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THE GENERALIZED SMASH
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Abstract

The author discusses the braiding structures of the generalized smash product bialgebra
and the cobraiding structures of the generalized smash coproduct bialgebra. It is pointed out
that doublecrossed product determined by a cocycle is the generalized smash product and that
doublecocrossed coproduct determined by a weak R-matrix is the generalized smash coproduct.
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§1. Preliminaries

Throughout the paper all spaces are over a fixed ground field K. If C' is a coalgebra,
then we always denote the comultiplication and counit by A and e respectively. Set A(c) =
de1®cg for c € C. If M is a right (left) C' -comodule, then we use p for the structure map
of M, and set p(m) = > my @ mqy (p(m) = > m_1) ® m(y)) for m € M. Let H be a
bialgebra. Denote left H-module category by g M and left H-comodule category by 7M.
If M and N are in g M, then M ® N is also a left H-module by pull-back along A, i.e.,

h-(m®n):Zh1m®h2n forhe H, me M, neN.

Dually if M and N are in “ M, then M ® N is also a left H -comodule by pull-out along
the multiplication of H, i.e.,

plm®n) = Zm(,l)n(,l) ® m(y) @y forme M, ne N.
For any left H-module algebra A, we have Smash product A#H, which is an associative
algebra with the identity 1#1. Also ja : A—— A#H (ja(a) = a#l )and iy : H — A#H
(ig (h) = 14th) are algebra embeddings. Similarly, for any left H-comodule coalgebra C, we
also have Smash coproduct C ¢ H with coproduct

A(CO h) = Z(Cl OCQ(il)hl) ® (02(0) & hg)
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Also e : CoH+— C (mo(coh)=ce(h)) and 7y : Co H+— H (me(coh) =e(c)h) are
coalgebra surjective maps.

Let A and H be bialgebras. A bilinear form 7 : A ® H — K is called a skew pairing!®!
if the following equalities hold:

(Spl) 7(ab, h) =5 7(a, hy1)7(b, ha),

(Sp2) 7(a, hg) =5 7(a1, g)7(as, h),

(Sp3) (1, h) = e(h),

(Sp4) (o, 1) = =(a),
where a,b € A, h,g € H. If 7 is invertible (in (A ® H)*), then (Sp3) and (Sp4) follow from
(Spl) and (Sp2). Also if 7 is invertible, then 7~ also satisfies the following equalities:

(Spl’) 7= Y(ab, h) = > 77 Y(a, ho)TL(b, h1),

(Sp2') 7 (a, hg) = > 7 a1, h)7 (a2, 9),
(Sp3’) 771(1, h) = e(h),
(Sp4") 7=Y(a, 1) = ¢(a),

where a,b € A, h,g € H. If A has an antipode s (H has a pode 3), then 7 is invertible
with 7=(a,h) = 7(s(a),h) (77 '(a,h) = 7(a,3(h))). Clearly (H,7) is a coquasitriangular
bialgebra if 7 is a skew pairing of (H, H) such that gh = > 7(h1,g1)hagam"1(h3,g3). Let
7 be an invertible skew pairing of (A, H). Then we have a bialgebra A <, H with the
comultiplication of the tensor coproduct and with the multiplication (a > h)(b 1 g) =
S°7(b1, hi)aby < hogr (b3, h3), where a,b € A, h,g € H. All coquasitriangular structures
of A<, H are given in [3].

Let A and H be bialgebras. In [2], an invertible element R = )" R' @ R” in A® H is
called a weak R-matrix of (A, H) if the following equalities hold:

(WR1) (A®@1HR=>R ®@r @ R'r",

(WR2) (1@ A)R=Y R @r" @ R",
where r = > ' ® v = R. If R is a weak R-matrix of (A, H), clearly (¢ ® 1)R = 1y and
(1®e)R = 14. R has also similar properties. In fact, the notation of weak R-matrix is
dual notation of skew pairing. Clearly (H, R) is a quasitriangular bialgebra if R is a weak
R-matrix of (H, H) such that A®P(h) = RA (h)R™! for any h € H. For any weak R-matrix
of (A, H), a doublecrossed coproduct A < H is defined as follows: A >f H = A® H as
algebras, and the coproduct is given by

CLD<1]’L Zal l><lRNh1 )”@R/CLQ(R_l)/NhQ,

where a € A, h € H. Then A <® H is a bialgebra. In [2], it has been proved that a
doublecrossed coproduct of A? ¥ H is quasitriangular if and only if both A and H are
quasitriangular and there exists a weak R-matrix R of (A, H) such that A? <% H = At H
as bialgebras. Furthermore, all quasitriangular structures of A ><x® H are given.

§2. Generalized Smash Product and Coproduct

In this section, necessary and sufficient conditions that a generalized smash product ad-
mits a bialgebra structure with tensor coproduct are given. The coquasitriangular structure
of the generalized smash product is discussed. Some important examples of the generalized
smash product is investigated. Similarly the generalized smash coproduct is considered.

Theorem 2.1. Let H be a bialgebra.
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(1) Let A be a left H-module algebra and X a left H-comodule algebra. Define the general-
ized smash product A#X as follows: A#X = AR X as vector spaces, and the multiplication
is defined by

(a#tx)(bfty) = Y _alz-) - D#z )y,
where a,b € A, x,y € X. Then A#X is an associative algebra with the identity 1#1.

(2) Furthermore, if both A and X are bialgebas, then A#X is a bialgebra with the comul-
tiplication of tensor coproduct if and only if the map f : a#x — DY x(_1) - a # x(
from A#X to A#X is a coalgebra map. Also ia : A — A#X (a — aftzx) and
ix : X — A#X (z — 14#zx) are bialgebra injections. If A and X are Hopf algebras,
then A#X is also a Hopf algebra with the antipode s(a#tx) = > (1#s(x))(s(a)#1).

Proof. (1) For a,b,c € A, z,y,z € X,

((atx) (b#ty)) (c#2) = (Z a(zy) - b)#a O)y)(c#z)

= alwg) D)@y - OFE0Y0)?
b(y(-1) - )))#x(my(o)Z
(a#x)(z by #v0)%)
= (a#tz)((b#y)(c#2)),

so A# X is associative. Clearly 1#1 is the identity.
(2)

Il
S
—~
ﬁ
H

A((atta)(bity) = A(Zam_n b))
= (ar(w1) - b#0),y1) © > as(z(—1) - b)a#r(0), Y2,
Do) & (btty) = (Yt @ ag#xg) (Db @ bty
= (ar#a1) (hi#y1) © (az#tra) (bathyo)
=3 ar(1_,, - b)#T1 Y1 ® az(wa_,, - ba)Haa ) Y-
So A((atta)(b#y)) = Aladta) A (b#y) if and only if
D (@) bt @ (p—1) - ety = Y (w1, - b)#T1, @ (w2, - ba)#T2, -

Similarly e((a#z)(b#y)) = e(a#x)e(b#y) if and only if e(x)e(b) = e(x(—1) - b)e(z(o)). The
other statements can easily be got.

Remark 2.1. In [4] and [7], the concept of the generalized smash product has appeared.

For simplicity, we give the following definition.

Definition 2.1. Let H be a bialgebra. A#X 1is called the generalized smash product
associated to H if X is a left H comodule algebra and A is a left module algebra. In
addition, A#X is called the generalized smash product bialgebra associated to H if A#X is
a bialgebra with the comultiplication of tensor coproduct, i.e., (2) in Theorem 2.1 holds.

Proposition 2.1. Let A and H be bialgebras, T an invertible skew pairing of A ® H.
Let A, H be a doublecrossed product which is a bialgebra with tensor coproduct and the
product defined by (a > h)(b< g) = > 7(b1, h1)aby > hagr (b3, h3). If H is a Hopf algebra
with invertible antipode s, then A<, H is the generalized smash product.
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Proof. For any h,g € H and a € A, define
p(h) = (s (hs) ® h1) @ hy € (HP ® H) @ H,

(h®g) -a= Z 7(a1,9)as7(as, h).
One can directly verify that H is a left H°P ® H comodule algebra and A is a left H°P @ H
module algebra. So one can from the generalized smash product A# H according to Theorem
2.1. Furthermore,

(asth) (b#th) = Za(h_1 D)#h(o)g
= a((s7"(hs) ® hy) - b)#thag
= Zar by, h1)bat (b3, s~ (h3))#hag
= 7(b1, ha)abatthagr " (b3, ha).
= (axh)(bxg).
Therefore, A <. H is the same as A#H as bialgebras.
Proposition 2.2. Let H be a finite dimension Hopf algebra. Then the Drinfeld double

D(H) is the generalized smash product.
Proof. For any h,g,k € H and h* € H*, define

p(h) = Z(s_l(h3) & hl) ®hy € (HP® H) ® H,
(h®g)-h" k)= (h",hkg).
One can directly verify that H is a left H°P® H comodule algebra and (H*)P is a left HP®

H module algebra. So one can from the generalized smash product H*“°P#H according to
Theorem 2.1. Furthermore,

(" #h) (g"#g) = Y 1" ((s7" (hs) ® ha) - g*)#thag

= " h*(g", s (hs) ® h1)#hag
= (h"pah)(g" > g).
Hence D(H) is actually the generalized smash product.

Remark 2.2. Let A be a bialgebra and H a Hopf algebra. Let A be an H bimodule
algebra, i.e., A is an H bimodule, and A is a left H module algebra and a right H module
algebra. In [8], the authors constructed an algebra A+ H which is equal to A ® H as vector
space and which has the mutiplication

(@@h)(b®g) =Y a(hy = b« s(hs)) @ hal,
where a,b € A and h,g € H, s is the antipode of H. If one defines

p(h) = (s(hs) ® 1) @ hy € (H® @ H) @ H,

(h®g) ~a=g—a+h,
where a € A and h € H, then H is a left H°® ® H comodule algebra and A is a left HP @ H
module algebra. Clearly the generalized smash product A# H is the same as A x H.

Lemma 2.1. Let H be a Hopf algebra, A#X the generalized smash product bialgebra
associated to H. Let B be a bialgebra. If « : A—— B and 8 : X — B are bialgebra maps,
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then there exists a unique bialgebra map F : A#X —— B such that Figp = a and Fix =
if and only if 3 a(z (1) - a)B((0)) = B(x)v(a).

Proof. Define F: A#X — B by F(a#xz) = a(a)B(b), where a € A,z € X. It is very
easy to check that F' is a bialgebra map if and only if

> a(zyy - a)Ba) = Blz)ala).

Theorem 2.2. Let A#X be the generalized smash product bialgebra associated to H. If
(A#X,0) is a coquasitriangular bialgebra, then A and X are coquasitriangular bialgebras,
and there exists an invertible skew pairing T of (A, X) such that A#X is the same as A<, X
as bialgebras.

Proof. Since A and X are subbialgebras of A# X, A and X are coquasitriangular bial-
gebras. For a,b € A and x,y € X, by definition we have

> o(ar#tar, bighyr) (astes) (battya) = (bi#tyn) (ar#a)o(an#tna, battys).

Letting b =1 and = = 1, we have
> olar#1, 14y (as#ys) = (1) (a#1)o (as#1, 1#ys).
So
(1#y) (a#1) =Y o(ar#1, 1#y1) (astys) o (as#l, 1#ys).
Define 7(a,x) = o(a#1,1#x) for a € A and = € X. Clearly 7 is an invertible skew pairing
of (A, X) and
(atz) (b#ty) = Y 7(br, x1)abattawayr " (bs, x3).

Remark 2.3. In [3], the author has proved the following fact: If (4,¢) and (X,7)
are coquasitriangular bialgebras, then A 1, X is also a coquasitriangular bialgebra with
braiding

olaxiz,bxy) = Z 7(a1,y1)¢(az, b1)n(w1, y2)7 " (be, 22).
Also all braidings are given.

Now we turn to the discussion on the generalized smash coproduct. Let H be a bialgebra,
C a left H comodule coalgebra, X a left module coalgebra. If we set C o X = C ® X as
vector spaces and define

A(coz) = Z(Cl ooy 1) ® (e, ©12), e(cox)=e(c)e(),
where ¢ € C,x € X, then (C ¢ X, A, ¢) is a coalgebra. In fact,
1@ A)A(cor)=(10A)Y (c1ocy_, -11)® (cay ©T2)
= Z(Cl O €21y C3(_yy - 1) ® (Co) © C3_y, - T2) ® (3, © T3)

= Z(Cl CC2_yy (63(72) ’ xl)l ® (02(0) < (C3<72) : :171)2 ® (63(0) 0503)

= Z A(Cl 062(71) . Il) [029] (CQ(O) 0562)
=(A®1)A(cox).
Therefore (C o X, A, ¢) is a coalgebra. We call C ¢ X the generalized smash coproduct

associated to H. The following theorem gives necessary and sufficient conditions for C ¢ X
to be a bialgebra.
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Theorem 2.3. Let H be a bialgebra, C' o X the generalized smash coproduct associated
to H. Assume that both C and X are bialgebras. Then the following are equivalent:
(1) Co X is a bialgebra whose multiplication is tensor product.
(2) The following equalities hold:
(i) 2(ab) (1) - zy ® (ab) ) = >o(a—1) - 2)(b-1) - ¥) ® a()b(o)
(i) Y1y - Ix ® 1) = 1x ® ¢,
where p(1c) = > 1(—1) ® Ly, a,b € C, 2,y € X.
(3) The following equalities hold:
() X a1y -2y @ ag) = (a1 - 2)(L-1) - ¥) © a) (o),
(ii) >2(ab)(—1) - & ® (ab) ) = >o(a(-1) - 2)(b=1) - 1) ® a(0)b(o),
(111) 21 -1) " 1x ® 1(0) =1x ®1¢,
where p(1c) = > 1(—1) ®@ Ly, a,b € C, z,y € X.
(4) The following equalities hold:
(1) 2acn vy @ap) = (11 - z)(ac - y) @ Lo)yao),
(i) 22(ab)(—1) - = @ (ab) gy = 2o(a(-1) - 1)(b-1) - ) @ a0)b(o),
(i) Y211y 1x ® 1) = 1x @ 1c,
where p (1c) = > 1(—1) ® Loy, a,b € C, x,y € X.
Proof. (1) = (2) Since 1¢ ¢ 1x is the identity of C'¢ X,

A(lcolx)=(leolx)®(1colx) =Y (leoly 1x)® (1) olx).
Hence Z 1(_1) lx ® 1(0) = 1x ® 1¢, where p (10) = Z 1(_1) ® 1(0). Since
(o) (bity)) = A(abiay)
= Z(Chbl o (agb2)(—1) - z1y1) ® ((a2b2)(0) © 22y2)
= A(attz) A (b#y)
= Z(al < a2 _qy - xl) ® (a2(0) < xQ)(bl < b2(71) : yl) ® (b2(o) < y2)
= (arby o (az_,, - m1)(ba(—1) - 1) ® (a2, b2 © T2Y2),
we have
Z(albl o (az2b2)(~1) - 21y1) @ ((azb2)(0) © T2y2)
= Z(albl ¢ (az(,l) : »Tl)(bz(—n : yl) & ((GQ(O)bQ(O) <>a:2y2).
Applying e ® 1 ® 1 ® €, we have
Z(ab)(—l) -xy ® (ab) ) = Z(a(—l) ) (b(-1) - Y) ® a)b(o)-
So (2) holds.
(2) = (1) We can reverse the procedure above.
(2) = (3) Clearly.
(3)=(2)
Z(ab)(_l) * XY ® (ab)(o) = Z(a(_l) ch)(b(_l) . 1)() ® a(o)b(o)
(ac-1) - @) (L—1) - y)(b-1) - 1x) ® a)1(0)b(0)
(ac-1) - 2)(b-1) " ¥) ® a0)bo)
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(2) <= (4) Similarly.

We call C' ¢ X the generalized smash coproduct bialgebra if C' ¢ X is a bialgebra whose
multiplication is tensor product, i.e., one of the equivalent conditions holds. Let C'¢ X be
the generalized smash coproduct bialgebra. Define

g : CoX+— C by Ig(cox)=ce(x)
and
IIx :CoX+— X by Hg(cox)=c(c)x.

Clearly Il and ITx are bialgebra surjections.

Proposition 2.3. Let A and H be bialgebras, R = R ®R" a weak R-Matriz of (A, H).
Then doublecrossed coproduct A<® H is the generalized smash coproduct.

Proof. Define

p(a) — Z(R—l)// ® R// ® RIG(R_l)/,

where a € A, R is the weak R-matrix of (A4, H), and R™! is the inverse of R. We exclaim
that A is a left H°? ® H comodule coalgebra. For a € A,

Z a—1) ® Aay) = Z(Rfl)" ® R ® A(R'a(R™1)")

R™Y'@R"® AR A (a) A ((RTY)

r) (BT @ R @ (R @r')(a @ a)(RT) @ (1))
"(RTY' @ R'r" @ (R'ay(R™Y) @ r'as(r™1))

RY - (Y @R" @ (Ra (R @r'as(r™1))

- Zal(—l)@(—m ® 1) B A1)

where

R = ZR, QR"=r= Zr/ @r", rt= Z(r‘l), ® (rH".
By the definition of weak R-matrix, we have

Z a—1e(a)) = Z(R‘l)” @R'@e(Ra(R7Y)=¢a)l ®1.

So A is a left H°® ® H comodule coalgebra. For any h ® g € H°®? ® H, k € H, define the
action as follows

(h® g) -k = gkh.

Thus H is a left H°® ® H module coalgebra. Whence we can form the generalized smash
coproduct A ¢ H. Moreover

A((IO h) = Z(al Cag_yy - h1) ® (0,2(0) <o hg)
=Y (@ o (B ®R") - h1) ® (Rlaz(R™") o hy)

= Z(al o (R_l)//thN) X (R/GQ(R_l)/ <o hg)
= A(a<h).
Therefore, A H = Ao H as bialgebras.
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Let H be a bialgebra, C'¢ X a generalized smash coproduct bialgebra associated to H. If
C and X are Hopf algebras, then it is easy to check that C' ¢ X is also a Hopf algebra with
antipode

s(cox) = Z(l o 5(c—1) - x)(s(co)) © 1),
where ¢ € ¢C,z € X.

Theorem 2.4. Let H be a bialgebra, Co X a generalized smash coproduct bialgebra asso-
ciated to H. If (C o X, R) is a quasitriangular bialgebra, then C and X are quasitriangular
bialgebras, and there exists a weak R-matriz of (C, X) such that C o X = C = X.

Proof. Since [I¢ : Co X — C (Ilg(cox) = ce(x)) and lIx : Co X — X (Ilg(cox) =
g(c)x) are surjections, (C, (IIc®II¢)R) and (X, (IIx ®IIx)R) are quasitriangular bialgebras.
By the definition,

AP(cox)=RA (cox)R™,
this is
Z(CQ@) ox2) ®(c1oc - 11) = R(Z(Cl Oy 1 T1) ® (e <>552)>R71'

Let U= (1®e®e®1)R. Clearly U is a weak R-matrix of (C,X). Applying l®ec®e®1
on the two sides of the equality above, we have

ZC(O) ey z=Ulcez)U"

So Y ¢1y-a®co) = T(U)(x®@c)T(U™), where T is the usual twist map, i.e., T(c®z) = 2®c.
Thus

A(cox) = Z(Cl Oy, 1) ® (Capq, © T2)

= Z c1oT(U)(z1 @ co)T(U™) 0wy
= Aex ).

REFERENCES

[1] Radford, D. E., The structure of Hopf algebra with a projection [J], J. Alg., 92(1985), 322-347.

[2] Chen, H. X., Quasitriangular structures of doublecrossed coproducts [J], J. Algebra, 204(1998), 504—
531.

[3] Chen, H. X., Braiding structures of doublecrossed coproducts [J], Tsukuba J. Math., 22:3(1998), 589—
609.

[4] Chen, H. X., Cocycle deformations for double crossproducts [J], Chin. Ann. of Math., 20A:1(1999),
39-46(in Chinese).

[5] Takeuchi, M., Extoq(spR, u?)2 By (Ark) [J], J. Alg., 67(1980), 436-475.

[6] Doi, Y. & Takeuchi, M., Multiplication alteration by two-cocycles [J], Comm. Alg., 22:14(1994), 5715~
5732.

[7] Kassel, C., Quantum groups [M], Graduate Texts in Math., 155, Springer-Verlag, New YorK-Berlin,
1995.

[8] Caenepeel, S., Militaru, G. & Zhu, S., Doi-Hopf modules, Yetter-Drinfeld modules and Frobenius type
properties [J], Trans. Amer. Soc., 349(1997), 4311-4342.

[9] Caenepeel, S., Militaru, G. & Zhu, S., A Maschke type theorem for Doi-Hopf modules and applications
[7], J. Algebra, 187(1997), 388-412.

[10] Wang, S. H. & Li, J. Q., On the twisted smash products for bimodule algebras and the Drinfeld double
[J], Comm. Alg., 26:8(1998), 2435-2244.



