Chin. Ann. of Math.
21B: 3(2000),343-350.

THE FOURIER TRANSFORM FOR
HOMOGENEOUS VECTOR BUNDLES
OVER QUATERNION UNIT DISK

LIU JIANMING*
Abstract

The Fourier transform for homogeneous vector bundles over quaternion unit disk is studied,
and the corresponding inversion formula and Plancherel formula are established.
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¢1. Introduction

Let G be a connected noncompact semisimple Lie group with finite center and K a
maximal compact subgroup of G, and X = G/K the associated Riemannian symmetric
space of noncompact type.

Let (V;,7) be an irreducible unitary representation of K, and E™ be the homogeneous
vector bundle over G/K associated with the given representation 7. It is well known that a
cross section f € I'(E7) may be identified with a vector-valued function f : G — V, which
is right- K-covariant of type 7, i.e.,

flgk) =Tk~ f(9)- (1.1)

We denote by C5°(G, 7) the space of compactly supported smooth functions on G that are

right- K-covariant of type 7, and L?(G, 7) be the Hilbert space of square integrable functions,
with the scalar product defined by

i fo) = /G i (@), o)), de (1.2)

If 7 is the trivial representation of K, then L?(G,7) = L?*(G/K), the corresponding
Fourier transform is well-studied, and the inversion formula and Plancherel formula has been
established by Harish-Chandra, Gelfand and Helgason. The case dim7 = 1 is considered
by Shimenol!, which is closely related to the weighted Plancherel formula on the bounded
symmetric domain (see [1-5] and [8]).

In this paper, we consider the generalized Fourier transform for vector-valued functions on
quaternion unit disk B = {|z| < 1|z € H}, where H denotes the set of quaternion numbers.
In this case G = Sp(1,1) and K = Sp(1) x Sp(1).
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§2. Preliminaries

Let H be the set of quaternions. The element of H can be expressed as x = x1 + x2i +
x3j +x4k. Sp(1,n) is the Lie group of right linear operators on H"*! which leaves invariant
the Hermitian form

(7,y) = Yoro — Y171 — =+ — YnTn,
where © = (zo,21, -+ ,2,) € H"™ vy = (yo,y1, -+ ,yn) € H*™ L. In particular, Sp(1) :=
Sp(1,0) = {u € H| |u| = 1} is the unit sphere of H, and Sp(1, 1) is a subgroup of GL(2,H)
which is isomorphic to the universal covering group of SOg(1,4). It is easy to see that

a={o= (¢ 1) crmm]ar=cd, |of ~|o* =1, W~ pF =1},

and its maximal compact subgroup

K{(g S) ‘u,vGSp(l)}.

Let G = Sp(1,1). It has Iwasawa decomposition G = K AN, where
cosht sinht
A_{<sinht Cosht>’t€R}’
1-— . .
NZ{( Y )‘$:§21+§33+§4k, 52,53,§4€R}~

—x 14z
The normalizer group M of A in K is

M:{g=<g 2>‘u65p(1)}.

Then P = M AN is the minimal parabolic subgroup of G. We also have Cartan decomposi-
tion G = KAK.
For u = @1 + zot + x3j + x4k € Sp(1), let

_ 1+ a9t T3+ 140
I(’U,) - (—.’L‘g + x4t X1 — .Z'Qi) ’

Then the map I : Sp(1) — SU(2) is an isomorphism. For every n € 1Z%, there exists an
irreducible unitary representation p™ of SU(2) on the Hilbert space V™ of dimension 2n + 1.
Since K = Sp(1) x Sp(1) the irreducible unitary representation of K can be realized as
PR p"/ on V'@ V™. Let p"’"/ =p"® p"/7 ie.,

/ 0
P (k) = p"(u) @ p™ (v) for k = <8 v) € K.

’ n+n’
If 7 = p™™, then 7|5 can be decomposed as 7|,y = Y.  p*. In this paper, we only
k=|n—n’|

consider the case that 7 = p®™ or 7 = p™9, i.e., 7|5 is irreducible.

¢3. Generalized Fourier Transform for Vector Bundles
For A € af,, b € K/M, consider the End(V;)-valued function
EYy(g) = HOHETINA (K (g R)r(k7Y), b= kM, (3.1)
where H(g), K(g) is defined by the Iwasawa decomposition
g9 = K(g) exp H(g)n(g)
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with K(g) € K, H(g) € a (the Lie algebra of A) and n(g) € N. For m € M,
H(g™'km) = H(g~'k), K(g~'km)=K(g~"'k)m,
so ET ;, is well-defined. Moreover, we have the following elementary properties
EX 4 (kg) = BS 14 (g)T(k7), (3.2)
B b (gk) = (k1) E3 4 (9)- 3.3)
The 7-spherical function can be defined by
Palg) = EX (g)db. (34)
K/M
From (3.2) and (3.3) it is easy to see that
¢X(krgkz) = (k3 1)oX(9)T (k1) (3.5)

Let D(G, 7) be the algebra of G-invariant differential operators mapping sections of E7 to
sections of E7, C*°(G,7) be the space of C*° maps from G to V, satisfying (1.1). Then
D(G, 1) acts naturally on C*°(G, 7) in view of the identification of C*°(G, 7) with the space

of C'™® cross sections of E7.
Let C*°(G,EndV;; 1) be the space of C* maps from G to EndV; satisfying

F(gk) = (k™) F(g).

For F € C*(G,EndV;; 1), v € V;, the function f(g) = F(g)v is in C*°(G, 7). So we can let

D(G, 1) act on C*°(G, EndV;; ) by
(DF)(g)v = D(F(g)v), VD eD(G,7), F €C*(G,EndV,;71).
Clearly, DF € C*°(G,EndV;; 7). Moreover, if F is bi-K-covariant of type 7, i.e.,
F(kigks) = 7(k3 ) F(g)T (ki ),

then DF is also bi- K-covariant.
Theorem 3.1. For D € D(G, 1), we have

DEY, = xar(D)ES
D¢} = xx+(D)o3,

where X, @5 an algebra homomorphism from D, into C which is given by

Xr+(D) = = TGS )] € C.

where d. is the dimension of V.
Proof. Let 7 = p*", and K, be the subgroup of K defined by

k= {(4 s},

Then 7(k) =1 for k € K. Let b= k1M, and for g,h € G and k € K,
H((gkh)™'k1) = H(h'K(h™'g™ k) + H(g™'ka),
K((gkh)~'k1) = K(h"'K(k~'g™ k1)),
K(k™g k) = k(K (9™ k1))
By (3.1), we have
ES x m(gkh) = E;\—,K(kflgflkl)M(h)T(kil)EK 5o 01 (9)-

)
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Since K/M = {kM|k € K;}, by integrating the above equation over Kj, we get
| BSalakik = 63(WET (o) (3.9
1

Now we act on both sides with operator D € D(G, 7). Since D commutes with left transla-
tions, we have

/K DES,, (gkh)dk = (D65) (W) 5. (9)-

For k € K1, D¢ (gk) = 7-(k~1) D% (g), by specializing the argument to h = e, we get
DEX,b(Q) = D¢T\(G)E;,b(9)~
This proves (3.6), and (3.7) follows easily from (3.6).
Notice that D¢} € C°(G,EndV;; 1) and satisfies
D3 (krghs) = 7(k; ") D3 (9)7 (ki ).
So D@3 (e) € Endk (V;), ie.,
T(k) D¢ (e) = Do} (e)7(k).
By Schur’s Lemma, D¢j (e) = clg,, with ¢ = -Tr[D¢3 (e)].

Finally, we have

a7 (D1D2) = dflTTr[(DlDWK)(@)] = di Tr[Dy (xa.+(D2))#3)(e)]

T

= X (D1)xa,7(D2).
Proposition 3.1. The T-spherical function ¢3 satisfies

¢%(ar) = (1 — tanh? £) G2 () I, = (1 — tanh? )" o™ P )1, (3.9)

where
[ cosht sinht
“ =\ sinht cosht )’
. . . . 1,2n+1 1,—(2n+1) . .

and 14 tis the identity element in End(V;), ¢y and ¢ are Jacobi functions of

order (1,2n + 1) and (1,—(2n + 1)) respectively.

Proof. Since ¢7 is bi-K-covariant of type 7 (see (3.5)), it is determined by its restriction
to A, and ¢3(a) € Endp(V;), Va € A. Then ¢3(a) = f(a)l,,. for some function f on A. f
can be calculated explicitly either by using the radial part of the Casimir operator of G, or
by using the integral formula of ¢3(a). We have (see [7])

1 ; - _ _
fla) = - [ OO0

T

i 2 AN 1—2 i\
:(1ftanh2t)¥F( n+;’>+z , Z+Z ;2;tanh2t>.
This proves the proposition.
Proposition 3.2.
) = [ BL)E ) d, (3.10)

where * denotes adjoint.
Proof. By the definition of ¢7,

qﬁ(x’ly):/ e AT H ™ ) - (K (y =Lk )7 (k1) dk.
K
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By a change of variable k = K (2~ 1k1), since k; = K (zk), we have
(=)
:/ ef(i/\ﬂ))(H(y‘lkrl)fH(w‘lkl))T(K(yflkl))T((K(xflkl))71)672P(H(w‘1k1))dk1
K

. EX s (W) (B jpy (2))" dE.

Let D(G, 1) be the space of compactly supported C*°-functions on G that are right-K-
covariant of type 7, and D#(G, 7) be the space of functions F in D(G, 7) which satisfy

F(kiaks) = 7(ky )7(ki ) f(a)o, (3.11)
where f is a function on AT and v € V.
For A € af, f € D¥(G, ), the spherical transform is defined by

FO) = [ (63(0) Fla)ds (312)
For A € a*,b € K/M, F € D(G, 1), the generalized Fourier transform is defined by

ﬁ(A,b)=/G(Eib(g))*F(g)dg:/Ge(“‘p)(H(gflk”T(k)T(K(g‘lk)‘l)F(g)dg. (3.13)

Then we have
Theorem 3.2. Let 7 = p". For F € D¥(G, 1), we have the inversion formula

00 R k R
=/O A9 F N pr(NdA+ > dr (M) 0 1oy (9)F(i(20 — 1 = 2m))
m=0

and the Plancherel formula

/an(g)u%,dg:/o 1B, - (O dA+Zd JIBG(2n — 1 - 2m))2,,

where

2n —1
k:max{jEZ’j< n2 },
and the Plancherel measures pr and d, are given by
(2n +1)2 + A2 Asinh A
T A) = )

pr(A) = cc 4 coshA + (—1)2

d-(m) =ca(2n —2m —1)(m+ 1)(2n — m),
ca 18 a constant only depending on the choice of the Haar measure.

Proof. By Proposition 3.1, for F € D¥(G, 1),
(63 (kaarkz) % F(kracks) = (1 — tanh® 1)1, (1) F(ay).

Assume that F'(a) = f(a)v for some v € V. Then

F(\) = c/ (1 — tanh? t)"+1¢}\’7(2n+1) (t)f(a;)(2sinht)3(2 cosht)3dt - v
R+

= 2" ((1 — tanh® £) " £ (a,) J(N) - v, (3.14)
where ¢ is a constant depending only on the choice of the Haar measure, and ~denotes the
Jacobi transform, which is defined, for f € C§°(R™), by

= / " 06k (1) 2sinh 07 (2cosh ),
0
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Then by the inversion formula and Plancherel formula of Jacobi transform, we get

2—(4n+4) o] N
Fla) = “g— [ R POl 2ay

27(4n+4)

£ B dm) 61 gy (@) Fli2n — 1 —2m)),  (3.15)
m=0

c/ | F ()|, (2sinht)*(2 cosh t)dt
0

27(4n+4) oo 4n+4)
=L [ IRV, el P+ Z m)|FGi(zn — 1 - 2m))[3
0 (3.16)
where
21—2n—i/\F( )\)
cA) = =1~ I
d - -1 < <k.
(m) =i Res (@A) 0<m<
By easy calculation, we have
2~ (4n+4) o (@n+1)2+ X Asinhnm)
e = 5 - (3.17)
2mc 28¢ coshmA + (—1)
2~ (4nt+d) (2n —2m — 1)(m + 1)(2n — m)
—_— == . .1
——d(m) - (318)
Taking cg = (2%¢)~1, by (3.15)—(3.18), we prove the theorem.
Theorem 3.3. Let 7 = p*". For f € D(G, 1), we have the inversion formula
/ / E3 4(9 )\ b)pr(A)dbdA
£ i /E< @@ —1-2mn)  (319)
m=0
and the Plancherel formula
[ 1@k, dg
el
0 ~
- / / IFOSDIZ, pr (b
/ 1(F(i(2n — 1 — 2m),b), F(—i(2n — 1 — 2m), b))||v..db,
(3.20)

where pr and d, are the same as in Theorem 3.2.
Proof. Let f € D(G, ), v be an arbitrary fixed vector in V;. Let F : G — EndV; be
defined by

F(g)(w) = (w,v)f(g), w e V.
Obviously, f(g) = F(g)v and for all A € EndV;,
Tr(AF(g9)) = (Af(9),v)- (3.21)
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For h € G, define

= / F(hkg)r(k)dk
K

Then F} is bi-K-covariant of type 7, and for any w € V;, Fi(g)w € D*(G, 7). Moreover
TrF(e) = / Tr(r(k~ Y F(h)7(k))dk = Tr(F(h)) = (f(h),v). (3.22)
K

Let {e;]i = 1,2, - ,d;} be an orthonormal basis of V. Then

d,

S ((Fig)eN), e, = // (¢%(9)) F(hkg)r ()dkdgei,ei>v

i=1 T

_Z / / D(¢5(h19) Flo)r(k)dhdger,e:)

Z/GTr[(¢§(h‘ 9)) F(g)]dg.

By (3.19) and Proposition 3.2, we get

dr

S ((R@eT-edv. = { [ (#0710 Hada.o)

i=1
- </G/KE;\r,b(h)(E‘Xr,b(g))*f(g)dbdg,v>
= </KEI,b(h) A()\,b)db,v>. (3.23)

By (3.22), (3.23) and Theorem 3.2,

o  dr
gm0 = [ (S F @ e, p-()ix

V-

+Zd <dZFleZﬂz (2n —1—2m)),e >VT
/ /EM FND)pr A)dbd)\,v>v

g

/ E1(2n 1-2m), b ( (QTL -1- 2m) b)db,’l)>v

-
ml

From this expression we get (3.19).

The Plancherel formula easily follows from (3.19). First, we note that

~

| @) Euods = ( [ (BRp(@)* Floddg) = (FR.b)" (3:24)
G G
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By (3.19),

/ 1£(@)I3, dg = / (F(9))* £ (9)dg

-/ / [ (@) Ba@) T, (Navindg

- ~
+n;df(m)LL(f(g)) Elon-1-2m)(9) f(i(2n — 1 — 2m), b)dbdg

- / N / 1F OB, pr (A)dbdA

+) / I(F(i(2n — 1 — 2m),b), f(—i(2n — 1 — 2m), b)) ||v. db.

This proves (3.20).

(1]
(2]
(3]
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