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Abstract

The authors prove the existence and uniqueness of smallest g-supersolution with an equality
constraint on (y, z) for one demensional stochastic differential equations whose drift coefficients
are continuous and linearly growing, and whose terminal conditions are square integrable.
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§1. Introduction

Since the result of monotonic limit theorem of BSDE and its application to nonlinear
Doob-Meyer decomposition theorem, the smallest g-supersolution with a constraint on (Y, Z)
(see [1]), some developments have been done, for example, in [4], where by a penalization
method, Chen and Peng discussed nonlinear Doob-Meyer decomposition theorem with the
BSDE introduced by Duffie and Epstein[®l. In [5] Lin discussed the smallest g-supersolution
to BSDE with a constraint on (y,z) with non-Lipschitz condition imposed on the drift
coefficient.

In this work, we suppose that the drift coefficient is linearly growing and continuous in
(y,2), and the terminal condition is square integrable, which is the same as in [2]. Under
these hypotheses we prove the existence and uniqueness of smallest g-supersolution for a one
demensional BSDE with the constraint, ¢(s,y, z) = 0, with ¢ satisfying Lipschitz condition
on (y, 2).

Let (92, F,P) be a probability space, W;,¢t > 0 be a d-dimensional standard Brownian
motion, {F;}o<i<r be a o-filtration generated by Wy, where T is a finite constant. We set

T
ﬁ(o,T,R):{X;[o,T]xQ—m; X eP, ||XH2:E/ \XS|2ds<oo},
0

where P is the set of all predictable processes. Our main result is

Theorem 1.1. Assume that g : Q2 x [0,T] x R x R* — R is P x B(R'*?) measurable and
satisfies

(1) Linear growth: 3K < 0o,V w,t,y,2 € 2 x R x R,

l9(w, .y, 2)| < K(1+ Jy[ + |z]), (Hi)
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(2) For fized w, t,g(w,t,-,-) is continuous, (Hg)
(3) There exists a g-supersolution Y on [0,T] with E sup |Y;|? < oo, terminal condition
0<t<T
Yr=¢, and (Zt, Et) as its decomposition such that (}A/, 2) satisfies the constraint

gf)(t,ﬁ,Zg) =0 as., ae.,
i.e. the triple (?,2, j) satisfies the following BSDE:

T T
o=t [ 96T Zds+ Ap— A= [ Zaw,
t t
and ¢(s, }Afs, 28) =0.
Then there exists a smallest g-supersolution with the constraint (y, z), i.e. there exists an
RCLL process Yy with its decomposition (A¢, Zt) satisfying following BSDE

T T
Y, zf—i—/ g(s,YS,Zs)ds—i—AT—At—/ ZsdW (1.1)
t t

such that
o(t,Ys, Z;) = 0. (1.2)

If there exists another solution (Y',Z') for BSDE (1.1) with the decomposition (A, Z")
and (1.2) holds, then Y’ >Y a.e.

Here, A; is an RCLL increasing processes with EA2. < 00,¢: Q x [0,T] x R x R* — R,
being a given nonnegative function such that, for each (y,z) € R ¢(-,y,2) € u>(0,T, Ry)
and ¢ 1is globally Lipschitz with respect to (y, z).

Remark 1.1. The condition (3) is necessary (cf. Example 3.1 in this paper).

Since the drift coefficient of BSDE (1.1) is only continuous in (y, z), and linearly growing,
there is no uniqueness solution for the BSDE in general. An example can be found in [5].
We must extend the concept of g-supersolution and the concept of smallest g-supersolution
with the constraint on (y,z) later. The difficulty is that actually there is no comparison
theorem and monotonic limit theorem available for such BSDE. To overcome this difficulty,
we first construct a sequence of solution for the BSDE, then, in order to get the smallest
g-supersolution with the constraint on (y, z), we use a suitable approximation method, by
introducing a two index g-supersolution sequence, then obtain an increasing g-supersolution
(with only one index). Lastly, by the method of “Weak-convergence” introduced by Peng!!l,
we have the conclusion. The method with which we study this problem can be viewed as a
combination of “strong” convergence and “weak” convergence.

§2. Some Preliminary Results

In this section we prove the the existence of solution for BSDE (1.1) with continuous drift
coefficient, where g, A, £ are given.

Theorem 2.1. Suppose that (Hy),(Hs) hold for a given g, then there exists a solution
for BSDE (1.1), where A; is a given RCLL and increasing process, £ € L?(Q, Fr, P). (In
fact, the solution is the minimal solution for the BSDE (1.1).)

For the purpose, we need the following several propositions.

Proposition 2.1. Let g : RP — R be a continuous function with linear growth, that is,
there exists a constant K < oo, such that, Vo € RP,|g(z)| < K(1+ |z|). Then the sequence
of functions

an(z) = il {o(0) + e — ) (2.1)
is well defined for n > K and it satisfies
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o Linear growth: Yz € RP,|g,(x)| < K(1 + |z|);

e Monotonicity: Vo € RP, g, (x) 15

o Lipschitz condition: Yx € RP,|gn(z) — gn(y)| < nlz — yl;

e Strong convergence: if xp, — x, then g,(x,) = g(x) as n — oo;

where |x| = Z |z;| (see [2] for the proof).

Pr0p051t10n 2.2. Let g, be defined as in (2.1), and A:, & satisfy the conditions of
Theorem 2.1. Then there exists a unique pair of processes (Y}, Z1") € (0, T, R**4), which
is the solution of the following BSDE

T T
Y —¢ +/ gn(s, Y, ZM)ds + Ap — Ay — / Zrdw,. (2.2)
t 0

Proof. For fixed n, by Proposition 2.1, the coefficient of BSDE (2.1) g, satisfies Lipschitz
condition with the constant n. By Prosition 1.1 in [1], the result follows.

Proposition 2.3. There exists a constant C depending only on K,T,E¢? and EA%,
such that Vn > K, Y| <C, ||Z"| < C, where |[Y"|? = Efo |V |2ds.

Proof. Consider h(t,w,y, z) = K(1+|y|+|z|), then h is P x B(R**) measurable function,
and satisfies Lipschitz condition. Since £ € L?(, Fr, P), A; is RCLL with EA% < oo, we
have, by [1], that there exists a unique pair of processes (Uy, V;) € u2(0, T, R1*?) of solution
for the following BSDE

T T
U =¢ —|—/ h(s,Us,Vi)ds + Ap — Ay — / VedWs, (2.3)
t t

and there exists a constant C' depending only on K, T and E¢?, EAZ%, such that E sup |Uy|?
0<t<T

<C, E ftT |Vi|?dt < C. By comparison theorem we obtain that, Yn >m > K, Y™ <Y" <
U, so

T

E s VF<B s UF<C B[ rfas<c
0<t<T 0<t<T 0

By It6’s formula

T T
7 -2 =2 [ vrdve s [z,
t t
T T T
E|Y"|* + E/ |Z7?ds = B +2E | Y!g,(s, Y, Z™)ds + 2E/ Y'dAs,
t t t

2KT 2K [T
§(2K+la2)E(/ YPds + g+ oy [ 120 Pds),
t

T
2B [ V7,5, 2 22)ds
’ ¢ " ® A2 A2

T
‘ZE/
t

VA <E sup |Y”|2 +EA?
T

0<t<T
So
T
/ 1Z72ds < E€2 + E sup |Y”|2+E<A |YS”|2ds
0<¢<T a2
. 2K . OKT
+)\2/ Y 2ds s+ |Z |2d) s
t

2K T T 2KT
1- " E Z"2ds < B2+ E Yyr|1? 4+ A2 R / Y"|%d )
( A2 ) /t | s | S > 5 + (OzltlgT‘ s | + T + ( )\2 + ) ‘ ‘ s | S) + )\2
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Taking A2 > 2K, we have E [; |Z7[?ds < C'.

Proposition 2.4. (Y",Z") converges in u?(0,T, R*+%).

Proof. Take ng > K. Since, by comparision theorem, (Y™) is increasing and bounded
by U, Y™ converges. Denote by Y the limit of Y. By dominated convergence theorem, Y
also converges in p%(0, T, R). Set

T T
Y =¢ -|-/ gn(s8, Y, Z)ds + Ap — Ay — / Z2dWs,
t t
T T
Y =€+ / gm (8, YV, Z7)ds + Ar — Ay — / ZdWs,
t t

T T
Ve == [ lon(s, Y020 — gns, Y Z0Ns = [ (20 - Zpaw.
t t
Now using Ito’s formula and taking n,m > ng, we have

T
ElYy - Y+ B [ |27 - 27 Pds
0
T
> / (Y2 Y)Y (gn(5, Y2, Z2) — g(s, Y2, Z0))ds
0

T 1 T 1
~ (B / vy - ypPds) (B / 90 Y 22) = g5, Y, 27 Pds)
0 0

Using the uniform linear growth condition on sequence (g,) and the fact that Y™ Z" are
bounded in £2(0, T, R**%), we know that {Z"} is a Cauchy sequence in p2(0,7, R?).

By Propositions 2.1 to 2.4 and Theorem 1 in [2], taking limits on m and supremum over
t we get

T
sup [ — ;| < / lgn (5, Y7, Z0) — g(5, Y, Z,)\ds
0<t<T 0

P — a.s.

T T
+ sup ]/ ngWs—/ Z,dW,
0<t<T ' Jt t

From this we deduce that Y converges uniformly in ¢ to Y (in particular Y is RCLL process).
Remember that Y is monotone; therefore we actually have the uniform convergence for the
entire sequence and not just for a subsequence. Taking limits in the following BSDE:

T T
Y :§+/ gn(s,Y:,Z;‘)derATfAtf/ ZxdWs, n> K,
t t

we deduce that (Y, Z) is an adapted p2(0,T, R'*%) solution of (1.1).

Definition 2.1. Let (Y, Z) be a solution for BSDE (1.1). If for any solution (}?,2) of
BSDE (1.1), we have Y <Y, then we call Y the minimal solution for BSDE (1.1).

Let (?, 2) be any solution of BSDE (1.1) in 2(0,7, R**9). By comparison theorem we
have that Vn, Y™ < Y and therefore Y < Y. Thus Y is the minimal solution.

Now we introduce the definition of g-supersolution for BSDE:

T T
Y;:é-+/ g(SaY*svzs)dS“FAT*At*/ stWs-
t t

Since the minimal solution is unique for BSDE (1.1) with continuous drift coefficient and
linear growth, we can extend the concept of g-supersolution for the case. Also thanks to the
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existence and uniqueness of minimal solution for the BSDE (1.1) under these condition, we

have the proposition of uniqueness of g-supersplution decomposition.
Let BSDE be as follows:
.

:§+/ g(sy}/;st)ds+AT_AtAT _/ stWsa 0 StSTa (24)
t

AT tAT
where 7 is a given stopping time, ¢ € L?(Q, F,, P), A is a given RCLL increasing process
with Ag = 0 and EA2 < cc.

Definition 2.2. IfY; is a minimal solution for BSDE of (2.4), then we call Y; a g-
supersolution on [0,7]. If Ay =0 in [0,7], we call Y a g-solution on [0, 7].

Proposition 2.5. Given a g-supersolution Y; on [0,7], there exists a unique Z; €
u2(0,T, RY) and a unique increasing RCLL process Ay on [0, 7] with Ag = 0 and EA2 < oo
such that the triple (Y, Z¢, At) satisfies (2.3).

Proof. Suppose (Y3, Z:, A;) and (Yi, Z{, A}) satisfy (2.4). We apply Itd’s formula to
(Y; — Y;)%(= 0) on [0, 7] and take expectation

/ Z - ZPat+ B[ Y (a4 - 42| =0, (2.5)
te(0,7]
Thus Z; = Z]. From this A; = A}.

Deﬁnltlon 2.3. Let Y: be a supersolution on [0,7] and let (Y, Zi, Ar) be the related
unique triple in the sence of Proposition 2.5. Then we call (A¢, Zt) the unique decomposition
of ;.

Definition 2.4. Let Y be a g-supersolution on [0, 7] with the decomposition (A, Zt), Y’
be any g-supersolution on [0, 7] with the decomposition (A}, Z]). If Y <Y’', we call Y the
smallest g-supersolution on [0,7].

Let Y be a sequence of g-supersolutions on [0, 7],

T T
Y;:g+/ g(s,lgi,zg)derA;—A;—/ ZidW,, i=1,---, 0<t<T,  (2.6)
t t

where g satisfies the condition in Theorem 2.1, £ € L?(Q, Fr, P), and for every i, A% is a

continuous increasing process with EAZ'T2 < 00. By virtue of Theorem 2.1, there exists a
unique minimal solution (Y%, Z%) € p2(0,T, R**%) for BSDE (2.6).

Suppose that Y,' converges to Y; inceasingly with E sup |Y;|? < oo. Obviously
<t<T

T

E sup |Y/]* <C, E/ Vi —Y,|*ds — 0,
0<t<T 0

where C' is independent of i.

Proposition 2.6. Let {Y;} and {Ai} be defined as before. Then there exists a constant
C, which is independent of i, such that

T
E/ |Zi|?ds < C, E|AL? <C. (2.7)
t
Proof. Since

T
ALf? = ’YO 5/ SY’szs—i-/ Zi
0
gC{|Yg|2+|§|2+‘/ sYlZ’ds ’/ Zi
0

T
‘/ (5, Y Z1) ds gK/ (1+ Y2 + |28 ds
0
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we have
2
3

T
E[AL2 <D+ C’TE/ |Zi2ds, (2.8)
0

T T
b < O{ V3P +1eP + KT+ [ (VP + KIZiPyas+ | [ ziaw,

where D, Cr are constants. By It0’s formula, we have
E|Y/|? +E/ | Z%|2ds
t
SEIEP+E [ (@ VIR + algi)ds+ 2B sup |YI[A5
0 0<t<T

T
) ) ) 1 )
< Q+4CrE sup |Yi>+ aKE/ (1+ Y2 +|Z)ds + ——E|A%|?

0<t<

1 ) r o
< —E|AL)? +2aK/ |Zi2ds + Q.
4CT 0

i - 1
Taking o = 77, we have

1 . 1 .
-E ZY?ds < 01 + —— E|A%L)? 2.
58 [ 1ZiPds < 0+ o BlLALE, (29)
where Q, ¢, Q1 are constants. By (2.7) and (2.8) we have proved this proposition.

Proposition 2.7. Let (Hy), (Hz) hold, and suppose that A is continuous and increasing.

Y} increasingly converges to Y; with E sup |Y;|> < co. Then there exists a process Z €
0<t<T

u2(0,T, RY) and an RCLL square integrable increasing process A, such that (Yz, Z;) satisfies
the following equation

T T
Yt:§+/ g(s,Ys,Zs)ds—i-AT—At—/ ZdW,, 0<t<T, (2.10)
t t

where {Z} is the limit of {Z%}, Ay is the limit of {At},dt x dP.

Proof. Since {Y},{Z!} are bounded in p2(0,T, R'*?), and |g(s,Y?, Z%)| < C(1 +
|Y?| +|Z%]), which implies g is bounded in p2(0,T, R), there exist subsequences which con-
verge to {Z, g°} weakly, for simplicity, we still denote all the corresponding subsequence by
Y Z g(-, Y, Z%), A%}, For any t, the following weak convergence holds in L?(Q, Fy, P),

t t t t
/Z;’dWS—>/ ZdWs, /g};ds—>/ g2dWwy,
0 0 0 0

t t
Ai — A=Y, + Y, —/ ggds —|—/ ZsdWs,
0 0

A, is an increasing process, A; and Y; are RCLL. Furthermore, by monotonic limit theorem
of BSDE (see [1]) Z! converges to Z strongly in uP (0,7, R%),p € [1,2) (see [1]).
Since Y™ converges in p?(0,T,R) and dt ® dP to Y € p?(0,T, R), it follows that G =
sup |Y™| is dt ® dP integrable.
n

On the other hand, since Z" — Z in uP(0,T, R%), passing to a subsequence if necessary,
we have that Z" — Z dt ® dP and Z" is bounded uniformly in p?(0,T). Set H = sup|Z"|,
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which is ds ® dP integrable. Therefore, we get for almost all w,
g(s>}/;n7 Zz;n) - g(s, tha Zt) dt —a.e
l9(s, Y™, Z)| < K(1+sup |[Y,"| +sup|Z}'|) = K(1 4 Gy + Hy) € L'([0, T}, dt).

Thus, for almost all w and uniformly in ¢,
T T
[ atsvrznas— [ gl Y z)is
t t
From the continuity property of the stochastic integral we get

T T
Zrdw, — /
t

Passing again to a subsequence we can assume that the last convergence is P-a.s. That is,
for almost all w,

sup
0<t<T

t t
Al 5 A=Y, +Y° —/ q(s,Ys, Zs)ds +/ ZdWs,  dt a.e.
0 0
The proof is complete.

§3. The Proof of Theorem 1.1

In this section we prove the main result of this paper. Before proving Theorem 1.1, we
give an example to indicate that the condition (3) in Theorem 1.1 is needed.

Example 3.1. Suppose that y.:,y; are two given processes and y.; < y;. For the
following two BSDEs

—dY; = [fo(Yy) + g(Zy)|dt + dAy — ZedW,, Yp =E, (*)
—dY, = [fo(Ys) + 9(Zy))dt — ZdWy, Yo =y, ()

where dA; > 0, Ag = 0, Ay € L*(Q, Fr, P), and fo(t,y),g(t,2) € L*(0,T) for any (y,2) € R?
satisfying Lipschitz condition.

Consider the solutions for the two BSDEs in [y, y;] and Z € K = {Z;, $(Z;) = 0}.

(1) If ¢ > Yp, and P(6 > Yp) > 0, by strict comparison theorem there is no g-
supersolution in [y, y;] for BSDE(x).

(2) If ¢ < Y7, then there exists a g-supersolution for BSDE(*) satisfying the constraint.

Proof of Theorem 1.1. We investigate the following BSDE

T

T T
:§+/ g(s,Ys, Zs)ds + i gb(s,Yg,Zs)dsf/ ZsdWs, (3.1)
t t

t
where ¢ is as in Theorem 1.1, ¢(s,-,) is assumed to be a globally Lipschitz condition with
respet to (y, z) and ¢(s,-,-) > 0.

Consider BSDE:

T T
Yi(n) =€+ / g, Yi(n), Z8(n))ds + i / o(s, YE(n), Zi(n))ds — / Zi(n)dW,. (3.2)
where

gn(z) = f {g(y) +nle —y[}. (3:3)

For any n, by Proposition 2.1, g,, satisfies Lipschitz condition and other three properties.
From Theorem 2.1 there exists (Y, Z*) satisfying

T T
:g+/ 9(s, Y7, 20 ds—i—z/ (s, Ve, Z0) ds—/ Ziaw,.
t t
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Notice: Y is minimal solution for the above BSDE, and by comparison theorem,

E sup |Y/?<E sup V)2 <
0<t<T
Since for any i,n,Yi(n)_ < Yitl(n), it is 0bv10us that Y? is increasing and bounded with
respect to i. Suppose Y' 1 Y. We have

T
lim E/ Vi —Y,|?ds -0, E sup |V;|* < oc.
0 0<t<T

i—00
Set Al = zfo s, Y} Z1)ds. For any fixed i, E|A | < oo. From Proposition 2.6, there

exists a constant C such that E|A%L|> < C, Eft |Zi|?ds < C. By Proposition 2.7 there
exist Z and A, such that (Y, Z, A) satisfy the following BSDE

T T
=&+ / 9(s,Ys, Zs)ds + Ap — Ay — / ZdWs, (3.4)
t t

where A; is an RCLL increasing process with EA% < co. Since EA% < C,

/ o(s, Y7, Z1)ds < ©.
1

We also have Z¢ — Z in p?(0,T, R?), for p € [1,2). Then it follows that
0(s,Y], Z0) —= (s, Ys, Zs),  d(5,Ys, Zs) =0

in strong sense.
Suppose Y is any g-supersolution with its decomposition (Z, A), and the following BSDE
holds:

T T
?t=§+/ g(s,?s,fs)ds—i-ZT—Zt—/ Z.dW,
t t

with ¢(s,Y,Z) = 0. By comparison theorem we have Y/(n) < Y, where (Y(n), Z¢(n))
solves
T

Yi(n) =€+ / (VS 0. Zi)ds i [ 0o, ¥: ). Z3m)s — / Zi(n)d W,

t
Yi <Y, and finally Y, <Y,. So Y is the smallest g-supersolution .
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