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EQUATIONS BY NEWTON ITERATION**
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Abstract

By introducing the block estimate technique and directly using the Newton iteration method,
the author constructs Cantor families of time periodic solutions to a class of nonlinear wave
equations with periodic boundary conditions. The Lyapunov-Schmidt decomposition used by
J. Bourgain, W. Craig and C. E. Wayne is avoided. Thus this work simplifies their framework
for KAM theory for PDEs.
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§1. Introduction

Near an equilibrium state to a system of nonlinear ODEs, one can regard the nonlinear
system as a perturbation of its linearization. It is well known that if none of the characteristic
exponents of the linearized system has zero real part, then the phase portrait near the
equilibrium of the nonlinear system is topologically equivalent to that of its linearization
(cf. [18]). However, if characteristic exponents with zero real part appear, then the linearized
system alone does not contain complete topological information of the phase portrait of the
nonlinear system: in general, one cannot deduce the stability or the existence of periodic or
quasiperiodic solutions to the nonlinear system through linearization. Nevertheless, if the
nonlinear system has an energy conservation background, then it may still preserve classes
of periodic or quasiperiodic solutions to its linearization (cf. e.g., [22,1,23,24,34]). A typical
example is that the system is Hamiltonian and the equilibrium is elliptic. In this case, all the
characteristic exponents of the linearized system have zero real part, thus all the solutions
to the linearized system are periodic or quasiperiodic. If suitable nonresonant conditions are
satisfied, then the Lyapunov center theorem asserts that the nonlinear system can preserve

Manuscript received January 30, 2000.
*Department of Mathematics, Fudan University, Shanghai 200433, China.
E-mail: ymshi@fudan.edu.cn
xxProject supported by the Special Funds for Major State Basic Research Projects of China, the Labora-
tory of Mathematics for Nonlinear Sciences, Fudan university, and the Institut Sino-Francais de Mathé-

matiques Appliquées (ISFMA).



298 CHIN. ANN. OF MATH. Vol.21 Ser.B

smooth families of periodic solutions to its linearization (cf. [22]), and the KAM theory
asserts that the nonlinear system can preserve Cantor families of quasiperiodic solutions to
its linearization (cf. [1,14,25]). The reason for Cantor set appearing in the latter result is
the small divisor phenomenon.

In recent years, the Lyapunov center theorem and the KAM theory for equilibriums have
been extended to some infinitely dimensional Hamiltonian systems described by nonlinear
PDEs such as periodic boundary value problems or homogeneous Dirichlet boundary value
problems for wave equations of the form

ugy — Du+ f(z,u) =0
or Schrédinger equations of the form
iug + Au = h(u,a)
and the periodic boundary value problem for the KdV equation
Ut + Uggg + utly = 0.

The main conclusion is that typical nonlinear Hamiltonian perturbations of a linear Hamil-
tonian PDE can preserve Cantor families of periodic or quasiperiodic solutions. The results
are now concentrated in the case where the space dimension is one.

In general, there are two approaches to investigate this problem. One approach is a direct
extention of the classical KAM method proposed independently by S. B. Kuksin*® and C. E.
Waynel®2| namely, the coordinates transformation (in phase space) method. Through this
approach, extensive studies have been carried out for quasiperiodic solutions to the KdV
equation, the nonlinear Schordinger equations or the nonlinear wave equations (for KdV
equation, cf. [17,18,19]; for Schordinger equation, cf. [20]; for wave equation, cf. [2,3,27,
32]). Since a Melnikov nonresonant condition is required in this approach, it is difficult to
treat problems with multiple (or approximately multiple) eigenvalues such as problems in
multi-dimensional spaces for various equations with various boundary conditions and the
periodic boundary value problems for the wave equations or the Schrodinger equations in
one space dimension. Another approach is the Fourier transformation method proposed
by W. Craig and C. E. Wayne in [11] and extensively developped by J. Bourgain to treat
problems in multi-dimensional spaces. By Fourier transformation of periodic or quasiperi-
odic solutions to be constructed, the problem is translated into a lattice problem whose
task is essentially to solve a nonlinear functional equation. This appoach does not require
the Melnikov nonresonant condition as in the previous approach, thus it is more suitable
for dealing with problems with multiple (or approximately multiple) eigenvalues. Via this
approach, W. Craig and C. E. Wayne constructed Cantor families of time periodic solu-
tions to the wave equations!'®'112! or the Schérdinger equations!'®! with various boundary
conditions in one space dimension, and J. Bourgain constructed Cantor families of time pe-
riodic solutions to the wave equations in arbitrarily multi-dimensional spaces with periodic
boundary conditions!*) and quasiperiodic solutions to the Schérdinger equations in two space
dimensions with the same boundary conditions!®!.

In [11], W. Craig and C. E. Wayne investigated small amplitude time periodic solutions
to the nonlinear wave equations of the form

Ut — Uy + g(z,u) =0 (1.1)
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with periodic boundary condition
u(t,x + 27) = u(t, x) (1.2)

or homogeneous Dirichlet boundary condition, where the nonlinear term g(x,u) = g1 (x)u+
g2(z)u®+- - - vanishes at u = 0. To describe their result, we consider the periodic boundary
condition (the result and the method for homogeneous Dirichlet boundary condition are
similar). Suppose that g(z,u) is periodic in the variable x with period 27. Let {1;(z)}52,
be the complete set of eigenfunctions of the Sturm-Liouville operator —0,, + g1(z) with

the periodic boundary condition (1.2), and w3 < w? < w3 < --- be the corresponding
eigenvalues. For any given jo € Z T, if the eigenvalue w?-o > 0, the linearized equation
Upt — Ugz + g1(T)u =10 (1.3)

of (1.1) has a family of time periodic solutions ri;, (z) cosw;,t (r € R) satisfying the periodic
boundary condition (1.2). Craig and Wayne proved the following theorem.

Theorem 1.1. For any given integer jo > 0, there is a generic class of analytic nonlinear
terms g(x,u), and for each term in this class there exists a constant r. > 0 sufficiently
small and a Cantor set C C [0,ry), such that for any given € € C, there exists Q(e) =
wjy +O(€?) (e = 0) and a time periodic solution u(Q(e)t, x;€) with (angular) frequency Q(e)
to the nonlinear wave equation (1.1) satisfying the periodic boundary condition (1.2), and
this solution is close to a solution €;,(x) coswj,t to the linearized equation (1.3) satisfying
the same boundary condition

lu(t, z;€) — e, (z) cost| < ce®,  V(t,x) € R?,
where ¢ > 0 is a constant independent of €. Furthermore, if a fully nonresonant condition
is satisfied, then the Cantor set C has full density at zero.

This result has been extended by Bourgain to the arbitrarily finitely dimensional space
case. Consider the nonlinear wave equation in d (d > 1) space dimensions

uy — Au+ pu+ud =0, (1.4)
where p is a real number. Bourgain[¥ proved the following theorem.

Theorem 1.2. If p satisfies a Diophantine condition, then for any given m € Z¢\ {0}
with |m|*+p > 0, there exists r» > 0 and a Cantor subset C of [0,7.), such that for any given
e € C, there is a time periodic solution u(t,x;0) with (angular) frequency A(e) to Equation
(1.4) with periodic boundary conditions

u(t,xy, @+ 2w, yxg) = ult, Xy, T, xg), 1= 1,000 ,d, (1.5)
this solution is close to the time periodic solution € cos({m, x)+ A, t) to the linearized equation
ugr — Au~+ pu = 0 with the same boundary condition, where Ay, = \/|m|? + p:

u(t, z;€) = ecos((m, x) + A(e)t) + O(e?),
Ae) = A +0(e%) as € — 0.

Concerning time periodic solutions, there is a difference between the results on ODEs and
those on PDEs. As mensioned above, in the case of ODEs, the Lyapunov center theorem as-
serts that a system of nonlinear equations may preserve smooth families of periodic solutions
to the linearized system. However, for a nonlinear PDE, which is an infinitly dimensional

dynamical system and has infinitely many degrees of freedom, the small divisor phenomenon
which is a character of the KAM theory appears in the study of periodic solutions. As a
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result, in general only Cantor families of periodic solutions can be preserved. However, Li
Tatsien, Qin Tiehu and the author of the present paper found that in some special cases,
for example, for the problem above studied by Bourgain, nonlinear perturbations to a linear
equation may preserve smooth families of periodic solutions as well. Through constructing
travelling wave solutions, we proved the following theorem!3l.

Theorem 1.3. Suppose that g(u) € C?, g(0) = 0, ¢'(0) = p # 0. Then for any given
m € Z%\ {0} satisfying |m|*> +p > 0, there exists r. > 0, such that for any given € € [0,7.),
there exists a periodic travelling wave solution

u(t, z;€) = pc((m, z) + \(e)t)
with time (angular) frequency X(e) to the nonlinear wave equation
Uy — Au+g(u) =0

with the periodic boundary conditions (1.5), this solution is close to a time periodic solution
ecos({m,x) + Apt) to the linearized equation uy — Au + pu = 0 with the same boundary

conditions, where A\, = +/|m|%2 +p:

ut, s €) — ecos((m, @) + A@Dllor < e, IALE) = Anl < ce,
where ¢ > 0 is a constant independent of €. In particular, if g(u) = pu+ rku® (k = £1), then
the above two estimates can be improved as

ut, 3 €) — e cos({m, z) + A()t)||en < e, \V(e) - ()\?n n Z,%?)‘ < cet.

This theorem improved the above result of Bourgain. As well, the travelling wave solu-
tion method is much simpler than the method of Newton iteration plus Lyapunov-Schmidt
decomposition used in [4].

As mentioned above, the Fourier transformation approach translates problems of con-
structing periodic (or quasiperiodic) solutions of nonlinear PDEs to a corresponding lattice
problem which requires essentially to solve a nonlinear functional equation. To solve this
functional equation, one usually applies the Lyapunov-Schmidt decomposition to split it into
two equations. One equation, called @) equation, is strongly resonant and finitely dimen-
sional; while the other one, called P equation, has resonance weaker than the ) equation,
but meets a small divisor difficulty (even in the case of periodic solutions) since it is in-
finitely dimensional. First, fixing the frequency 2 and the amplitude € of the solution to
be constructed as parameters, applying the Newton iteration method whose fast convergent
property allows one to overcome the small divisor difficulty, one solves the P equation which
has solution u(e, ) for a Cantor set of parameters (€, €2). Then, substituting this families
of solutions in the @ equation, it turns out to be an equation of the frequency 2 and the
amplitude e. Applying the implicit function theorem, one solves the functional relation be-
tween the frequency and the amplitude, and obtains a family of solutions to the original
problem parameterized by the frequency (or the amplitude).

Applying the Lyapunov-Schmidt decomposition to solve the strong resonance of the
equation causes some new difficulties. In the course of solving the P equation by Newton
iteration, in order to control the smallness of the small divisors, some values of the frequency
and the amplitude parameters must be elliminated, so that the P equation is only solved
for the frequency and amplitude parameters (€2, €) in a Cantor subset of a neighbourhood
of (wj,,0). To solve the @ equation by the implicit function theorem so as to determine the
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functional relation between the frequency and the amplitude, one has to extend the Cantor
family of solutions u(e, 2) to the P equation as a smooth function of (2, €) in a neighbourhood
of (wj,,0), and estimate its derivatives with respect to £ and e. This procedure is technically
complicated; in the meantime it increases difficulty in the estimate of the measure of the
Cantor parameter set corresponding to the family of obtained solutions.

In this paper, instead of the Lyapunov-Schmidt decomposition, we introduce the block
estimate technique, and directly using the Newton iteration method, we construct Cantor
families of periodic solutions to a class of nonlinear wave equations. Thus we simplify the
framework in [11] (see Section 3 for details). Our method is generally applicable for similar
problems; in this paper we only consider the following case: discuss time periodic solutions
to the perturbed Klein-Gordon equations of the form

Upt — Uy + at — u® + f(2,u) =0 (1.6)
with the periodic boundary condition (1.2), where f(x,u) = > fi(x)u™ is an analytical
m=4

function of (x,u), and is periodic in z with period 2x. For each j = 0,1,---, let w; =
v/j% + a, which is a squareroot of an eigenvalues of the Sturm-Liouville operator —u,, + au
with the periodic boundary condition (1.2). We will prove the following theorem.
Theorem 1.4. Suppose that a > 0 satisfies the Diophantine condition |ka — j| >
dk™", Vj,k € N for some constants d > 0 and v > 0. Then for any given positive
integer jo, there exists r. > 0 and a Cantor subset C of the interval (wj, — rv,wj,] which has
full density at wj,, such that for any given Q € C, the perturbed Klein-Gordon equation (1.6)
admits a time periodic solution u(Qt, x; Q) with (angular) frequency Q satisfying the periodic
boundary condition (1.2), and this solution is close to a periodic solution €(€2) cos Qt cos jox
to the linearized equation usy — Uz, + au = 0 with the same boundary condition, where

6(9) = % V 20‘)10 (wjo - Q);
lu(t, z; Q) — €(Q) cos Qt cos jox| < ce(R)?,  V(t,x) € R

As mensioned above, it is difficult to study problems with multiple or approximately mul-
tiple eigenvalues via the classical KAM approach, because a Melnikov nonresonant condition
is required. After the completion of this work, the author learned that the Melnikov non-
resonant condition has been weakened quite recently by L. Chierchia and J. You, this allows
them to construct Cantor families of quasiperiodic solutions via the classical KAM approach
to periodic boundary problems for a class of one dimensional nonlinear wave equations of
the form!® wy; — ug, + V(z)u = f(u), f(u) = O(u?), which correspond to approximately
double eigenvalues. The problems with infinitely many multiple eigenvalues, as the equation
(1.6) discussed in this paper, is still excluded by their method.

§2. Preliminaries

In this section, we introduce a family of Banach spaces of periodic functions {#H,},,, and
discuss linear operators on this family of Banach spaces. Some function norms and operator
norms similar to those introduced in this section have appeared in other articles!*3:26!,

2.1. Periodic Function Space #H

Suppose that u(s,z) is a complex valued function defined on R?, which is periodic in

both variables s and z with the common period 27. If u is suitably smooth, then we can
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expand it in Fourier series

u(s,z) = Z eIk (2.1)
jkeZ
Denote e, = ¢'U7+*3) and |z| = |j| + |k| for all double indices z = (j, k) € Z2. Then (2.1)

can be rewritten as u = > u(2)e,.
2€Z2
We now define a family of function spaces {H, }s>0 of such periodic functions. For any

given ¢ > 0, the norm ||- ||, of u is defined by |Julls = 3. |u(z)|e!?|. The function space H,
z€Z?

is definded as the set of such periodic functions u with ||u||, < co. It is easy to check that
H, is a Banach space associated to the norm || - ||,. Moreover, equipped with the ordinary
product of functions as the multiplying operation, H, becomes a Banach algebra. In fact,

Juwlle = 3 M)l = 37 | 37 up)o(z - p)|e

z€Z? z€Z2 pez?
< Y @I Y oz = p)le” =7 < Jullg o]l
pEZ?2 z€Z?
Define the function space H = |J H,.
o>0

For any given subset X of Z2, we can define a projection operator on H, still denoted by
X, by

u= Z u(z)e, — Xu = Z u(z)e,.
z€Z2 zeX
The function spaces H, x and Hx are defined as the images of H, and H under the pro-
jection operator X, respectively.
(oo}
Suppose that f(z,u) = > fm(z)u™ is a periodic function of x with period 2, which
m=4

is analytic on the domain {(z,u) € C?/|Rz| < &,|u| < &}, where & > 0 and § > 0 are
constants. Thanks to the Cauchy integral formula, we have || f,(2)|lz < ¢6~™. Therefore,
for any given 0 < 0 < & and 0 < §’ < 4, for any given u € H, with ||u|, < ¢, we have

If @ w)lle < cillullz, [1f (@ w)lle < collullg, 1" (@ w)lle < esllullz,

where c1, ¢y and c3 are positive constants depending on ¢’, and

) = G = 3 D
v < .
£ = S @) = 3 m o Dm+2) sl
m=2

2.2. Linear Operators on H
Suppose that T : H — H is a linear operator. If for any given ¢ > 0, there exists
7 € (0, 0] such that [|[Tul, < ¢or||u|lo, Yu € Hy, then we call T' continuous.

It is clear that the composition of two linear continuous operators is also a linear contin-
uous operator. Therefore, since

(|0 uel| < c7'_1||uHU7 |0z ul| < c7'_1Hu||a, Vo>1>0, YuecH,,

o—T — o—17 —

the differential operators 9292 ((a, 8) € Z%,«, 8 > 0) are continuous.
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Denote
T(z1,22) = (271')_2/ (Te.,) - €., V21,20 € Z°.
[0,27]2
Then
Te, = Z T(p,z)ep, Vze€ Z2.
pEZ?
One can check that if T': H — H is a linear continuous operator, then
(Tu)(z) = Z T(z,p)u(p), Vze Z°
pEZ?2
If 71,15 : H — H are linear continuous operators, then
TyTi(21,22) = Y To(z1,0)Ta(p, 22), Vz1,20 € 22
peZ?
For a linear continuous operator T : H — H, we define its o-norm by
ITllo = sup > |T(z1,29)[e”* 77,
z2€2% z1€22

Define L, as the set of such linear continuous operators 7' with ||T||, < co. If T € L, then

ITull- < |Tlslull- V7€ (0,0], Yue€ H,.

In fact,
ITulls = Y @wE)e ™ = 37 | 3 T pulp)|e
z€Z? z€Z2 peZ?
< > Ju@Ie™ Y Tz )| P < T ull-
peZ? z€Z?

It is clear that £, equipped with the norm || ||, is a Banach space. Moreover, equipped with
the composition of operators as the multiplying operation, it becomes a Banach algebra. In
fact,

IToTillo = sup > |ToTi(21, 20) 71177
ZZEZZZlEZ2

sup Z ‘ Z Ts(21,p)T1(p, 22)

22€2Z2 EZ? pez?

< sup Y [Ti(p,z2)|e?P720 N7 Tz, p) el 7!
zQezzpezz sicze

< TilloT2llo, V11,12 € Lo

60‘Z17Z2

Every function u € H generates a linear operator (u) : H — H in the following way
(uyo =uwv, Yo €eH.

Since

(u) (21, 22) = (2m) "2 /

[0,27]2

((u)es,)e., = (27r)_2/ U€,, €2,

[0,27]2

= (27r)’2/ Uy —zy = u(21 — 22), V21,29 € z?
[0,27]2
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for any given o > 0, the function u belongs to H, if and only if the operator (u) belongs to
L; moreover, |lully = [[{u)]o-
Suppose that X C Z2. For any given linear operator T : Hx — Hx, for any given
Y C X, we denote T'|y or simply Ty: Hy — Hy the restriction of T on Hy, i.e.,
Tly)u=YTu, YueHy.

Suppose that X1, Xs C Z2 and that T : Hx, — Hx, is a linear operator. If for any
given o > 0, there exists 7 € (0, o] such that

[Tullr < corllulle, Vu€ Hyx,,
then we call T' continuous, and denote
Tl = sup > [T(z1,29)[e 7,
z2€Xy z1€X2
where
T(Zl,ZQ) = (27‘()_2/ (T622) “ €z, Vz1 € Xo, Vz9 € X;.
One can check that if T': Hx, — Hx, is a linear continuous operator, then
(Tuw)(x) = 3 T(zpulp), ¥z e Xs.
pEX,
IfTy : Hx, — Hx, and T : Hx, — Hx, are linear continuous operators, then
TyTi(z1,22) = Y Ta(z21,p)Ti(p,22), Va1 € X3, Vzg € X
peEZ?
Moreovere, if the right-hand side of the following inequality makes sense, then
IT2Th [l < 172l 1 T3 [lo-
2.3. Block Decomposition for Linear Operators
Suppose that X,Y C Z2, where X = X;UX5, XiNXs =0, and Y =Y, UY>s, Y1NY; = 0.
For any given linear operators 11 : Hx, — Hy,, 1o : Hx, — Hyv,, T3 : Hx, — Hy, and

T Ty
T3 Ty
given by T'=T1 X1 + T5 X2 + T5X7 + T, X5. It is easy to check that

ITllo = max{[[T1lo + | T5]lo, [T2llo + 1 T4llo}, Vo > 0.
Consequently, | 11|l < |T]ls, Yo > 0,1 =1,2,3,4.

Ty : Hx, — Hy,, the notation ) denotes the linear operator T : Hx — Hy,

§3. A Framework for Constructing
Periodic Solutions to Nonlinear PDEs

3.1. Translate the Problem in an Equivalent Functional Equation by Fourier
Transformation

To construct time periodic solutions to the periodic boundary value problem of a per-
turbed Klein-Gordon equation

Uy — Uz + au — u® + f(2,u) =0, (3.1)
u(t,z + 2m) = u(t, ),
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as usual, we first make scaling in the time variable. Given a frequency 2 € R, a linear
continuous operator Jqg : H — H is defined by
u = Z u(z)e, = Jou = Z (—k*Q% 4 52 + a)u(2)e..
z€Z? z=(j,k)eZ?

And, a nonlinear operator F : H — H is defined by Fo(u) = Jo(u) — u® + f(z,u). If
u(s,z) € H is a solution to the functional equation Fq(u) = 0, then w(t, z) = u(Q, z) is a
time periodic solution with frequency Q2 to the perturbed Klein-Gordon equation (3.1) with
the periodic boundary condition (3.2). One can check that if a real number a satisfies a
Diophantine condition |ka—j| > dk™7, Vj, k € Z,k # 0 for some constants d > 0 and vy > 0,
then there exist constants d’ > 0 and 7' > 0, such that the real number wj, = v/j& + a
satisfies the Diophantine condition |kw,, — j| > d’ k=, Vj,k € N. Therefore, Theorem 1.4
is a direct consequence of the following theorem.

Theorem 3.1. Let jo be a given positive integer. Suppose that there exist d > 0,7 > 0,
such that w;, = \/jé + a satisfies the Diophantine condition

|kwj, — 7| > dk™7, Vj, ke N. (3.3)
For any given f(z,u) = > fm(2x)u™, which is a periodic function in x with period 27, and
m=4

is analytic on the domain {(x,u) € C?||Rz| < 7, |u| < §}, where G > 0 and § > 0 are positive
constants, for any given constant p > 1, there exists ro > 0 and a Cantor subset C of the
interval (wj, — 7+, wj,) with full density at wj, : meas (wj, —r,w;)\C < arrt, V0O <r <7y,
such that for any given frequency parameter Q € C, there exists a solution uq € Hg/s to
the equation Fo(u) = 0, which is close to a solution €(§2) cos s cos jox of the linear equation
JQ (u) =0:

[ug — €(2) cos s cos jo||5 /2 < c2¢(2)?,

where €(2) = 31/2wj,(wj, — Q), c1 > 0 is a constant independent of r, and c; > 0 is a
constant independent of €.

3.2. Direct Construct of an Approximate Solution Sequence by Newton Iter-
ation Method

To solve the functional equation Fq(u) = 0, Craig, Wayne and Bourgain used Lyapunov-
Schmidt and Newton iteration in their works. In this paper, we shall avoid the use of
the Lyapunov-Schmidt decomposition and directly use the Newton iteration method to
solve this functional equation. The iteration begins with the first approximate solution
Uy = €C0s § cos jox, where € = €(Q) 2 3v/2wj, (wj, — ). For any given Q € R and u € H,
let F{,(u) be the derivative Jo —3(u®+ f’(z,u)) of Fq at u. The iteration procedure is given
by vpi1 = —( 7,”1)71 F(up), Upy1 = Upn + Vpq1, where F) | = F{(uy) is the linearized
operator of F(u) at .

3.3. Block Decomposition and Froélich-Spencer Estimate, Main Techniques for
Estimating the Inverse Operators of the Linearized Operator

To estimate the correction term w,y; of the nth iteration step, we need to estimate
the inverse operator of the linearized operator F) ,, which is the summation of two lin-
ear operators Jo and (—3u2 + f'(x,u,)). The former one, the diagonal operator Jq, is
the principle term, while the latter one, (—3u2 + f’(z,u,)), is a perturbation term since
[[{(=3u2 + f'(x,un))|ls < c|lul|?, and u, keeps “small” in the iteration procedure. For those
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frequecy values €2 close to wj,, zero is a cluster point of the infinitely many diagonal elements
Ja(z,2) = kK*Q* —w? (2 = (j, k) € Z°) of Jo. Therefore, a small divisor difficulty arises
when estimating the inverse operators.

First, we distinguish the lattice set of strong resonance Q = {(j, k) € Z%|j = +jo, k = +1}
and weak resonance P = Z?\ Q. When the frequency (2 is taken near w;,, for lattice points z
in Q, the diagonal elements Jgo(z,2) = Q% — wf—o tends to zero when the frequency parameter
Q2 tends to wj,. Therefore, the linearized operator F’ has a strong resonance on the lattice
set . To treat with this problem, we introduce the block decomposition technique.

The following lemma, appeared in [6] and independently used by the author in his Ph.D
thesis, is important to our block decomposition technique.

Lemma 3.1. Suppose that X C Z? is a lattice set, L : Hx — Hx is a linear operator,

I— (L1 Lz) . If Ly and (Ly — LyLy L) are invertible, then

Ly Ly
-1 A —AL,L;!
—Ly'LsA Ly'L3ALoL; 4+ L;!
is the inverse operator of L, where A = (L — LyLy ' L)~ !,
Make block decomposition F}, ; = (é; éi) , where Ly = QF) ,Q, Ly = QF), | P,
L3 = PF} ,Q, Ly = PF} | P. Having obtained an estimate of the inverse operator of Ly,
we can apply Lemma 3.1 to estimate the inverse operator of the linearized operator F, ;.
The estimation of the inverse operator of L, meets the small divisor difficulty. We essen-
tially follow the line of Craig and Waynel']. The key point is a Frohlich-Spencer estimate
given in Lemma 3.2 below due to Craig, Waynel'!] and P6schell?®!| which is stated here in
an explicit form convenient for our use and also gives an explicit expression of the inverse
operator (see (3.5)).
Let dg = %miél |j — a|. Define S(Q) = {z € Z?| |Ja(z,2)| < do} NP as the singular point
JE

set of Jo. It is easy to verify that if wj, satisfies the Diophantine condition (3.3), then for
any given p > 1, the set D of those frequencies 2 satisfying the Diophantine condition

1 s
[k —j| > Jdk™=, VjkeN,

where o =
that

m, has full density at wj, = \/j& + a: there exists 7* > 0 and ¢y > 0, such

meas(wj, —1,wj, +7) \ D < cor?, VO <r <7y (3.4)

If the frequency parameter € is taken in the Diophantine set D, then the singular point
set S(Q) of Jgq is sparse. In fact, we have the following proposition.

Proposition 3.1. IfQ € D, then there exists di > 0, such that for any given z; = (j1, k1)
and zo = (ja, ka) in S(Q) with |z1| < |z2| and z1 # z2, we have |z1 — 22| > 2d;|z2|®.

We will prove Proposition 3.1 in Section 5.

7 we will

In the iteration procedure, to control the “smallness” of the “small divisors
eliminate some “bad” values of the frequency parameter 2, so as to obtain a sequence of
“good” frequency parameter sets Co = D N (wj, — T+, wj,) and

Cn = {9 € Coa| [Fp(2,2)| 71 < 20212 1(Frl3(e) " Hlow—y < 22177, V2 € S(Q)},

n=12,
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where r, > 0 is to be determined later, B(z) denotes the spherical neighbourhood {p €
Pllp—2z| < di|z|*} of zin P, B = u(y+ 1) + 1, and d; is given by Proposition 3.1. The
o0
limit set C = () C,, of the sequence of closed sets Cg 2 C; D Cy D -+ is a Cantor set.
n=0
Lemma 3.2. Suppose that X C Z2, L : Hx — Hx is a linear operator. Suppose that
S is a subset of X, and there exist constants di > 0 and 0 < o < 1, such that

|Zl —Zgl > 2d, ((1+|Z1|)a+(1+‘22|)a), Vz1,290 €5, =z 7522.

For any given z € S, let B(z) be the spherical neighbourhood {p € X| |p — z| < d1(1+|z|)*}
of z in X. Denote R=X\ S, R=X\ ( U B(z)),
2€8
A=Lp® (@LZ>7 B=L-A, A=Lza (@LB(Z)), B=L-A4
z€S z€S

where “®” means direct sum. Suppose furthermore that there exists o > 0, such that

e Both the restrictions of the operator L on R and R are invertible, with ||Lg|ls < oo,
ILgllo < oo;

e For any given z € S, both the restrictions of the operator L on z and B(z) are invertible;
moreover, there exist constants do > 0 and 8 > 0, such that

1LY = <ol gkl < dal2l’.

1
|L(z, 2)|
Then there exits a constant cg > 0 independent of d1,ds, v, B and o, such that for any given
0 <7 <o, we have
2843

~ - T o .
IAT BAT! Bllo—r < coda(d + ||L5 |0 + [IL7 o) (dar) ™" e =™ | Bl || B,

2843

o~ T o -
IBAT'BA™ |o—r < coda(da + ||L |0 + |IL5 o) (dar) ™" e =™ | Bl || Bl

where m =1+ mig |z|. If furthermore,
zE

2843 diT

codz(da + | L' o + L3 o) (7)™ "5 e = ™ || Blo||Bllo < 1,

then the operators L, (Id — BA"'BA™") and (Id — A"'BA~'B) are invertible with
L'=(A1-A'BAY(Id-BA'BA )™}
= (Id— AT'BA7'B)"1(A7' — A71BA™Y). (3.5)

We point out that in the case of ODEs, the Lyapunov center theory can be extended
to some non-Hamiltonian systems (see [24]). Lemma 3.2 applies not only to selfadjoint
operators, but also to non-selfadjoint operator; thus it is possible to extend the result in this
paper to non-Hamiltonian PDEs.

3.4. Estimate of the Inverse Operators of the Linearized Operators by the
Block Decomposition Technique and the Frolich-Spencer Estimate, Convergence
of the Approximate Solution Sequence via Nash-Moser Technique

Let 0, = /2. Let o9 = T47=,

Ty = 27(7”2)(5 —04), Op=0p_1—27,, Yn=12--.

Let By =0 and B, = {z € P| |z| < 2"}, n = 2,3,--- . Denote by F,, the linearization of
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the nonlinear operator Fq at u,_1(f2). Make block decomposition
- (oo Bar)
n,PQ fn,PP
where the linear operators F, o = QF,Q maps Hq in Hq, I, op = QF, P maps Hp in
Hq, I, pg = PF,Q maps Hq in Hp, and F, pp = PF; P maps Hp in Hp.

In Section 5, applying the block decomposition technique and the Frolich-Spencer esti-
mate, combined with the Nash-Moser technique, we will prove that if r, > 0 is sufficiently
small, then for any given Q € C,, the following induction hypotheses (F’l.an)—(F.an)
(n=1,2,---) hold:

(F’1.an) For any given lattice set Y C PsatisfyingY O |J B(z) and YN(S\B,) =0,
zESNB,
we have

2
IE ) lonrr, < 22
F’2.an) the restriction F) |p of the linearized operator F on Hp is invertible with
n n
2
I(FL p) " wlle < 28" |wlloirns VO < 0w+ Ty Y € QHyir,;
(F’3.an) |Q(F}) " wl,, < es(e™?|Qullo, + 27" | Pw]o, +r,);

IP(EL) " wll,, < ca(@P]|Qullo,4ry + 2207 | Pw
(v.an) [[v1]lo, < c5€, onllo, < e @, n=2,3,.;

0'77/—1)7

(u.an) |lu, —uglls, < coe?;

(F.an) [[F(un)llo, -7, < 5%6_2(%)n7
where €(Q2) = 3./2w;, (wj, — ), and ¢; are positive constants independent of the frequency
parameter ) and the iteration step number n.

The induction hypotheses (F.an) and (u.an) (n = 1,2,---) imply that for any given
frequency 2 taken in the Cantor set C, the functional equation Fq(u) = 0 admits a solution

w(Q) = > u,(Q) € H,,, which satisfies ||[u(Q) — €(£2) cos s cos jox||o« < c26(Q)2.

n=0 o

3.5. Estimate of the Density of the Cantor Parameter Set via Lipschitz Esti-
mates

To prove Theorem 3.1, it remains to estimate the density of the Cantor parameter set C
at the frequency wj, of the linearized problem, namely, to prove that

meas(w;, —,wj,) \C <ear?, VO<r<r,.

According to (3.4), it suffices to prove the following estimates

(Cn) meas (wj, —7,wj) \Cp < 27"r#, VO<r<r,n=1,2---.

To prove estimates (Cn), we need only to prove the following proposition.

Proposition 3.2. For any given Q,Q~ € C,_1, we have

[un-1(2)? = tn—1(Q7)?[lg, —r, < c]QF = Q7
lhg+ (2) — ho- (2)| < r2k%|QF — Q7| ¥z = (j,k) € S(QT) N SAQ7).
According to the construction of C, (n =1,2,---), (wj, —7,wjo) \Cn = U (E,(LI,)Z UEffl),
where =
Bt = {2 € Co1 N (wjy — mwjo)| 2 € S(Q), [Fu(z,2)| 7 > 2727},
EZ) = {Q€Coo1 N (wjy — 1ywjo)l 2 € S), 1(Fonlp) oy > 27277}
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By Lemma 3.1, we can prove that for any given 2 € C,,_; and z € S(Q2), it holds that

12 l) Moy <2( +1), (3.6)
where R 2 F!(z,2) — h(z), and
—1
h(z)=ha(z)= > Fi(zp) (Fllpe)  (00F(q2).
P,q€B°(2)
In virtue of Proposition 3.2, we obtain
|Frq+(2,2) = F g (2,2)] 2 ck?|QF — Q7

IR+ — Ro-| > ck?|QT —Q~|, vt Q €C,_i.

Therefore, for any given z = (j, k) € 72, we have meas ESLIL < c|k\_(5+2) and meas E,?l <

c|k|=(#+2). Then, note that for any given k € Z, there are no more than [kr 4 1] number of
J € Z such that there exists Q € (wj, — r,wj,), and z = (j, k) € S(2). Moreover, since wj,
satisfies the Diophantine condition (3.3), for any given z = (j, k) € Z2, if |k| < or—(OFD),
then Ey = (). Consequently, we have
Z meas E,(lll U E,(LQZ: < Z c(|klr + 1)k~ P+ < ek
z€2? keZ,|k|>5r—(+1)
which proves (Cn).
To prove Proposition 1.2, it is sufficient to prove that for any given QT,Q~ € C,,n =
1,2,---, the following Lipschitz estimates are valid.
(F’.bn)
I(F )™ w = (F o) " wlle < er ™% (e7e) 2|07 — Q7 [[|w]lo4ar,,
Vo < op —Tn, Ywe€ Hyys,,,

(v:b0) [0 (@) = (@)l <" ot — 07,

(F.bn) [|[Fo+ (un (7)) — Fo- (u (Q*))H%_T,, <c(ef+e) et -0,
(u.bn) [lu, (QF) — un (7 )”Jnﬂ'n <clet e,
where e = ¢(Q1),e™ = ¢(Q7).

We will prove in the last section the estimate (3.6) and the Lipschitz estimates (F’.bn)
—(u.bn), with which we will prove Proposition 3.2.

§4. Linear Estimates

Our task in this section is to prove Lemma 3.1 and Lemma 3.2.
Proof of Lemma 3.1. Noting that X; Xo = XoX; = 0, we have

Ly L A —AL,L;*!

(L3 L4> (—L41L3A Ly L3AL Lyt + L41)
= (I1A — Lol ' L3A) X, + (L3A — LyL; ' L3 A) Xy

+ [~L1 ALy Lyt + Lo(Ly ' L3 ALy Ly 4+ L) Xo

+ [~L3ALo L' + Ly(Ly ' L3ALy L7 + L) Xo.

Then, noting that

(LiA— Lol ' L3A) X, = (L) — Lo Ly ' L3) AX, = X,
(LsA — LyL;'L3A)X, =0,
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[~L1ALy Ly + Loy(Ly ' Ls ALy LY + LY X,

= [(=Ly + LoLy ' L3)ALy Lyt + Lo Ly ' Xo = (—LoLy; ' 4+ LoLy M) X5 = 0,
[~LsAL>L7' + La(L; ' LsALy L' + Ly 1)) X,

= (—LsALy L7 + Lyl Ly ALy L7t + LyL7 1) Xy = X,

we have
L1 Lo A _AL2L4_1 =TId
Ly Ly )\ —L7'LsA L7'LsAL,L7'+L;t) 7%

Similarly, we have

A —AL,L}! Ly L\ _
—L7'LsA Ly'LsAL,L7'+L7' )\ Lz Ly) 7%
This completes the proof of Lemma 3.1.

To prove Lemma 3.2, we need the following preliminary lemma, a straightforward exten-
sion of a similar lemma well known in the standard Banach space theory, whose proof is
then omitted.

Lemma 4.1. Suppose that X C Z2, and that T : Hx — Hx is a linear operator.
Suppose furthermore that there exists o > 0, such that ||T||, < 1. Then

(oo}
(1) the operator series > T™ is convergent in L., with

n=0
[eS)
|
n=0

1
S
o~ 1Tl

o0
(2) the limit operator Y. T™ is the inverse operator of (Idx —T).

n=0

Proof of Lemma 3.2. First, we have
LAY —A'BA™Y) = (A+ B)A™' —(A+ B)A"'BA™' = Id — BA"'BA™!,
(A1 —A'BA YL =A"YA+B) - A'BA YA+ B)=1Id—- A"'BA'B.
By Lemma 4.1, if |BA"'BA'||,_, <1 and ||[A"'BA™'B|,_, < 1, then both (Id —

BA“'BA~') and (Id — A"'BA~'B) are invertible, which implies that L is invertible, with
its inverse operator given by

L '=(A1'—A'BAYId—BA'BA Y)Y ' =(Id—A'BA'B)"1(A™' —A7'BA™!).

It is sufficient to show that there exists a constant ¢y > 0 independent of dy, ds, v, f and
o, such that for any given 0 < 7 < o, we have

2843

i1 A _ _ _ _di7 e ~
|A™BA™ Bllg—r < coda(do + | Lg'lo + L5 o) (di7) ™" e™ = ™ ||Bll4||Blo,

2843 diT

IBAT'BA™ |lo—r < coda(da + | Li llo + 1L 3 o) (7)™ "= e = ™ | Blo | Bllo-

In what follows, the length |21 — 22|+ - - +|2n—1 — 25| of an arbitary path (21,22, - , 2,)
in Z?2 will be denoted by |(21, 22, , z,)|-
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According to the definition of the norms of the linear operators, we have

|‘A*1BA*1B||07T: sup Z |A- 1BA- lB(Z1 22)‘60 T)|21—22]
ZzEXZ X

= sup Z ‘Z Z ZA (z1,p )A (g, )B(T’Zz) plo—T)|z1—22

#2E€X ex  peX qexX reX

sup {I(z2) + 11(22)},
z9€X

IN

where

Z Z Z Z |A 217 )1‘1 ( 77“)3(7«’ Z2)|€(‘7—7’)|(217P»q77”722)|)

z1ERpeEX qgeX reX

Z Z Z Z |A Zly )/1 ( ”r’)é(r7 22)|e(‘7*7')\(21»p>q,7",22)|.

z1€8peX qgeX reX

Because the linear operators A = Ly ® ( é (Lz)) and A = Ly® ( &b LB(Z)) are block
z€S z€S

diagonal, and, the linear operators B = L — A and B = L — A are off-block diagonal, we
have

Z Z Z Z ‘L (21,p )121 ( ,T)B(T, ZQ)|6(0*7)\(21,P»q77“,22)|

z1ERpeERqgeEX re X

Z Z Z Z |L (z1,p )A (¢ ,T)B(r, 22)|e(U—T)|(Z17p7q,r,Zz)\

z1ERpERgeSreX

Y(21,p) B(p, ) L5 (g, 7) B(r, 29) |0~ DIG1psarz2)],
(@)

z1€ERPpER qES reB( )

Z Z Zl zlvzl (Zla )A ( 7T)B(r,22)\6(‘7_7)‘(“7‘1’7"722)‘

z1€S qeX reX
= 111(2’2) + II2(22)7

where

I (z2) Z Z Z [(L(z1, 21)) lB(zl,q)fl_l(q,r)B(r7 22)|e(U—T)\(21,q,r,Zz)|

21€S geRreX

Y S ) Bt ) ) B el

z1ES qeR TGR

[IQ 2’2 Z Z Z Z| Zl,Zl (Zl, )/i ( 7r,n)B(,,,’22)|6(crf'r)|(zl,q,r,22)

21€85 2€5 qeB(z) reX

Z Z Z Z 31,21 1B(Z1,q)LE%Z)(q’r)B(r7 ZQ)‘e(U*T)\(Zl,quz)\_

21€8 2€85 qeB(z) r€B(z)

Suppose that ¢ € S, r € B(q). If z € B(q), then B(r, z5) = 0; otherwise

|<Z1apaqara 22)| Z |q_ Zgl Z dl(l + |Q|)a Z dlma7

e~ z1(z1,p,0,m,22)) < e~ Zla—z < e—leT(l-H(I\)a < C(le)_$ (1+ |q|)—(25+3).
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Noting that || Lp(q)lle < d2|q|®, we have

3" 1B, z)le” T Lk (q,r)e7l0 e Grpanza)
r€B(q)

_28+3 — >, or—=z2
<c(dir)” s (L+1g) ™ > [B(r, 22)[e”" | Lyl
r€B(q)

_ 2643 30 F
< edy(dar) "o (1+1a) 7| Bllo
Then, noting that > (1 + |¢|)™3 < oo, we have

q€2?
_diT -
I(z) <e % Z Z (r, z5)|e”1"= Z2||L 1 )(q r)|eclarle=31Gparze)l
q€S reB(q)
X Z|B (p, q)|e!P—4 Z |L5t (21, p)|e”15 P!

PER z1€ER

_ 2843 _d17 o ~ _ _
<cedy(dir)” e E "Bl | BllolILE o Y (1 + la)

qeS

2843

_ 7 ~ _
<cdy(dir)™ & e = "Bl BlloILE o

Suppose that z; € S, ¢ € R. Then we have
|(ZlaQ7r7 Z2)| 2 |Zl - Q‘ Z dl(l + |Z1|)a Z dlmaa
e~ Flenarm)l < o= Flad < =B HADT < o(d )" T (1 4 |2 ]) 2.

Consequently, for any given ¢ € X, we have
S LG, )| B, el o

z1ES
< 37 dalar]?|Blar, )1 le(dr) T (14 )30
z1 €S
< cdo(diT)” 2 Z | B(z1, q)|e"|z1 al
z1ES
2;3+3
< cdo(dyiT)” I1Bllo-
Therefore
IT(z9) < —rme Z |B T, 23) |e‘7‘7 22| Z |L (g,7) |e‘7‘q_7'|
rer qGR
X 37 LG z)| Bl )lerl e Bl

z1E€S
_2643 _dj7 o - _
<cdy(cdhr) ™o e 2 Bl BllolILE o
Suppose that z; € S, and there exists z € S, such that ¢, € B(z). If z # 2, then we

have

(21,07, 22)[ 2 |21 — gl = |21 — 2 = |2 — gl Z da[(1 +[21])* + (1 + [2])*] = dym®.
If z = 21, and 22 ¢ B(z1), then we have

(21,4, 7, 22)| > |21 — 22| > di(1 + |z1])* = da (1 + [2])* > dym®.
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If z = 21, and 29 € B(z1), then B(r, z2) = 0. In conclusion, we always have
)%= HAHEDT < o(dy ) (1 4 |2 ]) P+ |2)) "B,
On the other hand, for any given ¢ € X, we have

S LGz, 20) 7| Bz, @)le” (1 4 |z )P
z1ES

< 3 dofza|*|B(z1, @)le”* 91+ |2 ]) ™ < eda| Bl
z1ES

d
e~ 5lznarz)| « o~ (+n

and, for any given zo € X, we have

Z Z |B(T’22)|60‘r722\ Z |L§%z)(q,7’)|60‘qirl(]-+|Z|)7(B+3)

z€SreB(z) qe€B(z)
<Y Bl Lp( le(L+ 12D < do|| Blly Y (1 + |2) 7 < cda|| Bl
z€S z€S

It follows that
_2843 A7« >, olr—=z - olg—r
Ih(z) < edir) 225 S S Bl )l ST (L) (el
2€S8 reB(z) qEB(z)

X 37 LG z)| Bl et e Bl
z1ES

28+3 7T o

< edi(dir)” 5 | BllolIBlloe” ™

To summarize, we have

2843

~ ~ dir o ~
IAT'BA™ Blo—r < cda(da + |LR lo + |1 L3 o) (dam) ™" e™ = ™ [|B]lo || Bllo-

Similarly, we can prove that

2843

-~ dir o ~
IBAT'BA™ |o—7 < cdo(da + |LR lo + |1 L3 o) (dam) ™75 e = ™ ||B]lo || Blo-

The proof of Lemma 3.2 is completed.

§5. Convergence of the Newton Iteration

First, let us prove Proposition 3.1.

Proof of Proposition 3.1. Without loss of generality, we may assume that |za| < 2|z1].
We may assume furthermore that k1, ko > 0, ji,j2 > 0, since (j,k) in S(Q2) implies that
(7, £k) in S(2). Then we have

1 . . . .
Sk — ka|m® < |(k1 — ko)t — (1 — ja)| < [k1Q2 — fa| + [k — Jio]
d

I L O Lo AV

E1Q+ 51 k2 Q + jo
1 1 3c

oLty
|z1] |22l |22

Therefore there exists d; > 0, such that |z; — 22| > |k1 — ko| > 2d;|22|®. This completes the
proof of Proposition 3.1.

1 1
< (d
= 0+a)<k19+j1 * k2Q+j2)

Throughout this section, we denote by ¢ the various positive constants independent of
the frequency parameter {2 and the iteration step number n.
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We need to prove that there exists r, > 0 sufficiently small, such that for the monotone
sequence of closed sets Cy 2 C; 2 Cy D - -+ defined by Cop = D N (wj, — r«,wj,) and

Co = {2 € Cama| IF(2,2) 71 <2177, (Folp) Hlowy < 2712177, V2 e S(Q)},
n=1,2---,

the following induction hypotheses (F’1.an)—(F.an) are valid for any given Q € C,.

(F’1.an) For any given lattice set Y C PsatisfyingY O |J B(z)and YN(S\B,) =0,
z€SNB,

2
we have [[(F)|y) " loptr, <277

(F’2.an) the restriction F/|p of the linearized operator F) on Hp is invertible with
2
¢ é,P)71w||d < CQ?B“ lwllotr,, Vo<on+7, YweQHsyr,;

(F’3.an) [|Q(F;) "' w]s, < cs(e72|Qullo, +2° | Pwllo, +r,),
IP(F) " wllo, < ea2P|Qulo, s, + 227 || Pwllo, . );

(v.an) [|v1lo, < c5€2,  |onlle, < €2e” D", n=2,3,.-;

(un.an) |lu, — ugllo, < coe?;

(F.an) [|F(un) o, 7oy < €262,

where €(Q) = 31/2wj, (wj, — ), and ¢; are positive constants independent of the frequency
parameter €2 and the iteration step number n.

n

5.1. Estimates for the First Approximate Solutions
Let M = || cos s cos jox||s,- We have
(u.a0) |Juglls, = Me.
Noting that Q = {(j, k) € Z%|j = +jo,k = £1}, P = Z?\ @, we have cos s cos joz € Hg
and
9

QJa = JaQ = |15+ 0(H)] Q. (5.1)
We need to prove
(F.a0) [PF(uo)loy < e, [[QF (uo)]loy < ce®.

By definition, F(ug) = Jo(uo) — u3 + f(z,up). It follows from (u.a0) that
Hugnao < 0637 ||f(x’u0)||<70 < cet.

Noting that Pug = 0 and the projection operator P is commutative with the operator Jq,
we have PJqg(ug) = 0. Consequently, the first estimate in (F.a0) is valid. Because
ug =é (Z cos s + i cos 35) (% cos jo + i cos SjO:U),

we have Q(u) = %€ cos s cos jox. On the other hand, it follows from (5.1) that QJq(ug) =
[%62 + 0(64)} € cos s cos jox. Therefore the second estimate in (F.a0) is valid.

5.2. Convergence of the Iteration Sequence

We are to prove the induction hyposeses (F’1.an)—(F.an).

(i) (v.al)—(v.an) = (u.an) is obvious.

(ii) (u.a(n-1)) and (v.an) = (F.an).

In fact,

1
F(tn) = Ftn1) + By = (3o + 0t [ (L= 0" G@otns 0 ).
0
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According to the construction of v, F(u,—1) + F,v, = 0. Therefore

2
On

1
IF ), < [[3ns v+ [0 =) ns o )n] ol
0 On
< ce(ege_(%)")2 < e2e2(3)"
(iii) Proof of (F’1.al).
By definition, F| = Jo + (—3u3 + f'(x,uo)). Because
(=3ug + f' (2, u0)) oy < I = 3ug + f' (2, u0)lloy < clluollZ,,
it follows from (u.a0) that
I(=3ug + f'(,u0)) oy < ce®.

For each z ¢ S, the absolute value of the diagonal element Jo(z, 2) is lager than dy. There-
fore, for any given Y C P with Y NS = 0, it holds that ||Joly|ls, < 1/dp. In virtue of
Lemma 4.1, the restricted operator Fi|ly = Jo(Idy + Jo(—3ud + f'(x,u0))) is invertible
with [|F]|y ||ls, < 2/do, provided that ce?/dy < 3.

(iv) (F’l.a(n-1)) = (F’l.an), n=2,3,--- .

In what follows, for any given z € P, let B(z) be the spherical neighbourhood {p €
X|lp—z| <di(1+ |z])*} of z in P, where d; > 0 is a constant independent of Q given in

Proposition 3.1. Given any latticeset Y CP withY 2 |J B(z)and YN (S\ B,) =0,
zeSNB,

let S, = SN (Bp\ Bn-1), R=Y\ S, and R= Y\ ( U B(z)) Let L be the restriction
z€S,
F!|ly of F! on Hy, and

A:LR@( @ Lz), B=L-A, A:LR@( @ LB(Z)), B=1L-A.
z€(SNBy) z€(SNBy)

Then we have

1Bllo, . < (=305 1 + f' (2, un-1))llo, -y < clluiyllo, -y < c€,

1Bllo,— < I{=3un_y + f'(2,1un-1))]

According to the construction of C,,, if Q € C,, then for any given z € S,,, the restrictions
of the operator L on z and on B(z) are both invertible with
L ooy = 1/1L(2,2) S 2217, (L, llo -y < 271217

On the other hand it follows from (F’1.a(n-1)) that both F},_,|g and F},_,|j are invertible
with |F._|glle, » < 220D and |F._|alle, , < 222~ Let A = F/ — F!_;. Then

= n =

A= (=3u_y + (@, un—1)) — (—3u_y + [ (2, un—2))

— <( — 6Up_o — 3Up_1 + /01 (e up o+ nvn,l)dn)vn,1>.

3

Therefore, ||Allo,_, < c€l|lvn-1llo,_, < ce e~(3)"7". It follows then that both Lp = Fllgr =

F,_ilr + Ol = Fy_y|r(Idr + (F_1|r)"'Alr) and Ly = Fil = Fy_ |z + Ol =

F, _|gdg+ (F,_1|5) ' Alg) are invertible; moreover, if € is sufficiently small, then
IR M oy < 2(F—1lr) Moy < 2P

— — n—1)2
I(ZR) ™ < 2/|(Fy ol ) ooy < 277D

< ce?.

On—1 =

ous < cllup ]

On—1 On—1
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Consequently, by Lemma 3.2, if € is small enough, then L and (Id — A"'BA~'B) are

invertible with

L' =(Id—AT'BA7'B) (A7 — A71BA™Y), (5.2)
|(Id = A"*BA™'B)7Y,, <2. (5.3)
It follows from the definition of the o-norm that
1A o, < max { [[LZ"], qmax L], ) < 2B =1)*+1 (5.4)
Similarly, one can prove that
JA g, < 2P=DHHL (5.5)

On the other hand,
|A'BA7Y,. , = sup ‘ Z Z ZA (21,p)B(p, @) A" (g, z) /512!

z1€Y peY qeY
< sup {I(z2) + II(22)}, (5.6)

22€Y

Z Z Z |A 217 )A (q722)|e‘21—22

z1E€Sy pEY q€Y

= Z Z|L(zl7zl) (21, )A (q732)|e|21*22\

21E€S8, q€Y

< max |L 21,21) 7Y Z |A7Y(q, zg) el Z |B(z1,q)|el*
el 4€S, #1E€5,

where

<|Bllo,_ |A o, max |L(z1,21) 7"
Z1€Sn
< 66225(n*1)22(1+ﬁ)n < 0622ﬁ"2,

II(z) = > > > |A(21,0)B(p,q) A" (g, 2) e >

z1€ERpEY qeY

=D > > LR L) B, @) L, (4 22)|el 7

z1ERpPER qES,
< Z L) 5 (¢, z0)|el==! Z'Bp q)|eP~d Z LR (21,p) )|z P!
qES, PER z1€ER

<Lz Mo, 1B

On—1

-1
On—1 (IJIEI%),E ||LB(q)
< ce29B(n=1)?9(1+8)n < ce29Pn®

Consequently (F’1.an) follows from (5.2)—(5.6).
(v) (F’'l.an) = (F’2.an), n=1,2,---

Let R=P\(S\B,), R=P)\ ( gB B(z)) Let L be the restriction F!|p of F), on
z€E n

HP7

A:LR@( D Lz), B=L-A, A:LR@( D LB(Z)), B=L-A
2€5\Bp 2€5\ B,
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It follows from (F’1.an) that both L and L are invertible with
2 2
LR Ml +r, <27 (LR otr, < 277

Applying again Lemma 3.2, and repeating the discussions in the proof of (F’1.a(n-1)) =
(F’l.an), we conclude that if € is sufficiently small, then both L and (Id— A"'BA~!B) are
invertible with

L '={d—A"'BA !B} (471 —A"1BA™Y),

|(Id — A"*BA~'B)~! <2.

on+Tp =

Then, because

147wl = Z ‘ Z A7 (21, 22)w(zo) €721
zZ1EP 29€P
<D Y AT ez w(a)fer D
Z21EP 29€P
= 3 N L5 (1, za)wlz) e D ST LT () el
Z1€ER z2€R oy
< LR o llwll» +Z2”|Z‘56*%|Z||w(z)|eo’+§|z|

z€S
< W& ollwlle + el 2
7l2
< 2P |wllpyzp, Vo <on 427, Yw € PHyym,
and similarly
A" wl|, < cgﬁn2||w”g+%, Vo <oy + 27, Yw e PHyym,
we conclude that
[(A~! — A BA Y], < 025"2||wHU+Tn, Vo <op+ T, Ywe PHy, . .
This proves (F’2.an).
(vi) (F’2.an) = (F’3.an).
Make the block decomposition F), = (él 22) , where L1 = QF!.Q, Ly = QF,P,
3 La
L3 = PF!Q, Ly = PFE/P. Tt follows from Lemma 3.1 that

(F/)-! = A —AL,L;!
n —L;'L3A L'LsAL,L;' 4+ L7 )

where A = (L — LgLZng)_l. Since QJqoP = PJoQ@ = 0, we have

2{lon—1 > Up—1 X, Un—1 On—1 Ce™,
IL2llo, -0 < 3l (un—1)® + f'( Moy < ce?

ILsllo, -y < Bll(un—1)® + f' (2, un-1)llg,_y < €.

Therefore, noting that LZl is a bounded linear operator which maps H,, p in He: p, and
that H¢ is a finite dimensional linear space on which all the norms are equivalent, we have
|LoL; ' Ls|l,, < ce*. On the other hand,

L = QlJa + (—3(un—1)* + f'(2,un—1))]Q = QJoQ — 3Q(u3)Q + R,
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where ||R|, < ce®. And, since Q{cos 2s + cos 2jox + cos 2s cos 2jox)Q = 0, we have

QJaQ — 3Q<u(2)>Q = [%62 + 0(64)} Q — Z€2Q<1 + cos 2s + cos 2jpx + cos 2s cos 2jpx) Q)

— 3 2 4
_[ e+ 0(e )}Q.
Therefore, it follows from Lemma 4.1 that ||All,, < ce”
w e H,

On—17

1Q(F) ™ w]

2. Consequently, for any given
on = [[AQw — ALy L' Pw||,, < [|AQuw
< A IQule, + 27 | Pwlla, 47,
IP(E,) wllo, = | = L3 LsAQu + (L ' LyALy L' + L) Pw|s,,
< L3 LsAQullo, + |[(Ly ' LsALy Ly + L) Pull,,
< (2" |Qullg4r, + 2% | Pul
(vii) (F’3.an) and (F.a(n-1)) = (v.an).
When n = 1, we have
1Quillo, < 2| QF (uo) oy + el PF(uo) oy < c€?,
1Pvilloy < €l F(uo)lloy < ce®.

on + [[ALy Ly Pw

On

On+2Th ) .

When n > 2, if € is small enough, then we have

onlla, < ™22 | F(un1)lls,, < ce¥2f e 2"

§6. Density Estimate for the Cantor Parameter Set C

First, we prove (3.6). We need the following lemma.

Lemma 6.1. Suppose that X C Z%, L : Hx — Hx is a linear continuous operator with
the off-diagonal part K satisfying || K|, < %, where o > 0. Suppose furthermore that there
exists z € X, such that

|L(p,p) > 1, VpeX,p+#z,
JAN _
R=L(z,2)— Y L(zp)(Lpe) ' (p.q)L(g, 2) # 0.
p,q€X\{z}

Then L is invertible with ||L7, < 2(§ +1).
Proof. It follows from Lemma 3.1 that

L —Lr,r;t
-l — R R2H4
—L;'Ly% Ly'LstLoLy'+ L' )’
where L2 = XlLXQ, L3 = XQLXl, L4 = XQLX27 and X1 = Z, XQ =X \ {Z} Clearly,
[L2)le < |Klle < 3, |ILslle < [|K[le < 3. Therefore, thanks to Lemma 4.1 we have

LYo < 2. Consequently,

1 _ 1 _ 1 1 _ 1 _ _ 1
H§L2L41 . < & ’ - Ly 1L3E . < R’ HL4 1L3§L2L41 +L41 . < I + 2,
which implies
1 1 1
LY, < = (7 2):2(7 1).
127 < &+ (5 +2) =2(5 +

The proof of this lemma is completed.
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Noting that M = || cos s cos joz||s,, We have
(u.b0) [|uo(2F) — uo(Q7)[lo, = Mle™ — €.
Because

Fa+ (uo(27%)) — Fo- (uo(27))
= [Ja+uo(Q27) — Jo-uo (7)) — [uo (1) —uo(27)?]
= [Jo+ — Jo-Juo(Q) + Jo-[uo(QT) — uo(Q7)] — [uo(27)* — uo(27)],

IlJo+ = Jo-Juo(2F) oy = [I[=(27)* + (7)€" cos s cos joz |
<t Q7| <t —e |,
1o~ [uo(2F) = uo(Q7)log = [I(=(27) + 5§ + a)(e” — €7) cos s cos joz |,
<clet —e|,
[uo(27)? = uo(27)?[loy = luo(2F) = uo(27)llog lluo () + uo (25 )uo(27)
+ug(Q7)lloy < cle” — €7,
we have
(F.b0) Fo+(up(Q)) — Fo- (uo(27)) < colet — e .
In the following, we prove by induction the following Lipschitz estimates.
(F’.bn)
1(E) )™ w = (g ) wlly < erp 253 (ete) 210" = Q [[wllosar,

VUSO-TL_TYL) v7~UGI_IO'-%-?WWN

(v-bn) [[v,(2F) = v (Q7 )]l -7, < Ce_(%)n|9+ -7,

(F.bn) || Fos (un(27)) = Fo- (un(Q7))llo,—r, < c(eh +e7)2e72)7 |0 — 07|,

(u.bn) [|[un(QF) = un(Q7) o, —r, <cle™ —€7],
where €t = ¢(Q1),e” = ¢(Q7). Here, to simplify the statement, we treat only the case
where f(z,u) = 0. The proof for the general case f(x,u) Z 0 is similar.

Proof. (i) (u.b0) and (v.b1l)—(v.bn)=(u.bn).

Because |QF — Q7| =¢|(e")? — (¢7)?| < c|et — €|
(ii) (v.bn)=(F.bn).
Because
For (un(Q7)) — Fo- (ua(Q27))
_(3un—1(Q+) + Un(QJr)) n(QJr) (Sun—l(Qi) + 'Un(Qi))'Un(Qi)2

= [3(un—1(27) = un—1(Q27)) + va(Q7) — v ()]0 (27)?

+ Bun—1(QF) + v, (1)) (0 (27)? — 0, (Q1)?),
[113(tn—-1(27) — up— I(Q ) +vn(Q )_UH(Q+)]UH(Q_)2 On—Tn
[3H7~Ln71(9_) ~1(Q +)||Un77—n + an( 7)) - Un(Q+)||cfnan] Un(Q_)Hgn

<clet —e|((e7)? e~ (3 2)")2 c(e_)3e_2(5)"
= c(e_)ge_z(ﬁ)n|9+ -Q7,

(€)= ()]
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1(Bun—1(2F) + vn () (0a(27)? = 02 (7))o, -,
< 13tn -1 () + v (Q) o, 100 (27) + 00 () o [00(Q7) = 02 () oo
<clet +e)Pe 20t — Q|
(u.bn) follows.
(iii) (F.b(n-1)) and (F’.bn)=(v.bn).
According to the definition,
Un(QF) = vn(Q7) = (F, 04 ) T F(un—1(27)) = (F) o= ) T F(un—1(27))
=[(Fpa0) ™" = (F o) F(un—1(Q1))
+ (Fp0-) 7 E(ua-1(97)) = F(un-1(27))).
Without loss of generality, we may assume that et < e~. Then (v.bn) follows from
(F, o)™ = (Fro-) 7 F (una (1))
< 07_2 8'8( )_2|Q+ - Q_|||F(un71(ﬂ+))”0n71
< er T8 (et ) Pt - |(eh) e 23T < o ()
I(Fp0-) 7 F (un—1(27)) = F(un—1(27))]llo, -,
< (€ )7, PN F (un—1 (1)) = Flun—1(27))llo+7,
< c(e_)72T7:45(6+ + e_)3e_2(%)n71|9+ -Q7< e_(%)n|QJr -Q7.
(iv) (u.b(n-1))=(F’.bn).
Firstly, we have

[(Ja+ — Jo-)w|s < CTn_Q|Q+ - Q7 |wllosr,, Vo>0, Ywe Hyyir,,

On—Tn

Qf -0,

since Jq is diagonal with
[Ja+(2,2) = Jo-(2,2)| = |[[K*(Q)* = j% — a] = [K*(Q7)* = j* = ]| = K*(QF)* — (27)?|
=EQT Q7 ||QT + Q7| < ckHQT - Q7|, Vz=(j,k) € 22

Secondly, we have

[n-1(27)? = tn-1(Q7)? [l

<t 1 () = 1 (Q7) o [t 1 () + 211 (Q7) 6, s

clet +e)|er —e | < QT — Q7.

Therefore, for any given o < o,, we have
1(EL g = Pl wllosry < e 210 = Q@ [wllgsr, Vo € Hysr,.

Then (F’.bn) follows from (F’.an), since
( é,m)*l - (F;L,Q—)fl = (Fﬁ,m)*l(Fr/L,Q— - T/L,Q+)(F7;7Q—)71-
Proof of Proposition 3.2. It follows from
1 (25)? = wn ()Nl —rs < 1 (QF) + 1 (Q7) o, 1 (2F) = (7)o,
(e + )" — e[ =cl(e")? — ()| =¢at — a7
that the first estimate is valid.
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According to the definition, hqox ., ,(+)(2) = Ly (L)~ 'Lf, where
Ly = X1F), = X5 = —3X1 (up—1(2F)%) Xa,
Ly = XoF) 2 X1 = —3X5(u,—1(QF)%) X1,
Ly = XoF) 2 X5 = X500 X5 — 3X5(un—1 (%)) Xs,
and X; = {z}, Xo = B°(2). Therefore
Iha+ w1 (@) (2) = o=, 0—) (2)| = IIL3 (L) " L3 — Ly (L) "Ly (o,
< LS = L)L) 'Ly oy + L2 (L) 71 = (L) 7L los
+ 1Ly (L) (LS = L)oo -
It follows from (u.a(n-1)) and (u.b(n-1)) that
ILZ Ny < ce(@5)%, L3 1o, < ce(@F),
IL3 = Ly llony < clF = Q7] |ILg = L3 [lo,_y < Q7 = Q7).
And, noting that |Jao=(p,p)| > do for any given p € B°(z), we have
1) M lowr S 245" I1LF = Ly lloy < k?|(2F)° = (27)?] < ¢ — Q7.

Therefore

On—1

(L3 — Ly )(LY) 'Ly g,y < ce(QF)1QF — Q7
1Ly (Ly) N (LF = Ly ),y < ce(Q7)2(QF — Q7
L3 (L)~ = (L3) 'L | =1Ly (L) (Ly = L)L) ' L o,y
< ce(QJr)Qe((T)Zl’c2|Q+ -7,

which implies the second estimate in the proposition.

On—1
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