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ON MULTIPLE POSITIVE SOLUTIONS FOR A
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Abstract

By making use of variational method, the authors obtain some results about existence of
multiple positive solutions and their asymptotic behavior as the parameter A — 4oco for a
semilinear elliptic problem in RY.
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§1. Introduction

Consider the semilinear elliptic problem
—Au+ (Ma(z) + Nu=uP, x€RY,
1/ oN . N (1.1)
uwe HY(RY), u>0in RY,

where p € (1, §£2) for N >3, and p € (1,400) for N =1,2,0 < a(z) € C(RN), A >0 is a
real parameter.

The existence and uniqueness of solution for such problems have been considered by many
authors recently (see [1-4] and references therein). In [3], T. Bartsch and Wang, Z. Q. proved
that with more genaral nonlinearities (1.1) has at least one solution for A large under some
conditions on a(z) , one of which is that a=!(0) has nonempty interior, and they put forward
a question whether or not one can get rid of this assumption.

In this paper, we study the existence of multiple solutions for (1.1) and the asymptotic
behavior of the solutions as A — +o00. We only assume that a(z) has some flatness at its
zero points, i.e.

K
(a1) a € C(RN, R) satisfies a > 0,a71(0) = | {a‘} and D%(a’) = 0,1 < |a| < k — 1,
i=1
a(z +a') = a(x + a’),i # j, v near zero point. Here K is a positive integer and k > 2 will
be determined later.
(az) There exists a > 0 such that liminfa(x) > as > 0.

|z| =00
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In [5], D. M. Cao and E. S. Noussair gave a result about existence of multiple positive
solutions of (1.1) with a(x) = 0 and nonlinearity Q(\z)|u[P~2u instead of uP. They were
mainly interested in the effects of the “shape” of Q(x) while our focus is on a(x). It is easily
seen that if inf a(z) > 0 and a(x) is bounded, one can get a similiar result completely parallel
to [5]. But under conditions (a1), (az2), it seems impossible to prove that the corresponding
energy functional satisfies (PS) or local (PS) conditions by using concentration-compactness
principle as in [5], and this gives rise to some difficulties in the proof of the existence of
multiple solutions. By some delicate estimations, we noticed that the minimizing sequence
concentrates at the zero points of a(x) for A large enough (see Section 2), and then by making
use of Ekeland’s variational principle, we obtain the following results about the existence of
multiple solutions of (1.1).

Theorem 1.1. Suppose conditions (a1), (az) hold, and

k>max{k’,4<;%—¥)}, (1.2)
where
oo N >3,
K ={ 32 fN=2
LA fN =1,

k is as in (a1). Then there exists \g > 1 such that problem (1.1) has at least K positive
solutions u'(i = 1,--- | K) for each A > \o.

By the proof of Theorem 1.1, we immediately know that the solutions concentrate at the
zero points of a(x) in LPT! norm as A — +o0. Moreover, the solutions also concentrate in
L norm. More precisely, we have

Corollary 1.1. Under the conditions of Theorem 1.1, the solutions u'(i = 1,--- , K)
obtained in Theorem 1.1 concentrate at a’ in the following sense: For any small § > 0, as
A — 400,

max u' —0,
dist(z,a?)>6
_ (1.3)
max u' — +o00.
dist(z,a?)<§

The paper is organized as follows. Section 2 contains some preliminary lemmas. The
proofs of Theorem 1.1 and Corollary 1.1 are given in Section 3.
Throughout this paper, C, Cy, C1,Ca, - - - denote (possibly different) positive constants.

§2. Notations and Some Lemmas

As usual, we consider the functional
1 1
L(u) = 7/ (Vul® + Qa(z) + Ded)de — —— [ ufrtide, A>1
2 RN P + 1 RN
on space

E= {u e HY(RN) : Ju|)? = /RN(|W|2 + (a(z) + D)u?)dz < +oo}.

Obviously, Iy € CY(E, R') and a positive critical point of Iy is a solution of Equation (1.1)
(see [1,3]).
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Let 6o > 0, L > 0 be such that
‘ _ K N
ag, Naj, =0, i#j and U as, C H(—L,L),
i=1 i=1
where a§ = {z € RN |dist(z,a’) < dp}, and @' is as in the condition (a1). Let p € C(R!, R')
be such that

2L, t>2L,
o(t) =4 t, —-L<t<L, (2.1)
2L, t< 2L

and define g € C(E, RN) by

9(u) = (6" (u)1<sen = (

Jry 80(%)|U|p+1dff)
Jr lufrttda 1<i<N

Define
My={u€FE:u#0, (I\(u),u) =0},
M ={ue€ My :g(u) € af;o},
A= {ue My:g(u) € da,},
where 1 < i < K, and M) # 0,04 # 0 (see [5]). Let
mg\:%}qflh migzi&fh.

By (a1), it is not hard to prove that for i # 7,

my =m} >ec1 >0, mi=m|>cy >0, (2.3)

where c¢q, co are independent of .

In this section, we give the estimations of m} and mil)\ for A large, and then by making
use of Ekeland-variational principle, we obtain a (PS) sequence.

Lemma 2.1. Suppose the condition (ay) holds. Then for A > 1 large enough,

where the constant C' > 0 is independent of \, and k is as in (ay).
Proof. Let

0, |z —at| > A\7°,
where o > 0 is a constant to be determined later.
It is easily seen that suppv C af;o for A large enough and there exists ty > 0 such that
ug = tov € MJ and g(ug) € aj,. By computing, we have

/ o]* = Ky A7, (2.4)
RN

where K; = [} Jiwjzr (L= p)*pN " dpdw, and

v_{l—)\"|a:—ai|, |z — a’| <A77,

/RN |Vo|? = wy 27N, (2.5)
where wy is the area of the unit sphere in RY, and

/ |z — a’|Fv® = KoA=oN ko, (2.6)
RN
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1
K2=// PP (1= p)*pN " dpdw.
0 Jw|=1

Let 0 = 5. By (a1), using Taylor expansion of a(z) about a’ and (2.4)-(2.6), we get

§ < I(ug) = Ix(tov)
2

t , tp+l
< max [—/ (Vo> + Ci )\ |z — a'|Fo? 4 v?)dx — / |v|p+1dx}
2 RN p+ 1 RN

3

(2.7)

< mgg([Cz)\Qa_N”tQ _ CS)\—NO'tp—',-l]
t>

<oarEGa-%
for A > 1 large enough, where C;(i = 1,2,3) and C are positive constants independent of A.
Lemma 2.2. Under the conditions of Theorem 1.1, for A\ large enough, mé\ > mi.

Proof. Let u, € O} be a minimizing sequence of m}, i.e. g(u,) € aafso,

1 1 —
= |V, |? + (Na(z) + 1)u? = —— [tn[PTY 4 mi 4+ o(1) as n — oo,
n A
2 Jrw p+1 /g~ (2.8)
/|Wﬁ+@MHﬂﬁ:/|MWP (2.9)
RN RN

By (2.8), (2.9), we get

2p+1)_,
if:’l)m; +0(1) as n — oo. (2.10)

Using Sobolev inequality in (2.9), one can prove that
[unlf3ts gy = CF >0, (2.11)

where C* is independent of A\, n and dg.
Let 6 < dp and

/ |V, |? + (Na(z) + 1)u? <
RN

Ko K s
a;(0) = U alg = U {x € RN’dist(x,al) < Z}

By (az) and (2.10), we have
4

If N > 3, by setting 6 = Ne—1 the Gagliardo-Nirenberg inequality, (2.10) and (2.12) yield

2(p+1) °

i\
[ < C|Vu, ") up[OEHD <o (m) (213
| ‘Lp+1(RN\a§(o)) = |L2 (RN\ag(o))| |L2 (RN\a;(O)) - A0 (2.13)

Similiarly, if N = 1,2, let s., > p be such that
1 e n 1-—6.,
p+1 s, +1 2 7
where g9 > 0 is a small constant, and 6., = 2(3 — p—il) + &0 . Then we also have
o pxl
p+1 ml)\ ’
|un‘LP+1 (RN\agl(O)) S ()\1950 ) . (214)
1



No.3 YANG, H. T. & WU, S. P. ON MULTIPLE POSITIVE SOLUTIONS FOR ELLIPTIC PROBLEM 355

Now, we prove this lemma by contradiction. Suppose that mf\ < m{. Then by Lemma 2.1,
(2.13), (2.14) and the condition (1.2), it can be shown that as A — +oo,

p+1 _
ol (i) =) (215)

and then using (2.11), we get

C*
pFl > 2.1
|Lp+1( —1(0)) =27 0 (2.16)

|un

for A large enough. Since g(u,) € 8af§0, (2.15), (2.16) imply that there is at least two points
a’t,a’? € a=1(0) and C§ > 0,C5 > 0 (independent of n, \,d ) such that
p+1 * p+1 *
lu n‘LPJrl( 6) > Cy >0, ‘un|L1’+1<a7;52) >C5>0
1 1

for A large enough. In fact, if {\un|Lp+1} concentrates at any one zero point of a(z) in
the sense of (2.15) and (2.16), then by the definition of g, we know that g(u,) € a%, or

) 2
g(un) € RN\@j, for X large enough, a contradiction.

By (2.3), we assume (without loss of generality ) that {|u,| Lp+1} concentrates at a’ and
al, ie.

+1 * +1 *
|un|§p+1( ) > Cf >0, |un|’£p+1(a{5) >C5 >0, (2.17)
1 ks
|u”|LP+1(RN\(ai; vat,)) = o(l) as A — +oo. (2.18)
1 1

Let v}, = un;, vl = unth;, where ¢;,1; € CH(RY) satisfy 0 < 1p; < 1,0 <1p; <1 and
(@) 1, x € ab, () 1, xéa{s,
Vi(x) = 2 ) = i
0, =€ RN\dj, 0, =€ RN\aj}.
According to (2.10), Lemma 2.1 and the condition (1.2), we have

mi AFE (B 5)

/ [tn Vi, | < C A < Cm)‘ <C———=0(1) as A — +oo. (2.19)
RV\a3'(0) A

N|=

A

Then by (2.9),(2.18) and (2.19), one can easily prove that as A — 400,
Ai + Aj + Bl + Bj + C’ij = 0(1), (220)

where

A= [ VP Qe+ - [ e,

A= [ 9P+ Gat@) + Dl - [

Bo=2 [ = u)iVuf+2 [ (a()+ )i -l > 0
B; = 2/ i (1 — ;)| Vun|? + 2/ (Aa() + 1)1 (1 = 9)ui; > 0,
Cyy = /R (1= = )V + (Aa(2) + Lud)do > 0.
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If A; < o(1), there exists ¢ € (0, 1) such that tv}, € My, then tv}, € Mi. So by (2.18)-(2.20),
we have that as n — 0o, A — +00,
mb > mi = Iy (u,) + o(1)
1

- */ Vg |? + (Aa(z) + Du? —
RN

> [+ + o(1)

p-l— 1 RN
i i 1 1 1
= I)\(Un) + I)\(’Ufl) + §Bi + iBj + §C¢j + 0(1)

1 1 ) . 1
> (- —— Vol 12 + (A Dvi)? + ——A;
> (5 757) [ IV0P + Oale) + D+ =4

1 1 1 1
+ 545 + 5 Bi+ 5 Bj + 5Cij + (1)
11

> (% - 2%) /RN IV (tvh) ]2 + (Na(x) + 1)|tvr |2 + (m - §>Ai +o(1)
> mi;

A contradiction is obtained. L A

If A; < o(1), we can prove that m@\ > mi > m} by above arguments; this contradicts
2.3).
( If) A; > 0(1),A; > o(1), by (2.20) we know that

A;=o0(1), Aj=o0(1), B;=0(1), B;=0(1), Ci; =o0(1).

(1) as A = +oo0, such that t v}, € M}. So

+o
008 = (5= 57 [, IVohlE + Qata) + DIt + o)

1 .
> gmﬂ\ +0(1) as A — +oo.
Similarly, Ix(v]) > md + o(1). Hence
A
mh > mig = I\(un) +o(1) = I (v%) + In(v2) 4 o(1)
mt J
2 w +o
t
by
a contradiction. The proof of Lemma 2.2 is completed.
Now, one can apply Ekeland Variational principle to the closed set M}\ U Oi to set a
minimizing sequence of m} which is a (PS) sequence.
Lemma 2.3. Assume the conditions of Theorem 1.1 hold. Then fori=1,--- K, there
exists Ao > 1 such that for each X\ > \g, m} has a minimizing sequence {u, } C M} satisfing
u, > 0 and

(1) > mi as A — +oo,

In(un) = ms, I(up) =0 in H ' asn — oo.

Proof. The proof of this lemma is similiar to [5], so it is omitted.

§3. Proof of the Results

Proof of Theorem 1.1 and Corollary 1.1. Let {u’} be the minimizing sequence of
mi (1 <i < K) obtained in Lemma 2.3, i.e. {u},} C M} satisfying
{ In(uy,) — mj,

. as n — +oo. 3.1
I (uy) =0 in H! (3.1)
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So as (2.10), we have

, . 2 1) .
/RN |Vl |? + (Aa(x) + 1)[ul)? < Efj—l)mf\ +o0(l) as n — oo. (3.2)

Then there exists u’ € E and a subsequence of {uf} (still denoted by u!, ) such that
ul — u' weakly in F.

Thus one may check that u’ is a solution of Equation (1.1), and the result of Theorem 1.1
follows if we can show that u’ # 0 and u® # w/ for i # j,1 < i,j < K for X large enough. In
fact, by the same arguments as in Lemma 2.2, we know that |u’|;»+1 concentrate at a’, i.e.
forany0<(5<%°,as)\—>—|—oo

(3.3)

1
{ |us, |I;—+1 (RN\ai) — =o(1),

i ) = G > 0,

where C* is independent of n, A and 4, a} is defined in Section 2. This implies that u’ % 0
and u' # u? for A large enough by making use of the Sobolev imbeding theorem. The proof
of Therem 1.1 is completed.

Forthermore, by using Brezis-Lieb Lemmal™ to (3.2),(3.3), we get

lu W;ﬁil (RN\ai) = =o(l) as A = 400, (3.4)
. o 2Ap+1)
[ 19+ Oate) + D < 225 g (3.5)
RN P — 1
Then by Lemma 2.1 and (2.19), we have
/ |Vu' - u'| = o(1) as A — +oo. (3.6)
RN\a

2
Let 1u’ be a test-function for Equation (1.1), where 0 < v < 1,9 = 11in RM\a%s, ¢ = 0 in
4
a’; and [V¢| < 3. Then by (3.4),(3.6), we get
2

/ |Vui|? + |[u'|? = o(1) as A\ — +oo.
RN\a%Ta

Note that u® is a subsolution of Au + ¢(z)u = 0 with ¢(z) = |[u’[P~1. By the one-sided
Harnack inequality and the Sobolev inequality (see [2, 8]), we have

1
max |u'| < C’(/ |ui|2*> Y <o |Vu'|? + |[u']> = o(1) as A — 400,
R\a} RN\ai@ 1.31\/\ai37(s

where 2% = 28 for N > 3, 2* € (1,+00) for N =1,2. So

max |u'| =0 as \— +oo.
RN\aj

Since C* in (3.3) is independent of 4,

maxu’ — +00 as A — oo.
o
5

This completes the proof of Corollary 1.1.
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Remark. Suppose (ag) holds and a > 0,a=1(0) = B;(0). Then by the proof of Theorem
1.1 and Corollary 1.1, we know that

ms < C < 400,
and uy — up in C2 (RN) as A — 400. Here ug = 0 in RV\B;(0) and satisfies
{ —Aug + ug = ub),
UO|331(0) =0, wuy>0 inBl(O).
Moreover, by the results of [2], u) has only one local maximum point z such that

zy—0 as A\ — +oo.
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