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ON THE CONVERGENCE OF GODUNOV SCHEME
FOR NONLINEAR HYPERBOLIC SYSTEMS
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Abstract

The authors consider systems of the form
ur + A(u)ugz = 0, u € R™,

where the matrix A(u) is assumed to be strictly hyperbolic and with the property that the
integral curves of the eigenvector fields are straight lines. For this class of systems one can
define a natural Riemann solver, and hence a Godunov scheme, which generalize the standard
Riemann solver and Godunov scheme for conservative systems. This paper shows convergence
and L! stability for this scheme when applied to data with small total variation. The main step
in the proof is to estimate the increase in the total variation produced by the scheme due to
quadratic coupling terms. Using Duhamel’s principle, the problem is reduced to the estimate of
the product of two Green kernels, representing probability densities of discrete random walks.
The total amount of coupling is then determined by the expected number of crossings between
two random walks with strictly different average speeds. This provides a discrete analogue of
the arguments developed in [3,9] in connection with continuous random processes.
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¢1. Introduction

We consider the one dimensional Cauchy problem for an n x n system of the form
ur + A(u)uy, =0, u(x,0) = a(x). (1.1)

Here A(u) is a smooth matrix valued map from a domain & C R™ into R"*", and (z,t) €
R x RT. The system is assumed to be strictly hyperbolic, i.e. the matrix A(u) has n real
and strictly different eigenvalues at each point v € U.

We note that even for smooth data a classical solution is only defined locally in time.
In general the solution will develop discontinuities in finite time and it is not clear how
to prolong the solution beyond this point. However, in the conservative case, i.e. A(u) is
the Jacobian of some map f : i — R”, Glimm!!3! proved global existence of weak entropy
solutions of (1.1) when the data has small total variation and each characteristic field is
genuinely nonlinear or linearly degenerate. Under the same assumptions, recent work has
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established the uniqueness and L! stability of solutions obtained as limits of the Glimm
scheme or by wavefront tracking®=8.

A major open question is whether other natural methods of approximation yield the same
BV solutions. In particular one has considered the methods of vanishing viscosity, relaxation
and finite difference schemes.

For scalar equations it is known that all of these methods work in the sense that the
approximate solutions converge strongly in L' to the unique entropy solution of the conser-
vation law. In addition some results are also available for 2 x 2 systems!'?! and for n x n
Temple class systems!'® using compensated compactness methods. For general conservative
n X n systems, convergence results for vanishing viscosity approximations are known only in
the case where the limit solution is piecewise smooth!*4:18],

A basic method for proving the convergence of a sequence of approximate solutions is the
use of a compactness argument in the space BV. If one can show an a priori estimate on the
total variation of the approximate solutions, then Helly’s theorem guarantees convergence
(of a subsequence) toward a BV function. Using recent uniqueness results (see [10]) one can
then show that this limit is the appropriate entropy weak solution.

Recently such a priori BV estimates have been established for systems of the form (1.1)
under the assumption that the integral curves of the eigenvector fields of A(u) are straight
lines in state space. For these straight-line systems one can define a Riemann solver which
extends the usual Riemann solver when the system is in conservative form. Bianchini and

Bressanl4

showed that the approximate solutions obtained by vanishing viscosity converge
and yield an L' Lipschitz continuous semigroup which is consistent with the natural Riemann
solver for piecewise constant data. Similar results have been obtained by Bressan and Shen!®)

BBl in connection with relaxation.

and Bianchini

The aim of the present paper is to show that, under the same straight-line assumption, the
approximate solutions constructed by the Godunov scheme converge to the same solution
as obtained by vanishing viscosity!*.

The reason for treating this class of systems separately is that in this case the oscillation
generated in one component of the solution is only due to the interaction of waves from
different families. The straight-line assumption is a transversality condition which makes it
possible to control the creation of new oscillations in the solution. The influence of other
terms in the general case seems to require other methods.

We observe that the same class of systems has been singled out by Arora and Roe as
particularly well behaved in connection with numerical computation of slowly moving shocks.
Indeed, in [2] they conjectured that if the straight-line assumption is not satisfied, then any
numerical scheme using a Godunov or a Roe flux will create spurious oscillations.

Although the results we prove apply to general (nonconservative) straight-line systems,
we will throughout the paper indicate the corresponding results for the conservative case.

The rest of the paper is organized as follows. In the next section we define the Riemann
solver and the corresponding Godunov scheme and state the main results. We then define
strengths and speeds of waves and show that the increase in total variation is due only to
transversal coupling (see Lemma 3.1 below). In Section 4 we establish a priori BV bounds



No.3 A. BRESSAN & H. K. JENSSEN CONVERGENCE OF GODUNOV SCHEME 271

on the approximate solutions generated by the scheme. The proof is based on Duhamel’s
principle and a basic estimate on the product of Green kernels (Lemma 4.1) proved by
probabilistic methods in Section 5. Finally, we consider the L' stability of the approximate
solutions and prove the main theorems.

§2. The Godunov Scheme and Main Results

We assume that the matrix A(u) has n real and distinct eigenvalues \*(u), k = 1,--- | n,
u € U. By performing the linear change of independent coordinates
t'=2X, o =z+ M, where \> max |\(u)], (2.1)
ueU,1<k<n

we can assume that
0< A (u) <+ < A™(u) < 1. (2.2)
By possibly restricting to a smaller domain we can also assume that there are constants
AN =0< A <. <A1 <\ =1 such that
MNe(u)ye W10, wel, k=1,---,n.
The corresponding right and left eigenvectors are denoted by 7*(u), I*(u), respectively, and
normalized such that
; ; 1 ifi=j
k — % 77 — 15
r¥(w)| =1, r'(u) -V(u) = {0 i
The basic assumption throughout the paper is that the integral curves of the eigenvector
fields are straight lines. This can be expressed by the relation

(Dr*(u))r* (u) = 0, veld, k=1,---,n, (2.3)
where Dr¥ denotes the Jacobian matrix of 7*. In the conservative case when A(u) is a
Jacobian matrix this condition implies that the shock curves and rarefaction curves coincide
and are straight lines in U (see [17]).
2.1. Riemann Solver and Godunov Scheme
We now describe a natural way of solving the Riemann problem for (1.1), that is, when
the initial data consists of two nearby constant states separated by a jump discontinuity,

_ u_ for x <0,
u(z) = {u+ for x > 0. (2:4)

Forue U, k=1,---,n,let R¥(-)(u) denote the integral curve of 7* through u, parametrized
by arc length,

R*(o)(u) = u + or® (u).

Given u_,uy € U, by strict hyperbolicity and the Implicit Function Theorem (if necessary
we restrict U further) there exist unique intermediate states wg = u_,wq, - ,w, = uy and
wave strengths o* such that

wk:Rk(U’“)(wk,l), k=1,---,n.

For each k, define the scalar function

PHo) = [ (R ) ) s,

0
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and let z*(z,t) be the unique (self similar) entropy solution to the scalar Riemann problem

0 forz<O,

2+ FF(2), =0, z(x,0) = { & (2.5)

o® forxz >0

We can now define a self similar solution of the original Riemann problem by using the
solution of these scalar Riemann problems to move along the integral curves. More precisely,
we first define the map R(u—_,u4) : [0,1] — U by

R(u—,ui)(€) = RFEME D)) (wr-r)  for E€ ML, k=1, n. (2.6)
This map is well defined since

k _ 0 fora/t < AL
2w.t) = {ak for z/t > \F.

We define the solution of the Riemann problem (1.1),(2.4) to be the function u(x,t) given
by

U_ for z/t < 0,
u(z,t) =< Ru—,uq)(x/t) for z/t € [0,1], (2.7)
Uy for z/t > 1.

It is easily verified that this solution coincides with the usual Riemann solution when the
system can be written in conservative form. For general, nonconservative systems of the
form (1.1), there is no natural definition of weak solutions. Still, in the case where (2.3) is
satisfied, the definition above is the appropriate one in the sense that it coincides with the
limit of vanishing viscosity approximations (see [4]).

Having defined a Riemann solver we can now define the corresponding Godunov scheme.
By the assumption (2.2) the Courant-Friedrichs-Lewy condition (see [15]) is satisfied with
equal time and space step Ax = At. The constant value of the approximate solution in the
i-th cell at time jA¢ is denoted by u; ;. The Godunov scheme is now defined inductively as
follows: At time ¢t = 0 we let u; o denote the cell average over the i-th cell of the initial data

1 (i+1)Az
Ui 0 = 7/ ﬂ(f) df

Az iAx

Given the values u;—1; and u; ; in the (i — 1)-th and i-th cells, respectively, at time jAt,

u,

J > 0, we define the value u; j 11 as the z-average at time At over the interval [0, Az] of the
Riemann solution with left state u;_; ; and right state u; ;. Using the notation above the
scheme can be written as

1 Az 1
Ui 1 = E/o R(ui—1,5,u;,5)(x/At) dw:/o R(ui-1,5,u;,5)(§) d€. (2.8)

The scheme is well defined as long as the values u; ; remain in the domain of definition of
the matrix A. In the conservative case when A(u) = D f(u) this is the standard Godunov
scheme which may be rewritten in finite difference form

Uija1 = uij — [f(uig) = flui-rg)]l, 1€Z, jELy. (2.9)
For each Az the scheme gives an approximate solution ua, of (1.1) defined for all (x,t) €
R x RT in the following way. At each time step jAt we define ua, to be equal to the cell
average u; ; on each cell [iAz, (i+1)Ax]x {jAt}. For intermediate times t € (jAt, (j+1)At),
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we let ua, be the function obtained by patching together the solutions of the Riemann
problems given by the cell averages at time jA£.

2.2. Main Results

Our main results are the uniform BV bounds, the L' stability, and the convergence of
the approximate solutions to (1.1) produced by the Godunov scheme (2.8). We assume that
the normalization (2.2) is satisfied and that Az = At. For a fixed time step jAt we let u(j)
denote the discrete function 4 + w; ;. The total variation of u(j) is then given by

TV.[u(f)] =Y luij — uwic1 -
i€z

Theorem 2.1. Suppose that A(u) is strictly hyperbolic for each w € U and that the
normalized eigenvectors satisfy (2.3). Then there exist constants dp,01 > 0 such that the
following holds. For each initial data u with

T.V.[a] < do, (2.10)

the corresponding solution u; j of the Godunov scheme (2.8) is well defined for all time steps
j € Z4 and satisfies

TV.u(j)] <é1 foralljeZs. (2.11)

Furthermore, there exists a constant L such that for all pairs of initial data u,v satisfying
(2.10), the corresponding solutions satisfy

lu(i) = o)l < L- (15 = 5'- At + [z = 0]|L). (2.12)

This stability result implies the convergence of the Godunov scheme to the same solution
as given by the method of vanishing viscosity!¥. Let &y and L be as in Theorem 2.1 and
let D denote the set of L, -functions with total variation bounded by d;. We then have the
following theorem.

Theorem 2.2. As the discretization parameter Ax = At tends to zero, the approximate
solutions given by the Godunov scheme (2.8) converge to the same limit as given by the
method of vanishing viscosity. This limit can be characterized as the trajectory of a semigroup
S : D x Rt — D with the properties

(i) For every u,v € D and every t,s > 0,

[I1Sia — Sst||ps < L-(Jt —s|+ ||a — 9||1) - (2.13)

(ii) For every piecewise constant initial data u € D, there exists a positive time T > 0 such
that the semigroup trajectory Syu on [0, 7] coincides with the function obtained by patching
together the solutions of the Riemann problems given by @ and solved according to (2.7).

In particular, for conservative systems the Godunov scheme yields the trajectories of the
Standard Riemann Semigroup.

§3. Wave Strengths and Wave Speeds

In order to study the increase in the total variation of the approximate solutions con-
structed by the scheme, we consider the equations for the strengths of waves. We obtain
these from (2.8) by projecting along the characteristic curves. A basic observation is that,
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up to higher order terms, these equations can be interpreted as equations for discrete ran-
dom walks on the underlying grid. For each characteristic family we have a random walk
for which the characteristic speed gives the probability for a particle to have a unit forward
jump. The idea is to use this probabilistic interpretation to simplify the analysis of the
equations for the wave strengths.

We measure the strengths of waves in terms of arc length along the integral curves RF.
Given a left state u_ and a right state u, connected by a single k-wave of strength o*, the
speed of the wave is

Ne(u_,uy) :/0 MNo(u_ + Eork(u_)) de. (3.1)

The increase in total variation introduced by the scheme can now be studied as follows.
Given three consecutive states u_, ug, and uy, let a_ and uy be the two resulting states
given by the scheme (2.8). That is, let

1 1
o= [ Rw)©ds,  a= [ Rl (e de (32)
0 0

The strengths of the k-waves, k = 1,-- - , n, in the three Riemann problems (u_, ug), (ug, u4),
and (u_,u, ) are denoted by o* , U_’f_, and %, respectively. The intermediate states in the two
Riemann problems (u_,u) and (ug,u,) are denoted by u',--- 4" "' and ul, - ,u’jfl,

respectively. Now define the map
UH(ug;o_soy) = 0% — (AP (W b Yok + (1 — N @h uk)oh), (3.3)
where o4+ = (61, --,0%). The map ¥* measures the change in the amount of waves in

the k-th family produced by the Godunov scheme. Note that in the scalar case ¥* vanishes
identically. In general U* is nonzero because of the nonlinear coupling among the wave
families. However, for straight-line systems we have the following representation.

Lemma 3.1. Suppose that the straight-line assumption (2.3) holds and let U* be defined
by (3.3). Then there exist smooth functions Al;’q, B§7q, and 057(1 depending on ug,0_,04
such that

U (ug;0_504) = Z (A¥ %ol + BE ool +Cf o ol) (3.4)
1<p#q<n
for all ug € U and for all sufficiently weak strengths o, -+ ,0o%.

Proof. We first show that U* has the property that
¥ (ug; 0,-++,0,0%,0,--+,0;0,--+,0,0%,0,---,0) = 0.
Using the same notation as above, these values of the strengths correspond to
uozu_—i-alirg, u+=u0+air§,

where 7§ = ¥ (ug) = r*(u_) = r*(uy). From the definition of the Riemann solver it follows
that

i = ug — N (u_,up)o®rk, Uy = ugp — N (ug, uy)ofirf. (3.5)
Hence

Uy — U = (Ak(u_,uo)aﬁ +[1- )\k(uo,qu)]Uf’r)?“g,
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such that the Riemann problem (@_,u4 ) is solved by a single wave of family k& and with
strength (A\F(u_,ug)o* + [1 — A (ug,uy)]o¥). This shows that

= N(u_,ug)a® + [1 = A (ug, uy)]o?,
that is,
UF(ug;0,-++,0,0%,0,-++,0;0,--+,0,0%,0,-,0) =0.
From the straight-line assumption (2.3) it also follows that
TF (ug;0,-++,0,00,0,---,0;0,--+,0,0%,0,---,0) =0 for i k.

We now apply a standard representation result for functions of several variables: a smooth
function F : R?® — R can be represented in the form

F(xla"'vxn;yla"'zyn = 00 +pr xpaxp-&-la"'vxn;yla"'7yn)

+Zyp ypayp+1u"' 7yn)7

where the functions G, Hp, p = 1,--- ,n, are smooth (see [11, p.193]). Suppose that the
function F' has the property that it vanishes along pairs of coordinate axes in the sense that

F(0,--+,0,2,0,--+,0;0,---,0,y,,0,---,0) = 0.
From the representation it immediately follows that
Gp(2p, 0, -+ ,0;0,--,0,9,,0,---,0) =0,
Hy(yp,0,---,0) =0.
A first order Taylor expansion of the functions G, H,, then yields the representation
F(xy, - niy1, oY) = Z (Ap,qTpq + Bpg@pyq + Cp.qYpYq),
1<p#g<n

where A, 4,
function W*(ug; ;) gives the representation (3.4).

By 4, Cp 4 are smooth functions of 1, -+ ,&n,y1, -+ ,Yn. Applying this to the

This lemma shows that the increase in total variation is due only to transversal coupling
terms, i.e. terms involving two different characteristic families.

Returning to the scheme (2.8), we let oF ; denote the strength of the k-wave in the solution
of the Riemann problem (u;—1j,u; ;), and we let /\k be the corresponding speed given by
(3.1). By Lemma 3.1 the strengths satisfy the followmg system of equations,

Ol = N0y T (1= Aol + Ql (3.6)
for k =1,--- ,n, where the quadratic coupling terms are given by
k k k
ij Z (Ap qaf)gazj +B P,q f] i—1,7 +C P,q 0, 1]0-;1 l,j) (37)

1<p#q<n

Observe that, if the coupling term Qk vanishes identically, then (3.6) describes the dynamics
of a discrete random walk whose particle at (7, ) jumps with probability )\k to (i4+1,5+1),
and with probability (1 —A};) to (,7 + 1).
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§4. A Priori Bounds on the Total Variation

We seek an a priori bound on the total variation of the approximate solution. We do
this by bounding the total amount of waves in each family uniformly in time. That is, we
establish estimates on the sums

)
VEG) = Y okl k=1,---,n, (4.1)
i=—00
that are independent of the time step j. We will derive a functional relation (see (4.14))
which implies that if the initial amount of waves is sufficiently small, then it remains small
for all times. This result implies that the scheme is well defined for all times, and that
the sequence of approximate solutions converges to a function of bounded variation. The
functional relation is deduced by applying Duhamel’s principle, a comparison lemma, and a
basic estimate on the product of two Green kernels (see Lemma 4.1).

We start by assuming that the scheme is well defined up to time step j and we let Cy
be a constant that dominates the absolute values of all A* B}’j’q, and CZ’f’q. From (3.6) it

D,
follows that

400 J 400
VEG+1) S VEG + D0 15T < VRO + Y D 10kl (4.2)
i=—00 m=0i{=—oc0
Defining the magnitude Qk(]) by
Jj 4o

Q*G) =" D Qi (4.3)

m=0i=—o0
and using (2.7), we obtain the following bound
J “+oo
Q") < Co-Y > > (ot plloful 1oty mllof ol + 107y llofy )
pF#q m=0i=—o0
J 400
<2y > > (ol ullofnl + 1oty llol,,)) =: By + Es, (4.4)

p#q m=0i=—o0

where E; denotes the first part of the sum (including the terms |O‘£ ol |), and Ey denotes

z,m')
the second part.
For a given set of k-speeds )\i-fj € (VN1 N, k=1,---,n, (i,j) € Z x Z,, consider the

linear homogeneous difference equation
Pii1 = A1 pim1g + (L= AE;) i (4.5)
Denote by I'*(i,5;4',;') the corresponding Green kernel. In other words, for j > 7/,

T*(i,j3i',j') = pij is the value of the solution of (4.5) at the node (4, 5), with initial data
pirjr = 0 jry- Here, ¢y jry is given by

[ (i) = (7,5,
5(2"73”)(1’])7 {0 otherwise. (46)

Note that the Green function is non-negative. By Duhamel’s principle we can write the
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solution of the linear, non-homogeneous system (3.6) in the form

400 Jj—1 +4oo
of ;= Y TR 5000080+ > > TR, 5;0,m)QL, = of; + B (4.7)
l=—00 r=01l=—0c0

We thus have

j 4o
Er<2Co-» Y > (ol llaf, |+ 1o 1B + 187 mllad ] + 187, 118L,.1)

p#qm=0i=—o0
=2Cy - (S1 + Sz + S5+ S4).
To proceed, we need an estimate on the total interaction between solutions of two systems
of the form (4.5) with strictly different speeds. We postpone the proof of the following key

(4.8)

estimate to the next section.

Lemma 4.1 (Total Interaction). Assume that p < q and that 0 < )\p <A<A<
Ny <1 forall (i, ), (7',j') € Zx Zy. Let py; and pf; denote the solutzons of (4.5) with
k =p, k = q and with initial data p and p{, respectwely Then we have the estimate

J  too +o0 +o0
SN hallelal <o (X @1 - (X 164), (4.9)
m=0i=—o0 i=—00 i=—00
where the constant C(p,q) satisfies
1
C(p,q) < Y (4.10)

Thanks to Lemma 4.1, we can now estimate each term on the right hand side of (4.8).

Consider first S7. Recalling (4.7) and using (4.9) we obtain

J +o00
=22 2 lalallal,

p#q m=0i=—o0

J 4o +oo +oo
<SS (X mamito)llofol) (DD 10 msh,0)llo o)
p#qgm=0i=—ococ [=—o0 h=—o0
+oo 400 J
=35 S Jetliotol (X 5 [T, m: ,0)1[T (5, m: 1, 0))
p#ql=—00 h=—00 m=01i=—o00
+oo +oo
<> D X Calelyllof ol <Ci-y V() -V
p#ql=—00 h=—00 pFq

where C] := m;zux C(p, q). Concerning the sum S, we have
p#q

Jj oo
=33 S lal, I8

p#q m=0i=—o0
j—1 4o

<ZZ Z (‘ Z P(i,m;,0)c )(Z Z |qumhr)||Qhr|)

p#q m=0i=—o0 l=—o00 r=0 h=—o00

j—1 +oo J

:ZZ Z Q|- {Z S (‘ f Fp(i,m;l,O)of,ODW‘I(i,m;h,rﬂ}.

p#q r=0 h=—o00 m=0i=—o00 l=—00
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Here we have used the convention that the Green functions are zero for negative times. We

—+oo
now observe that the term Y- T?(i,m;1,0)07 is the solution of (4.5) (with & = p) at time

l=—00
+oo
step m and with data Y TP(i,7;1,0)07, given at time step r. Similarly, T'9(¢, m; h,7) is
l=—00 ’

the solution of (4.5) (with & = ¢) at time step m and with data d; ) given at time step
r. An application of Lemma 4.1, and the fact that the L' norm of a solution of (4.5) is
non-increasing, thus give

j—1 +oo
S3<Y D D> 1Qh - Clpag) - VP(r) < C1 - Y QUG — 1) - VP(0),

p#q =0 h=—00 pFq

where Q7 was defined at (4.3). Using the same arguments to estimate S3 and Sy, we obtain
Er < Ci- ) (VP(0) + QP(j — 1)(VI(0) + Q*(j — 1)) (4.11)
p#q

The quantity Eo in (4.4) can be estimated in an entirely similar way. From (4.4) we thus
obtain

Q¥(j) <201+ Y (VP(0) +QP(j — 1))(VI(0) + Q7(j — 1)) (4.12)

p#q

We define

V) =Y VG, QU) = Q). (4.13)
k=1 k=1

From (4.2) and (4.12)—(4.13) we thus have

V() <VO0)+Q(—1), Q@) <Ca-(V(0)+Q—1))? (4.14)
where Cy = 2n - Cy. It follows that, if the total amount of waves V(0) in the initial data is
sufficiently small, then Q(35), and hence also the total amount of waves V(j), remains small

for all time steps. Relying on the key estimate, this completes the proof of the first part of
Theorem 2.1.

§5. Bounds on the Total Interaction

In this section we provide a proof of Lemma 4.1. By linearity it suffices to prove (4.9) in

the case where the initial data have the Dirac form
Po = 0.0y Po = O(n0)-
In this case the lemma states that
J +oo
Eni=Y_ Y TP(i,m;1,0T(i,m; h,0) < C(p,q). (5.1)
m=0i=—o0

To prove (5.1), we first consider the case where the jump probabilities )\f, ; do not depend
on i,j. We will then extend to the case of variable coefficients by a comparison argument.
In these proofs we use the probabilistic interpretation of (4.5) as an equation for random
walks on the grid Z x Z...

5.1. Case 1. The Coefficients Satisfy O<>‘Zj =A<A= )\Zj<1.

The following lemma yields the result in the case of constant coefficients in (4.5).
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Lemma 5.1. Assume that 0 < A\ < X\ < 1, and let G, j, G;; be the solutions of the two
(decoupled) difference equations

Gi,j+1 = )\Gifl’j + (]. - A)Gi,j; (52)

éi,j+1 = S\Gifl’j + (1 - S\)Gi,ja (53)

with initial data Go = 61,0y, Gy = O(h,0), respectively. We then have the following estimate
+oo 400 B 1

El,h = Z Z Gi’jGiJ’ S 5\ )\ (54)
j=0i=—o0 -

Proof. The solutions of (5.2),(5.3) with the prescribed initial data are given explicitly
by the binomial distributions,

Gi,j = (z i l) )‘i_l(l - )‘)j_i+l, éi,j = (Z J h) S\i_h(l — S\)j_H'h. (5.5)

First consider the case where [ = h = 0, i.e. the case where both particles start at the origin.
In this case the sum can be evaluated by using properties of the Legendre polynomials Ly .
These are given by Rodrigues’ formula (see [1]),

N
Ly () = gy o (07 = DY)

and a straightforward calculation shows that
+oo N 2
; z+1 7 :
_1V7,. | ———— ) — %
(z—1)'L; (z—1> Z <Z> 2.
1=—00
Using the fact that the generating function of the Legendre polynomials is

too 1
P P —
]Z:(:) ! V1 —2ay + a?

we calculate the sum Ey o as follows. Let

_ AN o (1— SN — :z+1

Then,
1
A—

400
Eoo =) o'Lyy) = (5.6)

§=0
Next let the particles start at (1,0), (h,0) € Z x Z,, respectively. We observe that Ej
represents the expected number of collisions between a A-path given by (5.2) and a S\—path
given by (5.3). Let P} j, denote the probability that the two paths never collide. Also, let F
be the expected number of future collisions of two paths starting from the same point, that
is, F = Ej o — 1. We then have the relation, E; , = (1— P, ,)(1+F) = (1—P, 1) Ep o < Epp.

5.2. Case 2. The Coefficients Satisfy O<)\f’j<)\<5\<)\g’j<1.

To establish (5.1) in the general case where the jump probabilities )\ﬁ ; vary with (i, )
we use a comparison argument, showing that the double sum in (5.1) is majorized by the
corresponding sum in (5.4). For this purpose we shall interpret the Green kernels I'” and G
as transition probabilities for two random walks 77 and 7 defined on the same underlying
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probability space and with the property that, if the nP-path starts to the left of the =-
path, then it remains to the left for all later time steps. More precisely, let X7, Xo,---
be a sequence of random variables on some underlying probability space 2. Assume that
they are independent and uniformly distributed with values in [0,1]. For each w €
and any starting point (ig,jo), we construct two paths j — 7P(j) = #P(j;w,0,J0) and
j = m(j) = m(j;w, o, jo) by defining 7P (jo) = m(jo) = 4o, and

N € 10) if Xj(w) €[0,1— A ],

™ (J+1)—{7rp(j)+1 if Xj(w) e (1=X 1], (5.7)
' B 7(5) if Xj(w) € 0,1 - Al .

m(j+1) = {77(;-) +1 if Xj(w) € (1—)\1]

for j > jg. By this construction we obtain
Fp(i7j;i0a.j0):PrOb'[w€Q: Wp(j;w,io,jo):iL
G(i —i0,J — jo) =ProbJw e Q: 7w(j;w,io,Jo) =1 ]

Since /\f’j < A for every (i, j), it follows that

(45w, 1y, 70) < m(j;w,d0,J0)  for each w € Q, provided i} < . (5.8)
Similarly, for w € Q and any starting point (ig,jo) we define a 7-path j — 7(j) =
7(j;w, 40, jo) obeying the A-statistics given by (5.3), and a w%-path

.j = ﬂ-q(j) = ﬂ-q(.j; W, iO?.jO)
obeying the )\Zj—statistics given by (4.5) with k& = ¢q. These paths are such that
7:‘:(j;("-)a7:07]‘0) < Wq(],w,267]6) provided 7:0 < 7’6 (59)
We now observe that & j is the expected number of collisions between a mP-path and a
m9-path, given that they start at (1,0),(h,0) € Z x Z, respectively. For (i,5) € Z x Z,
let P, ZJ ) denote the probability that the paths collide for the first time at the point (i, 7).
Also let F(i9) be the expected number of future collisions between a mP-path and a 79-path
when they both start from the point (i, 7). From (5.8),(5.9) it follows that F(*79) < F, for
all (¢,j) € Z x Z, where F is as in the proof of Lemma 5.1. We thus have
b= Y P (4 F)
(4,5)EZX L+
<a+p)-( > PR)<0+F) =B
(i.§)ELX L4

This completes the proof of Lemma 4.1.

§6. L' Stability

Following [4,6] we prove L! stability by a linearization argument. Consider two initial
data @, v which we join by the path defined by

0 a’ =0u+(1—0)v, 0¢clo,1]. (6.1)

Let u? . denote the approximate solution computed with the Godunov scheme applied to
i,

the initial data @/ and let u;; = ug,j,vm = ugj. We then consider the equation for the

infinitesimal perturbation duz ;/df. In analogy with the proof of the BV bounds we will
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project this tangent vector along eigenvectors and study how the components evolve from
one time-step to the next.

We first establish a result corresponding to Lemma 2.1. Given two states u_,u4 let @ be
the resulting state given by the Godunov scheme, i.e.

i = / R(u_,us)(€) dt. (6.2)

Using the definition of the Riemann solver we can write this more explicitly as

n am
=Y / R(™(€,1)) (@) dE

m=17A""1
n PN
=30 [ e 26 ) )
m=1
= Z {™ = X" w1 + ™A™ = X (W1, Wi ) |7 (W) } (6.3)
m=1

where we have applied the same notation as in Section 2.1.

Assume now that the right and left states depend on a parameter 6, u_ = u? , u, = ui.

The resulting state @ = @’ is given by (6.3) where now also the strengths and intermediate

states will depend on 0, w,, = w? , 0™ = ¢%™. Differentiation with respect to the parameter

yields
a? (- dw?, d <
— Z ()\m e 1) _’_7[ 0,m ()\m_)\m(uz’ui))rm(wfn)] )
de do
m=1
u® _
We decompose the tangent vectors % and % along the right eigenvectors at uf. and @?,
respectively,
du:l: 0,m m 0,
Z vy Z ~0,m m
For each fixed value of the parameter § = 6, the tangent vector % is uniquely given
by u’*, 0% = (¢%1,--- g% ") and Vi = (I/i*’l, e I/i*’n) Hence there exists a (smooth)
map = : R* — R” such that
da’ =(0s 6. 0. 0
— ::(u_*‘,o*,y_*,u+*).

do
With this notation we have 7% = lk(
O+ R - R, k=1,---,n, defined by

¢k(u—a o,V_, V—‘r) = lk(a) : E(U_,O', v, V+) - ()\k(u_)yﬁ + [1 - )‘k(u-l‘)]y-]ic-) )
where u is obtained from u_ by moving along integral curves according to o = (o1, --- ,o™),
and @ is given by (6.2).
Clearly, if both u_ and u, are independent of 6, then so is @, whence
®*(u_,0,0,0) =0 forallu_,o

We also have that ®F(u_,0,v_,v,) = 0 for all u_,v_,vy. To obtain this we observe that
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if, for a particular value 6, of the parameter, we have 0% = 0, then 4% = ui = u(i*, and

do¥* ‘ 0.,k 0.,k

=t — 7o,
do lo=o. T -
Furthermore, the rate of change of the intermediate btateb is glven by

2 :VQ*J l 2 : 1/9*’[ l

l=m+1

Substitution into (6.3) yields

VG*’k _ lk(u_") (ddué ) _ [1 . /\k(ue_*)]yi*’k Jr)\k(ue_*)lfg*’k,

that is, <I>k( 0,07 i ) = 0. It follows that the function ®* can be represented in the
form
‘Ilk(u_,a, v_,vy) = Z [Allqu'pl/z + B;qapu_ﬂ,
1<p,q<n
where A’;yq and B{;’q are smooth functions of u_,o,v_, v .
Returning to the scheme we thus have the following system of equations for the compo-

nents 1/ iy ¥ of the tangent vectors du? ;/d8,

0,k 0,k k(, 0 \1,,0k 0,k
Vi i,j+1 = Ak( Ui—q ])ylfl,j + [1 -A (ul,])] + ng ’ (64)
where the coupling terms are given by
0k _ 6,k 0,p, 0.q 0,k 0.p 0,9
Qi,j B Z [Ap 4,,5%%,5 Vi=1, Bp 4,1, 71,5 Vi }
1<p,q<n
Here Az l; ;,; and Bg f;l ; denote Ak and B;fq, respectlvely7 evaluated at the pomt (uf T f’j,
v? Vi ]) The L' norm of the dlfference between u; ; = uf 7 |9 yand v j = =! g ‘0 o at time
step (7 + 1) is now given by
= duf ;4
i+ 1) =G+ Dllgs = Y gt — vl < As- (% / et gp)
i=—00
1 oo n
~ Az / S W) = A NG Y. (65)

1=—o00 k=1

Using (6.4) we have the following estimate for N'(j + 1),

n

1 +oo
NG+1) < /ZZ{A‘“ Sl = N I L+ 19751} do

i=—o0 k=1

— N /I{ZZQ |} db. (6.6)

1=—00 k=1

We thus have that

1 +oo n
NCENESYURYADS N (6.7)

i=—o00 k=1 s=0
A simple estimate now shows that for a suitable constant Cj,

1 +oo n
> SSI00H 0 < Co- (s V() N(6),
0<s<50<60<1

i=—o00 k=1 s5=0
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where V(s), the total strength of waves in u?(s), is defined by (3.13). From the result in
Section 4 it follows that, if the total amount of waves in the two initial data @ and v are
sufficiently small, then V?(s) is uniformly bounded and small (with respect to both the time
s and the parameter #). Thus, for data with sufficiently small total variation we have

— . 0
Cy:=0Cs (Orgsaécj Orggglv (s)) <1,

such that N(j +1) < N(0)+ Cy - Orgai('/\f(s). Substituting this back into (6.5) we conclude
s<j

that there exists a Lipschitz constant L such that
[u(5) =v()ller < L+ [u(0) = v(0)]L:-

The L' Lipschitz continuity of an approximate solution with respect to time is easily checked.
Up to a change in the Lipschitz constant L, this concludes the proof of Theorem 2.1.

§7. Convergence of the Godunov Scheme

To establish the convergence of the scheme we argue as in [4]. We first define a semigroup
by using the approximate solutions ua, defined in Section 2.1. Given @ € D, choose a
sequence of grid lengths Ax,, with the property that lim Az, — 0, and a sequence of

H—>00

initial data %, such that 4, — @ in Llloc' Here 4, is assumed to be piecewise constant with
points of discontinuity lying in the set Az, - Z. For each p we know by the first part of
Theorem 2.1 that the scheme gives a global approximate solution u, corresponding to the
initial data u,. These approximate solutions have uniformly bounded total variation such

that Helly’s compactness theorem!'® implies the existence of a sub-sequence (still denoted

1

by u,) which converges in L

to a function u for all times ¢ > 0. By a diagonalization
argument we may assume that this convergence holds for all initial data in a countable dense
subset D’ of D. Now given a general element ¥ € D we approximate it by functions v,, € D’
with corresponding approximate solutions v,, converging to a function v. By the second part
of Theorem 2.1 the limit is unique and independent of the particular sequence used in the

approximation. We can thus define
= _ 1 .
St :=wv(-,t) = L. — Mhm v (e t).

It remains to show that this semigroup is compatible with the Riemann solver given in
Section 2.1. By the same argument as in Corollary 9.2 in [10], it suffices to show that this is
the case when each jump in u is solved by one single wave. By finite speed of propagation,
it is enough to consider one of these jumps. Assume therefore that the left and right states
u_,uy are connected by a single wave of the k-th family, say, with strength o*. According
to the definitions in Section 2.1 the solution of the Riemann problem (u_,u. ) is then given
by

u(z,t) = u_ + 2(x, t)rF (u_), (7.1)
where z(z,t) solves the scalar Riemann problem (2.5). For a given Az the approximate
Godunov-solution is given as

upaz(x,t) =u_ + ,zAgc(amzf)?“k(u_)7

where za, is the approximate solution of (2.5) computed by the scalar Godunov scheme.
For
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the scalar case it is well-known that, as the discretization parameter Ax approaches zero,
the approximate solution given by the Godunov scheme converges to the unique entropic
solution z(z,t) of (2.5) (see [15]). Since all states lie on the k-th integral curve through u_,
this demonstrates the convergence in this case. This completes the proof of Theorem 2.2.
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