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Abstract

This paper introduces a generic eigenvalue flow of a parameter family of operators, where the
corresponding eigenfunction is continuous in parameters. Then the author applies the result to
the study of polynomial growth L-harmonic functions. Under the assumption that the operator
has some weakly conic structures at infinity which is not necessarily unique, a Harnack type
uniform growth estimate is obtained.
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¢1. Introduction

Let us consider an elliptic operator L defined on R™ by
0 T ;i 0
L= a¥(2); ] 1.1
52 127 ) 5 (L1)
with [a" | e (gny < C and A < (a"(z)) < AT for some positive constants A, A. The solution
u of Lu = 0 is called the L-harmonic function.

In a recent workl®!, Lin studied the L-harmonic functions and gave a Liouville type
theorem, provided the operator is asymptotically conic. We are concerned here with the
polynomial growth L-harmonic functions, that is, the L-harmonic function satisfying |u| <
C(1 + |z|)?. This problem, in general, has not been well understood, except the cases that
for n = 2, L is the Laplace-Beltrami operator and n > 3 for some conic operators (see [6])
It is not known in general if there is a polynomial growth, nonconstant L-harmonic function
on R™. On the other hand, it is not hard to show there are many nonconstant L-harmonic
functions on R™ whenever a%(z) are local Lipschitz continuous (see [5]). The nonconstant
L-harmonic function on R™ grows at least like a power of |z|.

The purpose of the article is to generalize the result of [6] to a larger class of elliptic
operators by applying the generic eigenvalue flow. The operators we consider here are close
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to, in some weak sense at the infinity, a family of elliptic operator on R™. We first study
the eigenvalues of the family of limiting operators.

It is well known that eigenvalues are continuously dependent on parameters in some nice
space. We are interested in the continuity of eigenfunctions for one-parameter family of
elliptic operators. Whenever the eigenfunction is continuously dependent on the parameters
for the limiting operator, we can utilize it to construct almost L-harmonic functions for the
original operator. And we have good estimate for those almost L-harmonic functions. Then
we can obtain an estimate of the L-harmonic functions. In [18], K. Uhlenbeck proved that in
the generic sense eigenvalues have one-dimensional eigenspace. Clearly, if all eigenvalues are
of simple multiplicity, then the eigenfunctions are continuously dependent on the parameter.
But in some cases, eigenspaces are not always one-dimensional. As we show in an example in
[19], eigenvalues do often intersect when the parameter varies. And the study of intersection
of those eigenvalues is useful in applications, especially for the multiple parameter case.

In Section 2, we first consider the G-convergent operator and then study the eigenfunc-
tions on the cross section of the limiting operators. We shall apply the transversality theory
to construct eigenfunction flows, where the eigenfunctions are continuous in the parameter.
Then we apply it to the study of polynomial growth L-harmonic functions in Section 3.
Here we make use of the so-called three annuli lemma, inspired by an idea of J. Cheeger.
The three annuli lemma was used before by L. Simon['?], Cheeger and Tian[?, etc. Finally,
we obtain an a priori estimate for the growth of L-harmonic functions.

§2. Weakly Asymptotically Conic
Operators and Generic Eigenfunction Flow

For any bounded Lipschitz domain € in R", the operator L given in (1.1) defines a map
from Hg(Q) to Hy '(2) by Lu. We know that for any f € Hy (), there exists a unique
u € HY(Q) satisfying Lu = f. Let C(\, A) be the space of all linear operators given by (1.1)
with A\I < (a%(x) < AI. We say that a sequence of operators Ly in C(), A) is G-convergent
to L, as k — oo, if for any f,g € H=1(Q),

Jim (g, L' f) = {9, L7 ).

There are many properties of G-convergence (see [6]). For convenience, we list a few basic
properties.

(i) If Ly, is G-convergent to L, Lyuy = fr and fr — fin H=1(Q), as k — oo, then uj, — u
weakly in H}(Q) as k — oo and Lu = f.

(i) If Ly, is G-convergent to L, Lyuy = f, ux, € Hg(£2), then there exists u € H} () such
that uy — u weakly in HZ(Q2) and

(Lgug, ug) = (Lu,u) as k — oo.

(iii) Let Lyux, = 0in Bg and Ly, is G-convergent to L as operator H} (Qp,) — H 1 (Qp,,).
Suppose |ug|r2(py) < 1 and up — u weakly in L2. Then Lu = 0 in Bg and uj — u weakly
in HllOC (BRr)-

It is easy to see that aij(x) — a(z) a.e in Q implies that Ly is G-convergent to L.

We say that a sequence of operators Ly in C'(A, A) defined on R™ is G-convergent to L,
if Ly is G-convergent to L for any bounded Lipschitz domain 2 in R™.
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Now we consider a family of operators in R™ which will be our limit operator. Also the
parameter ¢t can be allowed to vary in a compact set of some manifolds, and we only consider
t € St for simplicity.

Let Ay be the Laplace-Beltrami operator on R™ with the metric

g(t) = dr* +1r%g;;(t,0)d0'do7
where (r,6) is the polar-coordinate on R", § € S"~! and g;;(¢,6) is Lipschitz continuous
and periodic in ¢ with period of 27.

We say that an operator L satisfies Assumption (S7), if for any sequence {ry}, rp — oo,

there exist a subsequence, still denoted by r, and a tg € [0, 27) such that
L, = ai% (a” (rkx)£>
is G-convergent to Ay, gy as k — oo.

Remark 2.1.06 I satisfies Assumption (S7) implies that L is weakly asymptotically
conic.

Example 2.1. Consider R™ with the metric

g = dr® + 12(2 + sin(log(log(e + 7)) )d6?
in the polar coordinate. The corresponding Laplace-Beltrami operator on R™ satisfies the
assumption (S1), where the limit operator is given by the metric g(t) = dr?+r?(2+-sint)d6?.
In fact, for any sequence {r}, there exists a subsequence, still denoted by {7y}, such that the
corresponding Laplace-Beltrami operator is G-convergent to A,y with some # € [0, 27).

Now we consider the eigenfunctions defined on (S, g(¢)) where the metric tensor g(t)
depends on the parameter ¢t twice continuously differentiable and periodic with period of 2.
Then we know that eigenvalues are continuous differentiable in ¢ and

0=20(t) <A1(t) < Aoft) <--- .
Let G = {g(t)|g(t) is a metric of S"~1, g(t) € C*([0,27], T(M) Q T(M))}.
Let Sy = {u € HZ(S""), [gu_r u? =1}. And let
My = {glg € C*(T(S" 1) ®T(S"_1)) is the metric of S"~'}.
We consider the map ¢ : S, X R x My +— Hj_o(S"~ 1) given by
o(u, A, g) = Agu+ du= Lyu. (2.1)

By the study of the regular value of ¢, K. Uhlenbeck obtained the following result in [18].

Lemma 2.1. For a metric g € My, the set {g € Ms|A, has one-dimensional eigenfunc-
tion} is residual in Ma.

Therefore for g(t) € G we may assume that Ay has one-dimensional eigenfunction.
Consider the eigenvalues of A, for ¢ varying. As we proved in an example in [19], they
may have intersections.

For a fixed Cy, we consider those eigenvalues of A,y with A\x(t) < Cy. Let to be the first
point where

c < A1 (to) < Ak(to) = -0 = Aeqa(to) < Agrira(to) < Co. (2.2)

Moreover, we may assume that those eigenvalues which are less than C are one-dimensional
in a small left neighborhood of ¢y and ¢ # #y. Since we assume Ay has one-dimensional
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eigenfunctions, the normalized ¢y (t) with A\i(t) < Cp is in C(S™~! x [0,¢€)) for some small
e > 0. And ¢(t) is a continuous flow, if A;(¢) does not intersect other eigenvalues. We have
proved in [19] that it can be continuously defined at the intersection point, up to a small
perturbation. In fact, we have the following results in [19].

Lemma 2.2. Let tg be as above. Then for a residual set of g(t) € G,

Jim (600, drea(8), -+, G (1)) (2.3)

exists by a proper choice of the sign of those eigenfunctions.
Moreover the eigenfunction flow has a very important property, which is proved in [19].
Lemma 2.3. If g(t) is a periodic function of t with period of 27, then for a residual set
of g(t) € G the eigenfunction flow is a periodic function with period of 2w. Moreover, the
corresponding eigenvalue A (t) satisfies

Ae(t) < C1Ak(0), (2.4)

where the constant Cy only depends on the Lipschitz norm of g(t) in t.

Remark 2.2. Although we defined the eigenfunction flow for generic ¢(t) in G, the
estimate in (2.4) only depends on the Lipschitz constants of g(¢) in . Therefore in application
we can approximate the Lipschitz g(t) by twice differentiable g.(¢) and the estimate in(2.4)
is uniform in e.

§3. Uniform Growth Estimates

In this section, we study the uniform growth estimates of L-harmonic function with
polynomial growth by using the generic eigenfunction flow and the three annuli lemma.
This technique was used before by several authors (see [2, 12, 13,19]).

In the following discussion we only prove our result in a simple case. That is, we as-
sume that g(t) is continuously differentiable and 27-periodic in ¢, where ¢t depends on the
subsequence of {r;}. Our proof still works when g(¢) is only Lipschitz in t. We may as-
sume, after a generic perturbation, (S"~!, g.(¢t)) has a continuous eigenfunction flow and
ge(t,0) = g(t,0) as e — 0 in C'. Let \;(t) denote its eigenvalue. Let A, be the annulus
on R™ with inner radius a and outer radius b.

We consider L-harmonic functions defined on R"™ with |u| < C(1 + r¢), which is called
at most d order growth L-harmonic function. Note the eigenvalue A;(f) is a 27 periodic
function. Let ¢j, c(t), ¢j,.e(t), -+, @5, .(t) be all those eigenfunctions whose eigenvalues
intersect a number Ay, which will be given later with some ¢ € [0, 27]. We stress that there
are only finite number of such A;, () and the number is independent of e.

We assume that L also satisfies (S2) : For any ¢ > 0, there exist {ry;}, {Br.} and
a division of [0,2n] with By 7k = Tkr+1, Bk,i"k1 = Tk+1,1, such that for any sequence
Sky Sk € [Tk, BTk, Ls, 1s G-convergent to Ay as k — oo where ¢; < t; < tiaa,
O0=t; < <t; <-- <try1 =2m, and for any ¢, s € [t;,t;+1] we have |g(t) — g(s)| < 4.

Let @i 0 (Tr,is Brirra) X (S g(ti)) = Ap, . 0pr. be the homeomorphic map.

For i fixed, let A} ;  be the rescaled A, , B, ., under the metric ——g.
’ e ’ ’ ’ ki

Now we let

aj,e(ti) = d)j,e(ti) o (I)];%v (3.1)
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where ¢; (¢;) is an eigenfunction on (S"71, g.(¢;)). We define a new function v; . by

o= [ re) Viaddao] .00 (32

for ry,; < r < By ,ry, where J%B W faB It is easy to see that v; . € L _(R").
We note that a;7Pi(*)¢;(¢;) is a harmonic function on (0, 00) x,- ("1, g(t;)), where \;(t;) =
p;(ti)(p;(ti) + n — 2), p;(t;) > 0. We shall show that for i fixed and e small, vj . is near
a;rPi)¢;(¢;) in some sense.

Given B > 1 and a family of annuli {A,, Ba,}, let A’f’ p be the rescaled annulus under
the metric a%g. Then we know there exists a subsequence of {ay}, still denoted by ay,

and a metric g(f), such that L,, is G-convergent to Ay ). For k large, let ¢y : A’fB —

(1,B) %, (S""1,¢(f)) be a homeomorphic map. Put uy = uo &, ', where u is a given L-
harmonic function on R"™. From the property (iii) of G-convergence, we have the following

lemma.
Lemma 3.1. There exists a subsequence of {Iluik}’ still denoted by itself, such
=,
that
Yk swe in LA((L,B) %, (8771, g(B)). (3.3)

|U|L°°(A’;2B)

Furthermore, ug is a harmonic function.

Now, we let \* = %[I)lg A1(t) > 0, do < 0 and do(dp +n — 2) < A*. Then we have the
te )

following three annuli lemma.
Lemma 3.2. Given B > 1, there exists a kg, such that for k > ko,

1
][ w? < - <B2d° ][ u? + B2 ][ u2>, (3.4)
Apk ghk+1 2 Apk-1 gk Apk+1 gh+2
1
where fABk=Bk+1 u?= JCABk,BkJrl 2dV . So if

VOlg(t) (ABk,Bk"'l)

][ u? > B2 7[ u2,
Apk pk+1 A :

pk—1 gk

f u? > B2 ][ u?.
Apk+1 gh+2 Apk pk+1

Proof. We first prove (3.4) on the cone (0,00) x,. (S"!,g(f)). A harmonic function in
a cone has the following expansions

u= Zajrpj¢j + ijr_(”_Z)_pj(bj,

where p; > 0 and p;(p; +n —2) = A;, \; and ¢; are respectively the eigenvalue and the
eigenfunction in (S"~!, g(7)). Then we only need to show that

then

rpitn| B Ll 2d 2]D]'Jrn|B k-1 2d szﬁn@:ﬁ
_ 'b¥ — 0 —2do____ BFTZ
n|BkF+1 < 2 (B + B n|Bk+2 ) (35)
r | |Bk 1 T Br+1
or
2q “+n B 2q;+n Bk—1 2qi+n Bkt1
P 1 (R »
nlBk+1 2 n| | BE 2 .
r r Bk 1 T Br+1
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for g; = —(n —2) — p; < §, or for some p; with 2(n —2) + 2p; =n,

1nr|g:+l L/ o, lnr|gz,1 oy lnr|§2ﬁ
— e <\ B — g — + BT (3.7)
n 2 n n
r |B’“ |B’€*1 r |Bk‘+1
(3.5)=(3.7) can be reduced to
1< %(BQdO*QPj + B 2dot2pi) (3.8)
or
1< S(B¥o2 4 i) (3.9)

From our assumption we know dy # ¢;, do # p;, and then (3.8) and (3.9) are true.

Now we prove Lemma 3.2 by contradictions. Suppose there exists a subsequence {l}
such that on annuli Agi,—1 gy, Agy pu+1 and Agi 41 guy+2 inequality (3.4) is not true.
Then we apply Lemma 3.1 on Apu,—1 pi.+2, and deduce a contradiction by taking limit.

Lemma 3.3. The limit ug in Lemma 3.2 has the following expansion in the cone (1, B) X,

(5™ 1, 9(1)) :
ug = Zaijj(t)(]ﬁj(f), (310)
where pj(t) > 0 and p;(t)(p; () +n —2) = X;(1).
Proof. From Lemma 3.2, we deduce that there exists a k; such that for k > kq,

][ u? > B ][ u?. (3.11)
Apk ph+1 A

Bk—1 Bk
Otherwise we have for all k > kg,

][ u? < B2 ][ u?, (3.12)
Apk pk+1 A

Bk_l,Bk
We note that the convergence in (3.3) is true in L2((5,61) x,. (S"71, g(%)), where § is any
small positive constant. Then (3.12) is also true for ug on any two annuli in (6,671) %,
(St g(%)). It follows that

ug =Y by~ ("TAPig, (3.13)

Therefore there exists a ball Bgr in R™ where u achieves its maximum in the interior of Bg.
This contradicts the maximum principle. Then we apply (3.11) to its limit and Lemma 3.3
follows easily.

Now we go back to the function v;. We have the following growth estimate.

Lemma 3.4. Given B > 1, § > 0 and my > 0, letting

DPrnr = tei[gi;ﬂ] Dit),es PM = teﬁi{&gﬂ] Djt),es

we see that there exist R, €y and a division Iy such that for € < ey, a > R, if

il
2 2
vy > —— u’, 3.14
]{4a,3a T 3m;y A4, Ba ( )

then
2 2px —8 2
7[ vy > B 7[ vy, (3.15)
ABa,B2a A4 Ba
2 2 5 2
][ v] < B#PMT 7[ vy (3.16)
ABa,B2a Aa,Ba
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Proof. We prove the lemma again by contradictions. Suppose there exist 6 > 0, B > 1
and {ay}, ar — oo and e sufficiently small, such that for any fixed division I, we have

][ v} < szm*—‘S][ v}, (3.17)

ABay,B2ay Aay,Bay,

f v} > i]/ u. (3.18)
ABak,BQak 3my Aay Bay,

Furthermore, we may assume that there exists a ¢, ;-1 < ¢ < ¢;, such that L,, is G-
convergent to A ). We choose € small so that

[voly() (S 1) = voly, iy (S" M) < €1, [pse(f) — p;(F) < 1.

By Lemma 3.1, we may assume — ug and ug satisfies (3.10). If the division I is

[ul k
Boe(ak o)

large enough so that

|Gj,e(t1) = @j,e (D) Lo (sn-1) <

€1

a1
vol(§n—1)’ LT

then
‘7[ 7 qu,e(tl)@,e(%)—l‘ql, l=i—1,i
(§71,9(F))
L ut)en®]<a. I=i-Li az
(871,9(0))

Then from (3.17) we deduce

1 B?
2 2p]~,€(f)+n71d _9 2
_— asr T €1 U,
voly 7)(AB,B2) /B ! Jay o °

. (3.19)
1 —
< B%Pme =0 [7 / aZr?PieDIn=lgp 4 o¢, ][ UQ].
VOlge(g) (Al’B) 1 ’ A1B 0
And from (3.18) we deduce
B
;/ a2r2Pie®Fn=1g. > (L — 61) 7[ ul. (3.20)
VOIQE(E) (ALB) 1 J 3m1 A B

Since pj () > pm~ for € sufficiently small, (3.19) and (3.20) give a contradiction. Similarly
we can prove (3.16).
Now let Ay = d(d +n — 2) and j,, . be the first integer satisfying

5
Aje(t) > Xa + 5, (3.21)

min
J>dmg,e.0<t<27

where \; (t) are eigenvalues on (S"71, g.(t)).

Let \g, = max (), Mg, = d1(d1 +n—2) with d; > 0. Choose A\g, = Ay, +9

ijmO,e,OStSQﬂ'
and d, satisfying

N e

/\d2 = dQ(dQ +n— 2), dy > 0. (322)
As we mentioned before, let Aj, ¢(t), Aj, (t), -+ Aj,,, . (t) be all the eigenvalues which inter-

sect Ag, for some t € [0,27]. Obviously jo, > jm,,e and then
Ajz,E(t) > Ag-

min
0<I<m,0<t<2m
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Putv= Y wj. Itiseasy tocheck that for any e; > 0 there exists an Ry such that for
Jo<i<jm
a > R and e sufficiently small

’ ][ u? —][ (u—v)? —][ v2‘ <€ 7[ u?. (3.23)
Aa,Ba Aa,Ba Aa.Ba Aa,Ba

Since u is at most order d growth, from Lemma 3.4 and (3.23) we deduce that there exists

an R such that for a > Ry,
][ (u—v)* >][ u?. (3.24)
Aa,Bu Aa,Ba

For u—v we have the following growth estimate which is also called the three annulus lemma.
Lemma 3.5. Let B > 1 and dy be given as before. Then there exist a ko and a division
Iy such that for k > ko and € small,

1
]/ (u—0)? < 3 [B% 7/ (u—v)® + B2 7/ (u—0v)?|.  (3.25)
Apk phk+1 Apk-1 gk Apk+1 gh+2

Therefore if
][ (u—v)* > B2 ][ (u— ),
Apk phk+1 Ak

Bk—1 gk

7[ (u—v)* > B ][ (u—v)%
Apk+1 ph+2 Apk ph+1

Proof. We prove this lemma again by contradictions. Suppose that there exists a
sequence {k; }, k; — oo, such that (3.25) is not true for any given Iy and small e. As in the
proof of Lemma 3.4, we may assume Lk, is G-convergent to Ag(;) with ¢;_1 <t < ¢;, and
— g, up satisfying (3.10). We choose € small enough so that

then

lu‘“’" (A:las)
[voly()(S™ 1) = voly_ 1) (S™ 1) < &1
and for j = jo, -, jmq,
i () = P < €1, 9j.e(t) — ¢(B)L2(sn-1) < €1
If I is large enough so that
03.t0) = 63Dl (snn) < oty L=i= L G = o J o

then we deduce

2 f O celf up
Ap, B2 A

JF#Joyr sJmy B,B2
2 - |:B2d2 ( Z a? ][ ,],.2pj (Z)+n71¢? (z) + 061 ][ ug) (326)
2 Egmy | ALB Arp
+ B—2d2( Z f 2p7(f)+n 1¢ ( ) + C€1 f Ug):|,
J#Jos s Jmy Ap2 B3 Ap2 ps

where A1 g = (1, B) x, (S"7*, g(t)). Since dg # p;(t) for j # jo,*** jm,, for €; small (3.26)
is impossible.
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From Lemma 3.4 and Lemma 3.5, we can have the growth estimate.
Lemma 3.6. If u is an L-harmonic function with growth order at most d, then for B > 1
fized, there exists a ko such that for k > ko,

][ u? < B*® ][ u?. (3.27)
Apk pk+1 A

Bk—1 gk
Proof. By Lemma 3.4, we only need to show that (3.27) is true for k& > kg and some
large I for w — v. From Lemma 3.5, if (3.27) is not true for u — v, then for k > ko and €

small
][ (u—wv)? > B 7[ (u—v)*. (3.28)
Apk pk+1 A

Bk—1 gk
By induction, we have
][ (u —v)? > B2d2(k—ko=2) ]/ (u—v)°. (3.29)
Apk pk+1 Apko+1, pho+2

We note dp > d, (3.23) and (3.24), then (3.29) is impossible.

We actually proved the following growth estimates for L-harmonic functions.

Theorem 3.1. Under the assumption of (S2), for given B > 1, then there exist C' =
C(L), ko = ko(L) such that for any at most order d growth L-harmonic function u, we have

][ W < B2Cd(k—k0—2)f W2
Apk phk+1 Apko+1 pho+2
for k> kq.

Now we have the following corollary.

Theorem 3.2. Under the assumption of (S2), then the dimension of at most order d
growth L-harmonic functions is not more than the dimension of at most order Cd growth
harmonic functions on its tangent cone at infinity. Here C = C(L).

Proof. Let u,w be two linear independent L-harmonic functions on R"~! with growth
order at most d.

Put wr = ypw, up = apu — Brw such that

f ka = 17

Apk—1 gkt

7[ uk:2 =1,
Apk—1 gk+t2

][ WU = 0.
Apk—1 gkt

We may assume, as before, there exists a subsequence {k;} so that
LBkl — Ag@),

where the convergence is L-convergent. And uy, and wy, have limit @ and w respectively.
By Lemma 3.3 and Lemma 3.6, we can deduce as before

U= Z a;rPig;, (3.30)
0<p;<d2
=Y P (3.31)

0<p;<ds
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Moreover

]{4 uw = 0. (3.32)

oo
L—1,12

Then our theorem follows easily from (3.30)—(3.32).
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