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Abstract

The multiplier bimodule of Hilbert bimodule is introduced in a way similar to [1], and its
realization on a quotient of bidual space and Tietze extension theorem are obtained similar to
that in C*-algebra case. As a result, the multiplier bimodule here is also a Hilbert bimodule.
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¢1. Introduction and Preliminary

The multiplier bimodule of imprimitive bimodule and its application to coaction system
were introduced in [1], but it is generally not an imprimitive bimodule as noted in [1] by an
example. In this paper, the same concept is introduced for Hilbert bimodules which properly
contain imprimitive bimodules (for example, the same example as above), and we obtain
the realization of multiplier bimodule on a quotient of bidual space and Tietze extension
theorem similar to that in C*-algebra case. As a result, our multiplier bimodule is also a
Hilbert bimodule.

Let A,B be C*-algebras with bounded approximate units {Ey} and {F»} respectively
(For simplicity, we use the same index A both for {E,} and {Fy}. In fact, for {E),} and
{F),}, we can let A = (A1, Ag) with X = (A, A,) < XM iff A} < Ay and \) < Ag, and let
E\=E,,, F\=F,,), X be an A-B bimodule with A-valued and B-valued inner products
(- ) and (-, -) g such that X is a left A Hilbert module and right B Hilbert module in the
sense of [3]. We call X an A-B Hilbert bimodule if z{y,z)p = a(z,y)z,

(az,az)p < allP(z,2)p,  a(wb,ab) < b alz,a).
So an A-B Hilbert bimodule is an A-B Banach bimodule with norm
l2)1* = | alz, z)|| = |z, z)5]|.
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For an A-B Hilbert bimodule X, we have canonical isomorphisms A @4 X 2 X 2 X ®p B
and that T4 = span{a(z,y)|z,y € X} is an ideal of A, Iy = span{(z,y)p|zr,y € X} is an
ideal of B. The last fact implies 4(zb,y) = a(x,yb*) and (az,y)p = (z,a*y)s by applying
[6, 6.12] and Cohen (Factorization) Lemma to I4-Ip imprimitive bimodule X. It is well
known that X is also an M(A)-M (B) Banach bimodule with

k(ax) = (ka)z, (zb)l==x(bl), ke M(A), 1€ M(B).

In a way similar to [1], we call a multiplier of X a pair (ma,mp), where my (mpg) is
a left A (right B) module homomorphism from A (B) to X with m(a)b = amp(b). So
[lmall = ||mg|| < oo, and m4, mp have (Hilbert module) adjoints

mi(z) = lim a{x,ma(E))), mp(z)= lim (mpg(F\),x)p
A—00 A—00
(the limits exist because we can write  as yb and az with a € A, b € B, y,z € X by Cohen
Lemma), i.e.
mi(eb) = a(w,mp(b*)), mp(ar) = (ma(a”),z)p,

and so mg € La(A,X), mp € Lp(B,X).

Let M(X) be the set of all multipliers of X. Then X C M(X) with z4(a) = axz,
xp(b) = xb. For every k € M(A),l € M(B), m,n € M(X), let

(km)a(a) = ma(ak), (km)p(b) = kmp(b);
(ml)a(a) = ma(a)l,  (ml)p(b) = mp(Ib);
alarcay(m,n)) =nyma(a),  acay(m,nja = (a*(arca)(n, m)));
((m, n)ai(m) )b = mpnp(b),  b(m,n)ais) = (((n, 1) 01(5))0%)"
It is easy to check that
((km)a, (km)p) € M(X), ((nl)a,(nl)p) € M(X),
m(a)(m,n) € M(A),  (m,n)rns) € M(B),
lmall® = larcay(m,m)ll, - Imsll* = [{m,m)aesl,
and these define M(X) to be an M(A)-M(B) Banach bimodule with norm ||m|| = ||mal|
and with X as a submodule. Let {m)} be a net in M(X). We say m,) strictly converges

to m € M(X) (denoted by my > m), if for every a € A, b € B, (mx)a(a) and (my)pz(b)
converge to ma(a) and mp(b) in norm respectively.

§2. Main Theorem

Let X be an A-B Hilbert bimodule. Then X can be viewed as an M (A)-M(B) Banach
bimodule. So the (Banach space) dual X* of X is an M (B)-M(A) Banach bimodule with
(Ipk)(z) = ¢(kxl), where k € M(A),l € M(B), ¢ € X*, x € X. Moreover the M (B)-M(A)
Banach bimodual X* induces the M(A)-M (B) Banach bimodule X**. Let

N ={z" € X*ax"™b=0, Yac A, be B}.

It is easy to see that N is an w* closed M(A)-M(B) submodule of X** and X**/N =
(span{BX*A})*. Since for every = € X,

el = sup laxb] = sup [(bpa) ()] < [I1Z]] < [z,
lall<1,b]<1 lell<1.llall <1 bl <1
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X can be viewed as an M (A)-M (B) Banach submodule not only of X** but also of X**/N.
Let

M (X) = {z* € X**/N,az*, 2**b € X,Va € A,b e B}.
It is clear that M;(X) is an M(A)-M (B) Banach bimodule with X as a submodule.

A net {wy} in X**/N is called strictly convergent to w € X** /N (denoted by wy > w),
if the nets {aw)} and {w,b} are convergent to aw and wb in norm topology respectively for
every a € A, be B.

For every w € M;(X), since the mappings from A x X — B defined by (a,z) — (a*w, z)p
and (a,z) — (x,a*w)p are A-balanced and A ® X = X, we can define the mappings (w, -)p
and (-,w)p from X to B with (w,ax)p = (a*w, z)p and {az,w)p = (x,a*w)p. Similarly we
have two mappings 4{w, ) and (-, w) with 4{w,ab) = A(wb*,z) and A(xb,w) = 4{x,wdb*).
Then if at least one of the elements w,v in M7(X) is in X,

A<W7V>*: A<V7W>7 <w71/>*B:<V7W>Bv

and

[alw, ) < wll vl [{w, w)sll < llwll [|v]]
by Cohen lemma.

For every w,v € M(X), we define j;(4)(w,v) and (w, ) yr(p) to be the elements of M (A)
and M (B) respectively with

(may(w,v))a = alw,a*v), a( payw,v)) = alaw,v),
({w, V) m(B))b = (w,vb)B, b({w, V)M (B)) = (Wb, V)B.
Directly checking shows the definition is well defined.

Main Theorem. With the inner products defined above, the M(A)-M(B) bimodule
M (X) is an M(A)-M(B) Hilbert bimodule with separately strictly continuous module ac-
tions and inner products, and the norms on M (X) defined by inner products and by X** /N
coincide. Moreover there is an M(A)-M (B) bimodule isomorphism ® from M(X) to M1(X)
which preserves the strict topologies, i.e. both ® and ®~' are strictly continuous, and the
inner products defined above for My (X) and defined in §1 for M (X) are preserved. As a con-
sequence, M(X) is also an M(A)-M(B) Hilbert bimodule with separately strictly continuous
module actions and inner products.

Corollory 2.1. If 4 Xg is a Hilbert bimodule with X** = X, then its multiplier Hilbert
bimodule is nrayXar(py, i-e. M(X) = X.

We divide the proof of our main theorem in bits:

Lemma 2.1. (1) The module actions of M(A) and M(B) on Mi(X) are separately
strictly continuous, i.e. if w € M1(X), k€ M(A), l € M(B), and {wx} C M1(X), {kx} C
M(A), {ln} C M(B) are the nets with strict limits w, k, | respectively, then

kwy > kw, wil N wl, kyw =N kw, wly S wl.

(2) The M(A)-valued and M (B)-valued inner products on Mi(X) are separately strictly
continuous, i.e. if wx — w, Vx — v, then

My (wa, V) = may (W, may(wva) 2wy (w, v),

(Wr, )mm) = W,V mm), (WA mm) — (W, V) ms)-
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Proof. Directly checking.

Lemma 2.2. There is an M(A)-M(B) Banach bimodule isomorphism ® from M(X) to
M7 (X)) which is isometric and preserves the strict topologies.

Proof. Let {E)} and {F)} be the bounded approximate units for A and B respectively.
For every m = (ma,mp) € M(X), since the unit ball of X** is w* compact, let z** be
one of the cluster points of {m(Ex)} and the subnet {m4(E,)} be w* convergent to z**.
Since for every ¢ € X*, mL (1) € A*, where the map mL from X* to A* is the dual of m 4
as the Banach space map from A to X, we have

() = limy(ma(Bx,)) = my()(1).

So x** is the unique cluster point of {m4(E\)}. Similarly let y** be the unique cluster point
of {mp(F)}. Then
ar™ =ma(a) = ay™, x**b=mpg(b) =y "b.
So #** = y* € M;(X). Let ® be a map from M(X) to M;(X): ®(m) = z**. For every
ke M(A),l e M(B),
®(km) = ky™ = kd(m), ®(ml) = 21 = d(m)L.
So @ is an M(A)-M(B) bimodule map. Moreover for every z € X, ®(z) = & = x for
liinxA(E)\) = 1, 50 ®|x = id. On the other hand, for every z** € M;(X), az**, z**b €
X. So similar to [1, Proposition 1.2], let ¥ be a map from M;(X) to M(X): ¥(z*) =
((x**) 4, (x**)B), where
(%) a(a) = az™, (%)p(b) = z**b.

Then ¥ is an M(A)-M(B) bimodule map with ¥|x = id, and clearly ¥® = id. On the
other hand we have ®¥ = id, since for every z** € M;(X), a € A,

a(z™ — dU(2%)) = az™ — U (az*) = 0.

Therefore ® is isomorphic. Since

[ml| = l[mall = sup [[ma(a)ll = sup sup [ma(a)d
flall<1 flall<1(jpl<1
= sup sup |az™*b| = sup |az™*b(o)]
llall<1bll<1 llall<T,lIblI<1.[[¢lI<1
= sup |27 (bga)| < [l || < flz*|| < [lmall,

[ESHEESHETES!
[l = fl=*] = [lml],

i.e. ® is isometric. From this the strict continuity of ® and ¥ also follows.
Proof of Main Theorem. For every w,v € M;(X),

(maylw, V) a = (a* (am(a)w, )"
= (ala’w,v))" = alv,a’w) = (pa)(v,w))a,
50 (am(a)y{w,v)* = arcay(v,w). Similarly ((w,v)n(By)* = (v, w)am(py- Since
b* ((kw, kw) ar(p))b = (kwb, kwb) p < ||k||*(wb, wb) 5 = [|k[|*b* (w, w) p(m)b,
(kw, kw)n () < [Ik]I* (w, w)rr(s)-
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Similarly
M) (@l wl) < NP (aray {w, w))-
Since
a(may(kw,v)) = alakw,v) = (ak)(na)(w,v))
= a(k(M(A) (w,1))),
M)y lkw, v) = k(arca)w, v)).
Similarly

(w, vl By = (W, V) ()l
So My (X) is an M (A)-M(B) Hilbert bimodule.
By Lemma 2.1 and Lemma 2.2, for completing the proof it is enough to prove ® preserves
the inner products. In fact for every a,c € A,

a(ar(a)(®(m), ®(n)))c = ala®(m),c*®(n)) = a(mala),na(c’))
= a(nama(a),c’) = alalara)(m,n)),c")
= a(m(a)(m, n))c.
So ar(a)(®(m), ®(n)) = rrcay(m,n). Similarly
(@(m), ®(n)) () = (My 1) M(B)-
Similar to [1, Definition 1.8], a Hilbert bimodule homomorphism from A-B Hilbert bi-
module X to C-D Hilbert bimodule Y is a triple (¢, p,%), where ¢ and ¢ are the C*-

homomorphisms from A to C' and B to D respectively, p is a continuous linear map from X
to Y with p(axdb) = ¢(a)p(x)1(b), and

P(alz1,22)) = clp(ar), p(a2)),  P((x1,22)B) = (p(21), p(22)) D-

A Hilbert bimodule homomorphism (¢, p, ) is called surjective, if ¢, p, ¥ all are surjective.

By [1, Proposition 1.9], if (¢, p, ) is a surjective Hilbert bimodule homomorphism from
4Xp to ¢Yp, then (¢, p, 1) has a unique Hilbert bimodule homomorphism extension (¢, 3, 1))
from pra)yM(X)a(B)y to areyM(Y)p(py with &, p, v strictly continuous. Thanks to the
proof of [3, Theorem 1.1.26], we have

Tietze Extension Theorem. If (¢, p,¥) is a surjective Hilbert bimodule homomorphism
from 4 Xp to ¢Yp with A,B,C,D o-unital, then its extension (¢, p,1)) is also surjective.

Proof. Since (¢, p,) is surjective with A,B,C,D o-unital, ¢ and 1) are surjective (see
[4, 3.12.10]), and it is enough to prove p : M(X) — M(Y) is surjective. Let w € M(Y).
Since C' (D) is o-unital, there is a bounded sequence {y,} C Y with y, > w, y1 = yo = 0
(for example, y,, = Fpw, n > 1, where {E,} is a bounded approximate unit of C). Let h,
g be the strict positive elements of A and B respectively for A,B o-unital. Without loss of
generality, we assume

[o(P)(yn — -l <1/2", N(yn = yn-1)0 ()] <1/2" (n =0,1,2,--).
We claim that there are z, € X(n =0,1,2,--) with p(z,) = yn, and
1P(zn = 2n-) <1/2% [[(20 — 2n-1)g] < 1/2".
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In fact, by induction we assume that there are xg,z1, - -,x, € X satisfying the norm inequa-
tions above, and we want to choose ;11 € p~!(yny1) € X such that zg,x1, -\ Tn,Tni1
also satisfy them. First let = be a preimage of y,,+1 under p. Since ker ¢ is an ideal of A,
there is an approximate unit {uy} of ker ¢ which is quasi-central for A (see [4, 3.12.14]). Let

zx =« —ux(x — x,). Then p(z)) = p() = Ynt1,
[(2x = zn)gll = [|(L = ur) (@ — zn)g]|
= I —ux)a{(x — zn)g, (x — 2n)g) (I — un)|
= [l¢(al(@ = z)g, (& — x,)g))[|'/?
= llalp((z — zn)g), p((x — 20)g))
= [(Yn+1 —yn)0(9)l < 1/27.
So )\liﬁr& I(zx — xn)g|| < 1/2™. Similarly
I = un) (e = )| = () s — )l < 1727
Since {uy} is quasi-central for A, i.e. for every a € A, |Jauy — uya| — 0,
[7(zx = )|l = IM(I = ux)(@ = zp)[| = [1¢(h) (Yns1 — yn)ll < 1/27.
So we can choose a Ay and let z,1 = 2, such that
V(nss — 2l < 1/27, N(wnss — z)gll < 1/27.

By the definition and strict positivity of h, g, z, is strictly convergent to an element v €
M(X). So

|1/2

(A = o)
”1/2

plv) = lim p(z,) = lim y, =w

by the strict continunity of g, i.e. p is surjective.
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