions w(z) in €2 such that
k
ggw—wamS%H;wmﬁ@)
k -
Let vé(x,t) = > Ci(t)wi(x). Then
i=1 )
‘ -3 cm‘ by < CO (4.3)

1=1

Combing (4.1), (4.2) with (4.3), we get [[v — v°|v, ;) < C(m,n,p)e. Observing that each
v® can be written as a layered function on Q7, we have completed the proof.

(2) Suppose 2 < p < oo. Applying Sobolev embedding theorem we can find an integer

k, BL>1_ %, such that H; < WH2(Q) — WHP(Q). Given v € V,(Qr), for € > 0, one
can find u € LP([0,T], W*2(Q)) such that
lu —vllv, @ <e (4.4)

Let {1;}$2, be the complete orthonormal basis of the Hilbert space H;. Then

Ci(t) < (ul-,t), i) m, € LP[0,T).

The remaining part is entirely the same as the case (1).

Now we are in a position to prove Theorem 1.1. We will use the idea of [9, pp.750-751].
For u € V,(Qr), we can extend u so that u € V, 1oc (recall (2.3) ). From Lemma 4.2, choose
a sequence of LP-layered functions w®(x,t), such that

lu — wk||vp(QT) — 0 (k= o0). (4.5)
By taking a subsequence, one can assume that Dw® — Du almost everywhere on Qr and
f(t,Dw*) — f(t,Du) a.e in Qp
by virtue of the continuity of f(,-) (see Lemma 4.1 ).

We deduce, from the absolute continuity of [ |Du|Pdxzdt, Egoroff theorem, Theorem 3.1

and inequality (2.5), that
lim inf / f(t, Dw®)dzdt < f(t, Du)dzdt.
Qr

k—o0 Qr
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Therfore, by the semi-continuity of H(u,{r) (see Lemma 2.1 ),

H(u,Qr) < hm mf H(Wk Qr) = hm inf f(t, Dw*)dzdt < f(t, Du)dzdt.  (4.6)
—+oo QT QT
On the other hand, according to Lemma 2.5 and Lebesgue-Nikodym theorem (see [12, §3 of
Chapter 3]), we have

H(u, O7) = /Q h(w, t)dadt (@.7)

for some h € L (R™ x (0,7)) and all Q7 = Q x (0,T). By approximation argument, one
can easily prove that for a.e (z,t) € Qp, there exists r, — 07 such that

wetny =0, Zu@h o p oy y—e) o Vo(B(z,1) x (0,7)).  (4.8)

Tk
T T
| / W, )dt — / Bla, )| ! / (y. 1)yt
0 0 B(z,ri)

Since

T
< 1B [ | [ G0 - b
B(z,ry) ' JO
T
/ Wy, t)dt € LL (R"),
0
we have
T T
/ h(z,t)dt = lim |B(m,rk)|_1/ h(y,t)dydt for a.e. z €. (4.9)
0 k—oo Jg B(w,ry)

Fix k and z, set r = r,, B, = B(z,r), B,r = B, x (0,T). By (4.7) and Lemma 2.5, we
can find a sequence u” 5 u in V,(B,7)(h — 0) such that

/ |B,|~ 1/ h(y,t)dydt = |B,| " H(u, B,.r)

hm / | Br|” 1/ (@ t,Duh)dydt, (kh def. V(%;l)})

-1
zliminf/ |Bx |~ 1/ f(w,t,Duh(y—i-ah,t))dydt
B

h— 00 Eh

3
(note that ah = x( 1) —enkp — 0+>

T
:liminf/ |B;|_1/ f(g,t,D(uh(ac—l—r(y—x)—|—ah,t) —u(x,t))r_1>dydt.
h— o0 0 2 Bl En (410)

2
Let uy . (y,t) = u(x +r(y — z),t) — u(x,t)]. Obviously
r (e r(y — 2) +an, t) —u(e, t)] 5 r e, in Vp(Byr) ash — oc.
Let

op=7r"ten, a=|B:|7t, F (u,Q)=T"(7) lim F° (u,Q).
2 h—o0
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By (4.10), Lemmas 2.1 and 2.3, (4.8) and Theorem 3.1 in that order, we deduce that
T
lim | B(z, rk)\*l/ h(y, t)dydt
k—oo Jo B(z,ri)

> a-liminf F~ (up, &, B1 1)
k— o0 ) 2’

> a- F~(Du(x,t)(y — z), By 1)

T
= a/ / f(t, Du(x, t)dtdy
0 JB(z,3)

T
- /O F(t, Du(a, 1))dt.

Combing this estimate with (4.9), we obtain

/ h(z,t)dzdt > f(z, Du)dzdt,
QT QT

which together with (4.7) implies the opposite inequality of (4.6). Hence

H(u,Qr) = f(t, Du)dzdt, Vu € V,(Qr).
Qr

Observing that

F(u,Qr) = f(t, Du)dzdt
Qr

is independent of {ep,}, we have completed the proof of Theorem 1.1 by Lemma 2.5.
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