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Abstract

The author considers the life-span of classical solutions to Cauchy problem for general first
order quasilinear strictly hyperbolic systems in two independent variables with “slow” decay
initial data. By constructing an example, first it is illustrated that the classical solution to this
kind of Cauchy problem may blow up in a finite time, even if the system is weakly linearly
degenerate. Then some lower bounds of the life-span of classical solutions are given in the case
that the system is weakly linearly degenerate. These estimates imply that, when the system is
weakly linearly degenerate, the classical solution exists almost globally in time. Finally, it is
proved that Theorems 1.1-1.3 in [2] are still valid for this kind of initial data.
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¢1. Introduction

Consider the following quasilinear system

ou ou

o T A(u) 5 0, (1.1)
where u = (u1, -+ ,u,)T is the unknown vector function of (t,z) and A(u) = (a;;(u)) is an
n X n matrix with suitably smooth elements a;;(u) (4,5 =1,--- ,n).

Suppose that the system (1.1) is strictly hyperbolic in a neighbourhood of u = 0, namely,
for any given u in this domain, A(u) has n distinct real eigenvalues A\ (u), Aa(u), -+, Ap(u)
such that

/\1(u) < /\Q(U) <0< /\n(u) (12)

Fori=1,---,n,let l;(u) = (Liy(u), - ,lin(u)) (vesp. 7i(u) = (ri1(u), -, rin(uw))?) be a
left (resp. right) eigenvector corresponding to A;(u):

Li(w)A(uw) = Aij(w)li(u)  (resp. A(u)ri(u) = Ni(u)r;(u)). (1.3)
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We have
det |I;;(u)| #0 (resp. det|r;;(u)| # 0). (1.4)
All X;(u), 1;;(u) and ri;(w) (4,7 = 1,--- ,n) have the same regularity as a;;(u) (4,7 =
17 PRI 7”)'
Without loss of generality, we may suppose that

Zi (’LL) T (u) = (51‘3' (Z,j = 1,' . ,n), (15)
rf(wri(w)=1 (i=1,---,n), (1.6)

where §;; stands for the Kronecker’s symbol.
For the following initial data

t=0:u=p(x), (1.7)

where ¢(z) is a “small” C! vector function of z with certain decay properties as |z| — +o0,
we shall investigate the life-span and the breakdown of C'! solution to the Cauchy problem
(1.1) and (1.7).

In the case that there exists a constant p > 0 such that

02 sup {(1+ 1) (I () | + ¢/ (@) D } < oo, (18)
z€R

Li, Zhou and Kong presented a complete result in [1] for the global existence and the
blow-up phenomenon of C* solution u = u(t,z) to the Cauchy problem (1.1) and (1.7).
Recently, in [2] Li and Kong gave an asymptotic behaviour of the life-span of C! solution
as an improvement of Theorem 1.2 in [1] and proved that the singularity is produced by
the envelope of characteristics of the same family. The results given in [1,2] were obtained
under the assumption that g > 0. It is natural to propose the following question: what will
happen when p = 07 This paper is devoted to the study of this problem.

Precisely speaking, in this paper we consider the following initial data

t=0:u=c¢ey(x), (1.9)
where £ > 0 is a small parameter and 1 (x) is a C'! vector function satisfying
Slelg{(lJr z]) (1Y (2) [ + 4" () )} < oo (1.10)

By constructing an example, we first illustrate that the classical solution to the Cauchy
problem (1.1) and (1.9) may blow up in a finite time, even if the system (1.1) is weakly
linearly degenerate and € > 0 is small enough. That is to say, Theorem 1.1 in [1], the result
on the global existence of classical solutions, might be false in the present situation. This
shows that the condition 4 > 0 is essential and sharp for Theorem 1.1 in [1]. We further
give some lower bounds of the life-span of classical solutions in the case that the system is
weakly linearly degenerate. On the other hand, we will prove that Theorems 1.1-1.3 in [2],
the results on the breakdown of classical solutions, are still valid for this kind of initial data,
i.e., the initial data (1.9) with (1.10).

For the completeness of statement, we first recall the concepts of the weak linear degen-
eracy and the normalized coordinates (see [3]).

The i-th characteristic A; (u) is weakly linearly degenerate, if, along the i-th characteristic
trajectory u = u(?) (s) passing through u = 0, defined by

% — T (u) )
{gs—():U—O7 (1.11)
we have
Vi (w)r; (u) =0, V |u| small,
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namely,
A (u(i) (s)) =X (0), V |s| small (1.12)

If all characteristics are weakly linearly degenerate, then the system (1.1) is called to be
weakly linearly degenerate.

Suppose that A (u) € C*, where k is an integer > 1. By Lemma 2.5 in [3], there exists
an invertible C**1 transformation v = w (%) (u(0) = 0) such that in w-space, for each

i =1,---,n, the i-th characteristic trajectory passing through @ = 0 coincides with the
u;-axis at least for |u;| small, namely,
ﬁ(ﬂﬂil) = €4, v ‘ﬁz| small (Z: ]., ,TL), (113)
where
(#) T
ei=(0,---,0,1,0,---,0)7. (1.14)
Such a transformation is called the normalized transformation and the corresponding un-
known variables w = (41, - ,uy,) are called the normalized variables or normalized coor-
dinates.
As in [2], we can always find suitable normalized coordinates u such that
Ou
—=(0) = R(0), 1.15
o (0) = R(O) (1.15)
where R(u) is the matrix composed by the right eigenvectors r;(u) (i = 1,--- ,n). Hence,
noting (1.5) we have
ou
—(0) = L(0 1.16
2L (0) = L) (1.16)
where L(u) is the matrix composed by the left eigenvectors I;(u) (i = 1,--- ,n).

The main results in this paper are given in Theorems 1.1-1.5.

Theorem 1.1. Suppose that A(u) € C? and (1.2) holds in a neighbourhood of u = 0.
Suppose furthermore that 1 (x) is a C! vector function satisfying (1.10). Suppose finally that
the system (1.1) is weakly linearly degenerate. Then there exists g > 0 so small that for any
fized € € (0,e0], there exists a positive constant r independent of € such that the life-span

T(e) of the classical solution u = u(t,z) to the Cauchy problem (1.1) and (1.9) satisfies
T(e) > exp (ke ™). (1.17)
Definition 1.1. If there exists a positive constant k independent of € such that the life-
span T'(e) satisfies (1.17), then the classical solution u = u(t,x) is called an almost global
solution.
Theorem 1.2. Under the hypotheses of Theorem 1.1, suppose furthermore that ¢ (x)
satisfies that there exists a constant v > 1 such that

14+v /
2‘22{“ e | (@)1} < oo (1.18)

Then there exists g > 0 so small that for any fixed e € (0, ), there exists a positive constant

Kk independent of € such that the life-span T(&) of the classical solution w = u(t,x) to the
Cauchy problem (1.1) and (1.9) satisfies

T(e) > exp (Re™?). (1.19)

Remark 1.1. In Section 2 we will show that the estimate (1.19) is sharp (see Theorem
2.2). However, it is still open whether the estimate (1.17) is sharp or not.

When the system (1.1) is not weakly linearly degenerate, there exists a nonempty set
J C{1,2,--- ,n} such that \; (u) is not weakly linearly degenerate if and only if ¢ € J.
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Noting (1.12), we see that, for any fixed i € J, either there exists an integer «; > 0 such
that

d'Xi(u@(s)) d" Ni(u(s))
— 0 s:O_O (l_1,~~~ ,Oéi) but P o #0 (1-20)
or
Uy ()
dX@IE)) (1=1,2,---), (1.21)

ds! s=0
where u = u( (s) is defined by (1.11). In the case that (1.21) holds, we define a; = +oc.
Theorem 1.3. Suppose that (1.2) holds and A (u) is suitably smooth in a neighbourhood
of u = 0. Suppose furthermore that 1 (z) is a C' vector function satisfying (1.10). Suppose
finally that the system (1.1) is not weakly linearly degenerate and

a=min{o;| i€ J} < oo, (1.22)
where «; is defined by (1.20)—(1.21). Let
J={ilied a;=a}. (1.23)
If there exists ig € J1 such that
Lip (0) ¥ () # 0, (1.24)

where l;, (u) stands for the ig-th left eigenvector, then there exists g > 0 so small that for
any fived ¢ € (0,&0] the first order derivatives of the C solution u = u (t,r) to the Cauchy

problem (1.1) and (1.9) must blow up in a finite time and the life-span T (¢) satisfies
: a+1m _
;1_1% (E T(E)) = Mo, (1.25)
where
1 doTN; (ulD(s))
Mo = (maxsup{ — 5 ——ge
in which v = u'? (s) is defined by (1.11).
_ Theorem 1.4. Under the assumptions of Theorem 1.3, on the existence domain 0 <t <
T(e) of the Ct solution u = u(t,x) to the Cauchy problem (1.1) and (1.9), the solution itself
remains bounded, but the first order derivatives of u = u(t, x) tend to the infinity ast /T (e).
Moreover, the singularity occurs at the starting point of the envelope of characteristics of

the same family, i.e., the point with minimum t-value on the envelope.
Theorem 1.5. Under the assumptions of Theorem 1.4, for each i ¢ Jy, the family of

i-th characteristics never forms any envelope on the domain 0 < t < f(e) In particular,
each family of weakly linearly degenerate characteristics and then each family of linearly
degenerate characteristics never form any envelope on 0 <t < T'(e).

Remark 1.2. Theorems 1.3-1.5 generalize Theorems 1.1-1.3 in [2] respectively to the

_BOp@PLOY@}) . (1.26)

case p = 0.
Remark 1.3. Theorems 1.1-1.5 still hold if
p(z) = e(x) + 1 (w, €), (1.27)
in which
(91/)1 (1‘, E) o 2
¢1($,€), Oz —0(6 )

The arrangement of this paper is as follows: In Section 2 we will construct an example
to illustrate the necessity and sharpness of the condition g > 0 for Theorem 1.1 in [1].
Theorems 1.1 and 1.2 will be proved in Section 3 and Section 4 respectively; Theorem 1.3
will be shown in Section 5 and Theorems 1.4-1.5 in Section 6.
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§2. An Example
Consider the following Cauchy problem

re + (1 +rs)ry, =0,
{St o, (2.1)
t=0: r=ero(z), s=ceso(x), (2.2)

where ro(x) and so(r) are C! functions with bounded C*! norm, € > 0 is a small parameter.
Obviously, in a neighbourhood of (r, s) = (0,0), (2.1) is a strictly hyperbolic system with
two distinct real eigenvalues

A(r,s) 214rs> Ao(r, s) 20. (2.3)

On the other hand, it is easy to check that the system (2.1) is weakly linearly degenerate.
Therefore, by Theorem 1.1 in [1] we have

Theorem 2.1. Under the hypotheses mentioned above, if there exists a constant p > 0
such that

igg{(1+ﬂxD1+“(Vo@ﬂl+|&ﬂx)k+|nﬁ )| +[sp(@)])} < o0, (2.4)

then there exists g > 0 so small that for any given € € [0, 0], the Cauchy problem (2.1)—(2.2)
admits a unique global C* solution u = u(t,z) for all t € R.
Now we consider the following initial data

t=0: r=c¢erp(x) é€(1+1‘2)71, s = e5p(x), (2.5)

where 3y(z) is a C! function satisfying

(i)*( )>O Ve R,
(i) 5. () V>0
(iii) 55 a:)>0 YV <O0;
(iv) ||SO(I)||CI(R) < M (where M is a positive constant);

, as x>1,

(v) 5 () {Hz as x < —1.

By (2.4), we see that the initial data (2.5) corresponds to the case that g = 0 in (2.4).
However the conclusion of Theorem 2.1 is false because we have

Theorem 2.2. There exists g > 0 so small that for any given € € (0, 0], the first order
derivatives of the C1 solution to the Cauchy problem (2.1) and (2.5) must blow up in a finite
time and there exist two positive constants a and b independent of € such that the life-span

T(e) satisfies
exp (ae™?) < T(e) < exp (be™?). (2.6)
Remark 2.1. (2.6) shows that the estimate (1.19) is sharp.
Proof of Theorem 2.2. Noting the second equation system in (2.1), we have
s(t,r) = eso(x), V (t,v) € Rt x R. .
Substituting it into the first equation in (2.1), we observe that the Cauchy problem (2.1)
and (2.5) simply reduces to the following Cauchy problem for a scalar equation

re + (1 4+ e3o(x)r)r, =0, (2.8)

t=0: r=cro(x)=c(l+a2?)"", (2.9)
where 3 () satisfies the properties (i)-(v). Therefore, in what follows it suffices to consider
the Cauchy problem (2.8)—(2.9).
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On the existence domain of the C! solution to the Cauchy problem (2.8)—(2.9), let x =
z(t, B) be the characteristic passing through a point (0, 5) on the z-axis and set

At x) = 14 e5g(x)r(t, x). (2.10)
By the definition of characteristic curve, = x(t, 3) satisfies
dr — \(t,z)
di L)
{t:O: sl s (2.11)
on which
r=ero(B) =e(1+ )7L (2.12)
Hence, noting (2.10) and using (2.12), we may rewrite (2.11) as
% =1+¢e%S0(z)(1+6%)7"
di '
FrTa 219
It follows from (2.12) that along the characteristic x = z(¢, 5)
-2
ra(t,(t, B)) = =268 (14 8%) " /zs(t, B). (2.14)
On the other hand, we obtain from (2.13) that
za(t, B) = A(t, B) exp A(t, B), (2.15)
where
ez [t
A =—— [ 5 2.1
(18) = 1oz | Sola(r. B, (2.16)
A =1 ol [satetr M) esp (- 5. (. 9)a 217)
,B)=1-— T, xp (— A (7, T. .
1+622 ), ™ P
Now we estimate A(t, 8).
Let g¢ be so small that
e2M < % (2.18)

where M is given in the property (iv). Hence, noting (2.10), (2.12) and the property (i), on
the existence domain of the C'* solution to the Cauchy problem (2.8)—(2.9) we have

1< \t,z) < g (2.19)

Then noting (2.19) and the first equation in (2.13), we obtain from (2.16) that

62 t
At = / 5(@(7, B)) e A(r, 2(r, B))dr

1+p2 AT, z(7, B))
2 z(t,8) , 1
=y 5 . 2.2
fel, TR (220
Noting (2.19) again and using the properties (iv)—(v), we get
) o) ) 1 o) 1
—/ —/
awpl<e [ @l <{ [ @l [ g
9 1
<e {2M+§}, Vt>0, VAER. (2.21)

Thus we obtain
IA(t,B)] < Cie?, Vt>0, VBER, (2.22)
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where C is a positive constant independent of e.
Moreover, by (2.11) and (2.19) we have

B—Ftﬁx(t,ﬁ)éﬁ—l—%t, Vt>0, VBe€R. (2.23)

We next estimate A(t, ).
For any 8 € R, noting (2.22), the property (i), (2.19), the first equation in (2.13) and
(2.23), we obtain from (2.17) that

2¢2|8| 2 "
A, B8)>1— mexp (Cie )/0 So(z(r, B))dr
_ 2¢%|8] o [ M, 2(7,6)) ,
=1- mexp (C1e%) /0 So(x(T, B))W
B 252|5| z(t,8) 1
=1- 7(1 ) exp (Cls ) /ﬁ So(x )1—|—52$0(a:)(1 A cdx
2|B| [Bl+5t
>1- (FYRE exp (C1€?) /_1 So(z)dx. (2.24)
Case 1. 8]+ 3t < 1.
By the properties (iv)—(v), it follows from (2.24) that
2¢2|5] 2 L
A(t,B) =1 - 1+ 522 P (Cie )/_150(95)0593
> 1—4Me?exp (C1e?) > 1 — 4Med exp (Crej)
>% VteR", Vﬂe{BeR ﬁ|—|—§t§1}, (2.25)

provided that €9 > 0 is suitably small.
Case 2. 3] + %t > 1.
Noting the properties (iv)—(v), we obtain from (2.24) that

At,B) > 1 (1+|ﬁi exp (C ){/ da:+/|6+gt1ixdx}
ol o1 3) )
el a o 2)) oo
f%—c (11%2) € 1n<|6|+“;’t>
> % — CQlf,BQ In <|ﬁ| + §t> : (2.26)

provided that gy > 0 is suitably small; here and hereafter C; (j = 2,3, - ) stand for positive
constants independent of ¢, 8 and €. It is easy to see that when gy > 0 is suitably small, for
any fixed e € (0, 0] we have

370 (i) < 3o (o] 191}, vaer
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Choosing C5 to satisfy

exp (Cze™?) < 1eXp< ! )7

3 40262
we have
0252 3 1 _92
)< = ,
el (181+5t) < 7. Ve [0exp(Cos?)]
Then it follows from (2.26) that
1 3
At,B) 25, Vie[oexp(Coe?)], vae{BeR|(8l+5t>1}). (2.27)
Thus, combining (2.25) and (2.27) gives
1
A(t,B) > 3 Vite [0,exp(Cse™?)], VBER. (2.28)
Therefore, noting (2.15), (2.22) and (2.28), we obtain from (2.14) that
Ira(t,B)] < Cye, Vte[0,exp(Cse?)], VBER. (2.29)
(2.29) implies that
T(e) > exp (ac™?), (2.30)

where a = Cj3 is a positive constant independent of e.
Similarly, for any given 8 > 1 we have

2 t
A(tvﬁ) S 1—- (12_;_5\&62)2 exXp (_0152) /0 50(1‘(7’, 6))d7—
_ 2 w8 1

2
mexp (_015 )/B 1+x1+€2go($)(1—|—/82)_1dx

4 2 z(t,8) 1
<1 67526)@ (70152)/ dx
B

=301+ 8y 1+
4B exp (—C1€?) [In(1 + (¢, B)) —In(1+ B)], V¢ =>0.
3(1 + 52)2 ’ T @23

Particularly, in what follows we consider the case that g = 1.
Noting (2.23), from (2.31) we get

1
A(t, 1) <1— 552 exp (—C1?) In(2+¢) —In2], Vt>0. (2.32)
Then it follows from (2.32) that
where
3
to = 2exp {6—2 exp (C1€%) } -2 (2.34)

Noting (2.15), (2.22) and (2.33), from (2.14) we see that the C! solution to the Cauchy
problem (2.8)-(2.9) must blow up at to at the latest. This implies that

T(c) < to < exp (be™?), (2.35)

where b is a positive constant independent of .

The combination of (2.30) and (2.35) gives (2.6). The proof is completed.

Remark 2.2. Theorem 2.2 makes it clear that the condition that g > 0 is essential and
sharp for Theorem 1.1 in [1].
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¢3. Almost Global Existence of C*
Solution (I)—Proof of Theorem 1.1

Theorem 1.1 will be proved in a way similar to the proof of Theorem 1.1 in [1]. In what
follows we only point out the essentially different part in the proof and ¢y > 0 is always
supposed to be suitably small.

As in [1], we may suppose that

0<A1(0) <A (0) < - <A, (0). (3.1)
By the existence and uniqueness of local C'! solution to Cauchy problem for quasilinear
hyperbolic systems (see Chapter 1 in [4]), in order to prove Theorem 1.1 it suffices to establish
a uniform a priori estimate on the C° norm of the C* solution u = u(t, ) to the Cauchy
problem (1.1) and (1.9) on any fixed domain 0 < ¢ < T with
0<T <exp(ke ), (3.2)
where £ is a positive constant independent of € and will be determined later.
By (3.1), there exist positive constants § and dy so small that

Nert () = X (v) > 400, Yl Jo| €5 (=1, ,n—1), (3.3)

M) =A@ <DVl <5 (=1, ). (3.4)

For the time being it is supposed that on any given existence domain 0 < ¢t < T with

(3.2) of the C! solution u = u (¢, z) we have
|u(t,z) | <. (3.5)

At the end of the proof of Lemma 3.3, we shall explain that this hypothesis is reasonable.
Thus, in order to prove Theorem 1.1 we only need to establish a uniform a priori estimate
on the C” norm of v and w (see (2.3)—(2.4) in [1] for the definitions of v and w) on any given
existence domain 0 < ¢t < T of the C! solution u = u (¢, z), where T satisfies (3.2).

By (3.1) and (3.5), on the existence domain 0 < ¢t < T (where T satisfies (3.2)) of the C*
solution u = u (¢, ) we have

0< A1 (u) <Ag(u) <. <Ay (u), (3.6)

provided that J is suitably small.
For any fixed T' > 0, let

DT = {(t,x) |0 <t < T,z < —t}, (3.7)
D ={(t,x)|0<t<T, —t <z < (A (0)—d)t}, (3.8)
DT ={(t,z)|0 <t < T,z >\, (0) + ) t}, (3.9)
DT ={(t,z)|0 <t <T, (A (0) =)t <z < (N, (0)+ o)t} (3.10)
and fori=1,--- |n,
Df ={(t,z)|0<t<T,
—[60 + 7 (Ai (0) = AL (0))]t < 2 — A (0) T < [do + n (An (0) = Ai (0))] 2},
(3.11)
where 77 > 0 is suitably small.
Noting that n > 0 is small, we observe from (3.3) that
DI'nDI =0, Vi#j, (3.12)
bl cp”. (3.13)

i=1



422 CHIN. ANN. OF MATH. Vol.21 Ser.B

Let
V(DE) = max [1(1+[a])vi (6:2) || (b)) (3.14)
V(Dg) = max [[(1+8)v; (62) [l (pg) (3.15)
W(DE) = max [1(0+ el ws (2) | (o) (3.16)
W (D) = max [[(L+ 0w (t2) | gy (3.17)
WS (T) = max sup (I+ ]z — X (0)¢]) |w; (¢, 2) |, (3.18)
=L (4 2)yeDpT\DT
Wi (T) = max sup / |w; (¢, 2) |dx, (3.19)
1=1,---,n 0<t<T DT(t)
Voo (T) = max sup |v;(¢,2)], (3.20)
=1, Lo<i<r
z€R
where DT (t) (t > 0) denotes the t-section of DI
DI (t)={(r,2) |7 =t,(r,2) €D]}. (3.21)
Obviously, Vo (T') is equivalent to
U (T) = max sup |u; (¢, 2)] (3.22)
=10 Lo<i<T
z€R
It is easy to see that Lemma 3.1 in [1] is still valid, namely,
Lemma 3.1. For eachi=1,---,n, on the domain DT\DT we have
c <|zx—X(0)t|<Ct, cx<|z—X(0)tl <Cx, (3.23)

where ¢ and C are positive constants independent of (t,x) and T.
In the present situation, similarly to Lemma 3.2 in [1] and Appendix in [2], we have
Lemma 3.2. Suppose that (3.1) holds and A(u) € C? in a neighbourhood of u = 0.
Suppose furthermore that v (z) is a C vector function satisfying (1.10). Then there exists
g0 > 0 so small that for any fized € € (0, &), on any given existence domain 0 <t < T of the
C*! solution u = u (t,z) to the Cauchy problem (1.1) and (1.9), there exist positive constants
k1 and ko independent of € and T such that the following uniform a priori estimates hold:

V(DL), V(D) < kie, (3.24)

W (DL), W (D{) < kee. (3.25)

Remark 3.1. In Lemma 3.2 we neither require that system must be weakly linearly
degenerate nor demand that T satisfies (3.2).

Proof of Lemma 3.2. For the time being it is supposed that on any given existence
domain {0 <t < T}\DT of the C*! solution u = u(t,z) we have

lu(t, )| < 0. (3.26)
Completely repeating the proof of Lemma 3.2 in [1] and the discussion carried out in
Appendix in [2], we can easily prove that there exist two positive constants k1 and ko

independent of € and T such that (3.24) and (3.25) hold.
Finally, taking 9 > 0 suitably small, we obtain from (3.24) that

1
sup |u(t, z)| < Cokie < Cokrgo < =6, (3.27)
(t,x)e DTuDIuDT 2
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where Cj is a positive constant independent of € and T'. This implies the validity of the
hypothesis (3.26). The proof of Lemma 3.2 is finished.

Lemma 3.3. Suppose that (3.1) holds and, in a neighbourhood of u =0, A (u) € C? and
(1.5)—(1.6) hold. Suppose furthermore that v (z) is a C* vector function satisfying (1.10).
Then there exists £g > 0 so small that for any fized € € (0,e0], on any given existence
domain 0 < t < T of the C* solution u = u(t,z) to the Cauchy problem (1.1) and (1.9),
there exist positive constants k; (i = 3,4,5) independent of € and T such that the following
uniform a priori estimates hold:

WS (T) < kse, (3.28)
Wi (T) < kyh, (3.29)
Voo (T), Uso (T) < k5h, (3.30)
where h is a small positive constant independent of €, and T satisfies
T <exp (he™). (3.31)
Remark 3.2. In Lemma 3.3 we do not yet require that system must be weakly linearly

degenerate.

Proof of Lemma 3.3. This lemma will be proved in a way similar to the proof of
Lemma 3.3 in [1]. In what follows we only point out the essentially different part in the
proof and £y > 0 is always supposed to be suitably small.N

As in the proof of Lemma 3.3 in [1], we first estimate Wy (T') (see (3.47) in [1]).

In the present situation, instead of (3.54) in [1] we have

) )
v (An <0>+60’y>
t(y)

_ - _1 0% (s,
cofmn@r [ asaTasmea) Ei
Xn(0)T50

- ~ a%l (Say)
+ W ( / 1+8) *w s, %; (s, ——ds ¢,
Z etoayeny 179 0 (0.3 ) [ s

|gi (¢, i (6, 9)limi(y) <

(3.32)

henceforth C; ( =1,2,---) will denote positive constants independent of ¢ and T. Then,
similarly to ( 7)in [1 ] using (3.25) we obtain from (3.32) that

7 a5 ) e < C {Ractog(a + CoT) + (W) logl1 +7)
’ x log(1+ CsT) + W (T)W1(T)log(1+T)}.
Thus, similar to (3.58) in [1], we get
Wi(T) < Cy {kgslog(l FT) + (WE(T) log(1 + T))? + WE(T)W1(T) log(1 + T)} . (3.33)
On the other hand, similarly to (3.62) in [1], we have
Wy(T) < Cs {kzgslog(l £ T) + (WE(T) log(1 + T))* + WS (T)W(T) log(1 + T)} . (3.34)

We next estimate W< (T).
In the present situation, instead of (3.68) in [1] we have

lwi (to,y) | < kae (1+ 1) " < Cokae (1+1to) " < Crkoe (14+1)7, (3.35)

and then instead of (3.69) in [1] we have
W (T) < Cs {kg{:‘ + (WS (1)) log(1 + T) + WE, (T) W, (T)} : (3.36)
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If T satisfies (3.31) (in which & will be determined later), then it follows from (3.33)—(3.34)
and (3.36) that

W (T), Wi(T) < Co {th + (he W (1)) + h5‘1W§O(T)W1(T)} :

WE(T) < Cro {kae + he ™ (WE(T)) + WE(T)WA(T) }, (3.38)

provided that £y > 0 is suitably small.
Under the condition (3.31), we now use continuous induction to prove (3.28)—(3.29) and

Wi (T) < kyh. (3.39)
Noting (1.10), evidently we have
WE(0) < Cre, Wi(0) = W1(0) = 0. (3.40)

Hence, by continuity there exist positive constants ks, k4 and h independent of € such that
(3.28)—(3.29) and (3.39) hold at least for 0 < T < 7y, where 7 is a small positive number.
Thus, in order to prove (3.28)—(3.29) and (3.39) it suffices to show that we can choose ks,
k4 and h in such a way that for any fixed T (0 <Ty <T <exp (he_l)) such that

WOCO (To) < 2/€3€, (341)

Wi (Tp), Wi (To) < 2k4h, (3.42)
we have

WOCO (T()) S k‘gE, (343)

Wi (Ty), Wi (To) < kah. (3.44)

Substituting (3.41)-(3.42) into the right-hand sides of (3.37) and (3.38) (in which we take
T =Tp), we obtain

W, (Ty) < Choe {ko + 4k3h + 4kskah} (3.45)
Wi (To), Wi(Tp) < Coh {ko + 4k3h + dkzkah} . (3.46)

Hence, if
ks > 2C10ky, k4 > 2Coks and  4ks (ks + kg) b < ko, (3.47)

then we get (3.43)—(3.44) immediately. This proves (3.28)-(3.29) and (3.39).
We now prove (3.30).
Similarly to (3.82) in [1], we have
u(t, z)| < Crakie + Crs {WL(T') + W(T)}
§ Clgkli:' + Cl?, {kgE + k4h} S 014(1€1 + k3)€ + Clgk4h

< Cha(ky + ks)eo + Ciskah < 2C3k4h, (3.48)
where we have taken g so small that C14(k1 + k3)eo < Ci3ksh. Hence, if
]{15 > 2013k4, (349)

then we get (3.30) immediately.
Finally, if we take

h < min {(21@,)*1 8, ko (ks (ks + k4))*1} : (3.50)

then we have

—

lu(t, z)| < ksh < 5(5. (3.51)
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This implies the validity of hypothesis (3.5). The proof of Lemma 3.3 is finished.
Let

VS (T) = max sup (T+ ]z — X (0)¢]) |vi (¢, ) |, (3.52)
=1n (4 2)e DT\ DT

US (T) = max sup (T4 |z — X (0)t]) |u; (¢, 2) |, (3.53)
=L (1 )eDT\DT

Vi(T)= max sup / |v; (¢, z) |dex, (3.54)

i=1,m o<t<T DT (t)

W (T) = max  sup |w;(t,x)]. (3.55)
i=1,---,n aogtET

xre

We have the following lemma.

Lemma 3.4. Under the assumptions of Lemma 3.3, suppose furthermore that system
(1.1) is weakly linearly degenerate. In the normalized coordinates there exists g > 0 so
small that for any fived ¢ € (0,e0], on any given existence domain 0 < t < T of the C*
solution u = u (t,z) to the Cauchy problem (1.1) and (1.9), there exist positive constants k;
(i =6,7,8) independent of € and T such that the following uniform a priori estimates hold:

US (T), V(T) < kee, (3.56)
Vi (T) < krh, (3.57)
Weo (T) < kgh, (3.58)
where h is the suitably small positive constant given in Lemma 3.3, and T satisfies
T <exp (he™"). (3.59)

Proof. This lemma will be proved in a way similar to the proof of Lemma 3.4 in [1].
In what follows we only point out the essentially different part in the proof and gg > 0 is
always supposed to be suitably small.

Similarly to (3.92) in [1], noting that h > 0 is suitably small, we still have

US(T) < Cis VL (T). (3.60)

As in the proof of Lemma 3.4 in [1], we first estimate V;(T') (see (3.98) in [1]).
In the present situation, instead of (3.103 in [1]) we have

t(y) 7 (s,
+016{W§o (T) Ve (T) (T4s)" (1 + |7 (s,y) )" 38(yy)

Y
An (0)+3d0

pi (&, 23 (6, 9)|y—iy) <
ds

Z Li (87y)
> ( ) / (1 s) 1|U'(S,xi (s7y))|7ds
j=1 (S7~$i(s,y))€D; J 9y

n B B a~i 7
)y [ (145 e (5, (3.9)) g%} e
im1 Y (s:%i(s,y))eDY Y

Then, similarly to (3.104) in [1], using Lemmas 3.2 and 3.3 we obtain
TA(T) < Cur {kaelog(1 + T) + kseVi (T) (log(1 + T))°
+hseVi(T) log(1+T) + kshVE (T) log(1+ T)} . (3.62)
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On the other hand, similarly to (3.105)—(3.106) in [1], we have
VA(T) < Cus {kalog(1 + T) + ks=VE (T) (log(1 + 7))’
+kseVi(T)log(1+ T) + kahVZ (T)log(1+ 1)}, (3.63)
VE(T) < Cho {kys + k3eVE (T) log(1 + T) + kseVi (T) + k4hv;(T)} S,

Thus, in a manner similar to the proof of (3.28)—(3.29) and (3.39), we can easily prove
that there exist positive constants kg and k7 independent of € and T such that (3.56)—(3.57)
and

Vi(T) < krh (3.65)

hold, provided that h > 0 is suitably small and T satisfies (3.59).
We finally estimate Woo(T).
In the present situation, instead of (3.109) in [1] we have

[wi(t, @) < Cao {W (DT) + (WE,(T))” + WE,(T)Wao (T) log(1 + T)
U (T) (WE(T))? + VE(T) (Wao(T))* log(1 + T) }. (3.66)

Then, similarly to (3.110) in [1], using Lemmas 3.2-3.3 and (3.56), we obtain from (3.66)
that

Wao(T) < Cay {kza + kshWao (T) + koh (WOO(T))Q} : (3.67)
provided that €9 > 0 is suitably small.
By (3.32) in [1], there exists a positive constant kg independent of € such that
WOO(T()) S kgh, (368)

provided that €9 > 0 is suitably small, where 7y > 0 is a small positive number. Hence in
order to prove (3.58), it suffices to show that we can choose kg in such a way that for any
fixed 71 (0 < 71 < T < exp(he™!)) such that

Weo (1) < 2kgh, (3.69)
we have
W (1) < kgh. (3.70)
Substituting (3.69) into the right-hand side of (3.67) (in which we take T' = 11) gives
Weo (1) < Corh {1+ 2ksksh + 4kek3h®} (3.71)
where we have taken g so small that kogg < h. Taking i > 0 so small that
2kskgh <1 and 4kekZh? <1, (3.72)
we obtain from (3.71) that
Weo (1) < 3Ca1h. (3.73)

Hence, if kg > 3C41, then we get (3.70) immediately. Thus (3.58) is proved. This completes
the proof of Lemma 3.4.

Proof of Theorem 1.1. It suffices to prove Theorem 1.1 in the normalized coordinates.
Under the assumptions of Theorem 1.1, by Lemmas 3.3 and 3.4, we know that if ¢y > 0 is
suitably small, then for any fixed ¢ € (0, £¢], on any given existence domain 0 < ¢ < T of the
C! solution u = u(t,z) to the Cauchy problem (1.1) and (1.9), there exists a small positive
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constant h independent of ¢ such that the following uniform a priori estimate on the C*
norm of the solution

[l (£, ) o = [l (2, ) lleo + [l (£,7) [|oo < Kh (3.74)
holds, where K is a positive constant independent of € and T', and T satisfies
T < exp(he™). (3.75)
This implies that
T(c) > exp(he ™). (3.76)

Hence, taking x = h, we get (1.17) immediately. Thus the proof of Theorem 1.1 is
completed.

¢4. Almost Global Existence of C*
Solution (II) — Proof of Theorem 1.2

Theorem 1.2 will be proved in a manner similar to the proof of Theorem 1.1. In what
follows we only point out the essentially different part in the proof and ey > 0 is always
supposed to be suitably small.

As in Section 3, in order to prove Theorem 1.2 it suffices to establish a uniform a priori
estimate on the C° norm of the C! solution u = u(t,z) to the Cauchy problem (1.1) and
(1.9) on any fixed domain 0 < ¢t < T with

0<T <exp(ke?), (4.1)

where & is a positive constant independent of € and will be determined later.
For the time being it is supposed that on the existence domain of the C' solution u =
u (t, ) we have

|u(t, )] < 6. (4.2)

In Remark 4.3, we shall explain that this hypothesis is reasonable. Thus, in order to prove
Theorem 1.2 we only need to establish a uniform a priori estimate on the C° norm of v
and w (see (2.3)—(2.4) in [1] for the definitions of v and w) on any given existence domain
0 <t < T of the C! solution u = u (t,x), where T satisfies (4.1).

Instead of (3.16)—(3.18), we introduce

W (DE) = max 104" i (4.0) (o) (13)
W (D) = max [[(1+6)"" wi (t,2) | () (4.4)
W, (T)= max sup (14 |z — X (0) )" Jw; (¢, 2) | (4.5)

=1, ,n (t,z)eDT\DF

Similarly to Lemma 3.2 in [1] and Appendix in [2], we can easily prove the following
lemma.

Lemma 4.1. Suppose that (3.1) holds and A (u) € C? in a neighbourhood of u = 0.
Suppose furthermore that v (z) is a C! vector function satisfying (1.10) and (1.18). Then
there exists €9 > 0 so small that for any fized € € (0,&¢], on any given existence domain
0<t<T of the C' solution u = u(t,x) to the Cauchy problem (1.1) and (1.9), there exist
positive constants k1 and ko independent of € and T such that the following uniform a priori
estimates hold:

vV (DL), V(D§) < ke, (4.6)
W (D), W (D{) < kse.



428 CHIN. ANN. OF MATH. Vol.21 Ser.B

In the present situation, Lemma 3.3 in [1] is still valid and can be stated as the following

Lemma 4.2. Suppose that (3.1) holds and, in a neighbourhood of u =0, A (u) € C? and
(1.5)-(1.6) hold. Suppose furthermore that v (x) is a C* vector function satisfying (1.10)
and (1.18). Then there exists eg > 0 so small that for any fired ¢ € (0,e0], on any given
existence domain 0 < t < T of the C1 solution u = u (t,x) to the Cauchy problem (1.1)
and (1.9), there exist positive constants k; (i = 3,4,5) independent of € and T such that the
following uniform a priori estimates hold:

W (T) < ke, (4.8)
Wi (T), Wy (T) < kye, :
Voo (T), Uso (T)) < kse. (4.10)

Remark 4.1. In Lemmas 4.1 and 4.2 we neither require that system must be weakly
linearly degenerate nor demand that T satisfies (4.1).

Remark 4.2. It is easy to check that Lemmas 4.1 and 4.2 are still valid in the case that
v>0.

Remark 4.3. Lemma 4.2 implies the validity of the hypothesis (4.2). In fact, when
€0 > 0 is suitably small, we obtain from (4.10) that

1
Uoo (T) S k‘55 S ksEo S 56 (4.11)

(4.11) shows that the hypothesis (4.2) is reasonable.
For any fixed T7 and T satisfying

0<T <T, (4.12)
let
VE(TLT) = max s (oA Oy 6a)],  (413)
i=1,--,n A(t,m)gDTQ\D;Ib
Ty <t<T>
US (Th,Tz) = max sup (T4 |z — A (0)8]) |ug (8, 2) |, (4.14)
i=1m a(t,w)GDT2\D;1‘2
T1<t<T>
N T = max s [t (4.15)
i=Ln i <t<T, JDT (1)
Vi (Ty,Ty) = max max sup / |w; (t, x) |dt, (4.16)
i=1,-,n j#i 6]‘ éjﬁ{TlgtSTz}XR

where éj (j # i) stands for any given j-th characteristic in DT .

Obviously, for any fixed T" > 0 we have

VE(T) = Ve (0,T), (4.17)
Us (T) =US (0,T), (4.18)
Vi(T) = Vi(0,7), (4.19)
Vi (T) = V4 (0,T). (4.20)
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Moreover,
Ve (Tz) = max {V (0, T1), V (Th, T2)}, (4.21)
Us (T2) = max {US, (0,T1) , U5, (T, T»)}, (4.22)
Vi(Ts) = max (Vi (0.7) VA (T3, T} (4.23)
Vi(T2) < Vi (0,Th) + Vi (Th, T) (4.24)

where T and T5 satisfy (4.12).

Similarly to Lemma 3.4, we have

Lemma 4.3. Under the assumptions of Lemma 4.2, suppose furthermore that the system
(1.1) is weakly linearly degenerate. In the normalized coordinates there exists eg > 0 so small
that for any fived € € (0,&0], on any given existence domain 0 < t < T of the C* solution
u=u(t,x) to the Cauchy problem (1.1) and (1.9), there exist positive constants k¢ and kr
independent of € and T such that the following uniform a priori estimates hold:

US (0,T), V& (0,T) < kee, (4.25)
V1 (0,T), Vi (0,T) < kre|logel, (4.26)

where
Te® < 1. (4.27)

Proof. This lemma will be proved in a way similar to the proof of Lemma 3.4 in [1].
In what follows we only point out the essentially different part in the proof and g9 > 0 is
always supposed to be suitably small.

Similarly to (3.92) in [1], we still have

US(0,T) < CL VL (0,T), (4.28)
henceforth C; (j =1,2,---) will denote positive constants independent of € and T'.

As in the proof of Lemma 3.4 in [1], we first estimate V; (0, 7).
In the present situation, instead of (3.103) we have

e t(y) OT.
re{ W @ 0.1 (1497 (43 (5, ) 220

y
An (0)+d0

‘pi (ta T; (ta y))'t:t(y) <

ds

. n _ ~ 0T; (s,y)
+ W (T / 1+ 8) " |y (5,75 (s, 1)) | =22 g
DY [ e Oy e )

- — ~ 89@ S,
szeny [ (14 9)7 (5.7 5,9) 220 s .
—1 J(s,7i(s,9)eDT Y (4.29)

Then, similarly to (3.104) in [1], using Lemmas 4.1 and 4.2 we obtain
V1(0,T) < Cs {kaelog(1+T) + kseVE (0,T) log(1 + T
+k3eVi(0,T) + kaeVE(0,T) log(1 +T)} . (4.30)
On the other hand, similarly to (3.105)—(3.106) in [1], we have
Vi(T) < Cyu{kielog(1+T) + k3eVL(0,T)log(1 + 1)
+kseV1(0,T) + kseVE(0,T)log(1 + 1)}, (4.31)
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VE(0,T) < Cs {k15 F k3eVE (0, ) + kseVi (0, T) + kaeVE (0, T)} . (4.32)
If (4.27) holds, then it follows from (4.30)—(4.32) that
VA(0,T), Vi(0,T) < Cg {kre|loge| + (ks + ks) e|loge|VE (0, T) + kseVi(0,T)},

Ve (0,T) < Cs {kls + (ks + kq) eVE (0, T) + kse4 (0, T)} . (4.34)

Thus as before!, by the continuous induction we can easily prove that there exist positive
constants kg and k7 independent of € and T such that (4.25) and (4.26) hold, provided that
g0 > 0 is suitably small and T satisfies (4.27). The proof is finished.

Lemma 4.4. Under the assumptions of Lemma 4.3, in the normalized coordinates there
exists €9 > 0 so small that for any fived € € (0,20], on any given existence domain =3 < t
< T of the C* solution u = wu(t,z) to the Cauchy problem (1.1) and (1.9), there exist
positive constants kg and kg independent of € and T such that the following uniform a priori
estimates hold:

US (73,7, VS (672, T) < kse, (4.35)
Vi (e7%,T), Vi (e73,T) < koelog(1+T), (4.36)

where we assume that the classical solution exists on the strip: [0,5*3] x R, and where T
satisfies

e <T<exp(e?). (4.37)

Proof. This lemma will be proved in a manner similar to the proof of Lemma 4.3. In
what follows we only point out the essentially different part in the proof and g¢ > 0 is always
supposed to be suitably small.

Similarly to (4.28), we have
US, (e7%,T) <CsVE (e72.T) . (4.38)

As in the proof of Lemma 3.4 in [1], we first estimate V;(e73,T).
In the present situation, instead of (3.103) we have

pi (¢, 2 (6 9)) |14y

t(y) z; (s
+Cy {W; (T)Vs, (72.7) / (14 5) " 417 (5, )~ Z2)

d
-3 8y s

- — v ~ agz S5,
@y [ (14 8)" 0 o, (5,7, (s,)) | 225D g
j=1 (s,Z; (s, y))EDT 8y

+VE (e, Z/ 1+s)1wk(s’@(sjy))|a~”ﬂi58’y)d8}.
(o Zilow) el Y (4.39)

1See the proof of (3.28)—(3.29) and (3.39).



No.4  KONG, D. X. LIFE-SPAN OF CLASSICAL SOLUTIONS TO HYPERBOLIC SYSTEMS 431

Then, similarly to (4.31), using (4.6), (4.8)—(4.9) and (4.25)—(4.26) we obtain
Vi (e73,T) < Cio { max (V (DT, v (DL)) log(1+T) + Vi (0,67°)
+VE (0,e7) log (1 +e73) + We (T)VE (e73,T) log(1 + T)
HW(T)Va (672, T) + W(T)VE, (7%, T) log(1 + T) }
< Ci {(ky + ke + kr) elog(1 + 1) + kseVS (e72,T) log(1 + 1)
+kseVy (672, T) + kyeV5 (€72, T) log(1+T) } (4.40)

where we have made use of the fact that 7' > £73.
Similarly, we have

Vi (e7%,T) < Cra {(k1 + ke + kr) elog(1 + T) + kseVS, (e7°,T) log(1 + T)
+hseVi (67, T) + kaeVE (73, T) log(1+ T) } . (4.41)

On the other hand, similarly to (4.32), using (4.6), (4.25) and (4.8)—(4.9) and noting that
T > &2 and v > 1, we obtain

Ve (e73,T) < O3 {max (V(DT), V(DI)) + Ve (0,e73) + W (T)VE (72, 7)

oo

— U —

(1) L (0 T) + Ve 7))

< Oy {(/ﬁ + /4}6) €+ (k‘g + k‘4) EVOCO (673,T) + k‘3€4‘71 (673,T)} .
(4.42)

Thus, using the continuous induction again, when T' < exp (5_2), we can easily prove
that there exist positive constants kg and kg independent of € and T, such that (4.35) and
(4.36) hold. The proof is completed.

Lemma 4.5. Under the assumptions of Lemma 4.3, in the normalized coordinates there
exists 9 > 0 so small that for any fixed £ € (0,&¢], on any given existence domain 0 <t <T
of the C' solution u = u (t,z) to the Cauchy problem (1.1) and (1.9), there exist positive
constants kig and ki1 independent of € and T such that the following uniform a priori
estimates hold:

US, (T), V& (T) < ke, (1.43)
Woo (T') < ke, (4.44)

where T satisfies
0<T<exp <E5_2) , (4.45)

in which h > 0 is a small constant independent of €. B
Proof. Without loss of generality, we may suppose that 0 < h < 1.
Noting (4.21) and combining (4.25) and (4.35), we get (4.43) immediately.
We now estimate W (T).
In the present situation, instead of (3.66) we have

C

e, )] < Cus {7 (DF) ++ (W (1)) 4 W (D)D)

C

+Us(T) (WOO(T))2 + VE(T) (Wao(T))? log (1 + T)} . (446)
Then using (4.7), (4.8), (4.10) and (4.43), we obtain from (4.46) that
Wao(T) < Cus {(k2 F k) e+ kaeWoo (T) + k1oe (Woo (T))? log(1 + T)} : (4.47)
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provided that g9 > 0 is suitably small.

Hence as before, noting (4.47) and using the continuous induction again, we can find a
positive constant k17 and a small h > 0 independent of € and T such that (4.44) holds if T
satisfies (4.45). The proof is completed.

Proof of Theorem 1.2. Similarly to the proof of Theorem 1.1, noting Lemmas 4.2 and
4.5 and taking K = h, we get the conclusion of Theorem 1.2 immediately. We omit the
details.

§5. Asymptotic Behaviour of Life-Span
of C* Solution—Proof of Theorem 1.3

Theorem 1.3 will be proved in a way similar to the proof of Theorem 1.2 in [1]. To do so,
we need the following lemmas.

In the present situation, Lemma 3.2 is still valid. Moreover, similarly to Lemma 3.3, we
have

Lemma 5.1. Suppose that (3.1) holds and, in a neighbourhood of u =0, A (u) € C? and
(1.5)-(1.6) hold. Suppose furthermore that v (z) is a C* vector function satisfying (1.10).
Then there exists €9 > 0 so small that for any fivred € € (0,e0], on any given existence
domain 0 < t < T of the C' solution u = u (t,z) to the Cauchy problem (1.1) and (1.9),
there exist positive constants k; (i = 3,4,5) independent of € and T such that the following
uniform a priori estimates hold:

WS (T) < kse, (5.1)
WA(T), Wy (T) < kye|logel, (5.2)

Voo (T), U (T') < kse|loge],
where
Te* T < 1. (5.4)
Proof. This lemma will be proved in a way similar to the proof of Lemma 3.3. In what
follows we only point out the essentially different part in the proof and £y > 0 is always
supposed to be suitably small.

Under the assumptions of Lemma 5.1, (3.33), (3.34) and (3.36) are still valid, namely, we
have

Wi (T) < C; {kgslog(l +T) + (WE(T) log(1 + T))? + W, (T)W1 (T) log(1 + T)} ,

(5.5)
WA(T) < Cs {kaelog(1 + T) + (WE (T) log(1 + T))” + WE (T)Wi () log(1+ T) },
(5.6)
WE (1) < Oy {hoz + (WS (1) log(1 + ) + WS (T) Wy (7)) (57)
henceforth C; (j = 1,2,3,---) will denote positive constants independent of ¢ and 7.
If T satisfies (5.4), then we obtain from (5.5)—(5.7) that

WA(T), Wi(T) < Cy {kael logel + (W&, (T) log 2)* + W& (T)Wi(T) | loge] |,

(5.8)

WS (7) < O {hoe + (WS (1))? [loge| + WS, (T) T (1)} (5.9)

provided that £y > 0 is suitably small.
Thus, in a manner similar to the proof of (3.28)—(3.29) and (3.39), noting that ¢ > 0 is
small, under the condition (5.4) we can easily prove (5.1)—(5.2).
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On the other hand, completely repeating the procedure of proving (3.30), we get (5.3)
immediately. The proof of this lemma is finished.

Lemma 5.2. Under the assumptions of Theorem 1.3, in the normalized coordinates there
exists €9 > 0 so small that for any fized € € (0,0], on any given existence domain 0 <t <T
of the C solution u = u (t,x) to the Cauchy problem (1.1) and (1.9), there exist positive
constants k; (1 =6,---,9) independent of € and T such that the following uniform a priori
estimates hold:

U (T), Vo (T) < kee, (5.10)
VA(T), Vi (T) < kqe|loge| + ks (¢]loge| )T T, (5.11)

where
Te* T < 1. (5.12)

Moreover,

Weo (T) < kye, (5.13)

where
Teite <1 (5.14)

Proof. This lemma will be proved in a way similar to the proof of Lemma 4.3 in [1].
In what follows we only point out the essentially different part in the proof and gy > 0 is
always supposed to be suitably small.

In the present situation, instead of (4.17)—(4.19) in [1] we have

Vi(T) < Cs { max (V (DT), V (DI))log(1 + T) + W& (T)VE(T) (log(1 + T))?
+WS(T)VA(T)log(1 4+ T) + Wi (T)VL(T) log(1 + T)
+ (Voo (1)) (W, (T) log(1 + T) + Wi(T)) T}, (5.15)
Vi(T) < Cy { max (V (DT), V (DI))log(1 + T) + W& (T)VE(T) (log(1 + T))?
+WS(T)VA(T)log(1 4+ T) + Wi (T)VL(T) log(1 + T)

+ (Voo (1)) (WE,(T) log(1 + T) + WA (T)) T} (5.16)
VE(T) < Cs{ max (V (DY), V(D)) + WL (T)VE(T) log(1 +T)
YW (T)VL(T) + W, (T)VOCO(T)} . (5.17)

If T satisfies (5.12), then, using Lemmas 3.2 and 5.1 we obtain from (5.15)—(5.17) that
VA(T), Vi(T) < Cy {k1€| log e| + kse (loge)® VS (T) + kse|loge|V4 (T)
+hae (log )2 VE(T) + (ks + ka) ks (| log ) 2T T} , (5.18)

Vi(T) < Cho {k15 + kel log e[V (T) + kseVi(T) + kael log5|VOCO(T)} . 519
5.19

Thus, completely repeating the procedure of proving (4.8)—(4.9) in [1], we can easily show
that there exist positive constants kg, k7 and kg independent of e and T such that (5.10)
and (5.11) hold if T satisfies (5.12).

We now prove (5.13).
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In the present situation, instead of (4.32) in [1] we have
fwi(t, 2)| < Cuy {W (DT) + (W, (T)? + WE (1) Weo (1) log(1 + T)
+Uso(T) (W& (T))* + Vi (T) (Wee (7)) log(1 + T)
+ (VaolT))* (Wee(T))* T} (5.20)
Then, similarly to (4.33) in [1], using Lemmas 3.2, 5.1 and (5.10) we get
WeelT) < Crz {e (1 + |log el Wee (T) + |og | (W (T))?)

+(€|log5|)aT(Woo(T))2}, (5.21)

where T < g2+,
Furthermore, we restrict T to satisfies (5.14). Then we obtain from (5.21) that

WeelT) < Crz {e (1 + |1og el Wee (T) + |1og | (Weo (T))?)
+ (e|loge|)* e~ (i+e) (WOO(T))Q} . (5.22)

Thus as in [1], using the continuous induction again, we can easily prove (5.13). This
completes the proof of Lemma 5.2.

Remark 5.1. By Lemmas 5.1 and 5.2, when g9 > 0 is suitably small, the Cauchy problem
(1.1) and (1.9) admits a unique C* solution u = u (t,z) on 0 < t < e~ (3+®)_ Hence, we get
the following lower bound on the life-span T'(¢) of C'* solution

T(e) > e (ite), (5.23)

Remark 5.2. Similarly to the proof of (5.13) with (5.14), we can prove easily that for

any fixed it € (0,1), there exists g9 (1) > 0 so small that the Cauchy problem (1.1)and (1.9)
admits a unique C' solution u = u (t,z) on 0 <t < g~ (Ata) Hence, we have
T (e) > e~ (Fte), (5.24)
Using Lemmas 3.2, 5.1 and 5.2 and Remark 5.1, almost completely repeating the proof
of Theorem 1.1 in [2], we can show Theorem 1.3 easily. In what follows we only point out
the essentially different part in the proof.

Proof of Theorem 1.3. As in [2], it suffices to prove Lemma 3.1 in [2], i.e., in the
normalized coordinates @ satisfying (1.16) to prove

T 14« -~ <

glg%) {E T(E)} < My, (1.25a)
lim {gH“T(E)} > My, (1.25b)
e—0

where My > 0 is defined by (3.5) in [2]. Moreover, as in [2], we still denote @ by w.

In what follows we will directly use the notations presented in [2] and two lemmas on
ordinary differential equations of Riccati’s type given in [5] (also see [2]).

(1) Proof of (1.25a)

By Remark 5.1, there exists g > 0 so small that for any fixed ¢ € (0,¢¢], the Cauchy
problem (1.1) and (1.9) admits a unique C* solution u = u(t,x) on the domain 0 < ¢ < T7,
where
T 2 e (i+e) <T(e)—1

As in [2], we may suppose that

1>

T. (5.25)

T(e)e?t < 1. (5.26)
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Thus, in what follows we only discuss the problem in the domain 0 < ¢t < ¢~ 2+,

Noting (1.10), we observe that there exist ig € J; and xz¢ € R such that (3.19) in [2] is
still valid.
When eg > 0 is suitably small, by (5.25) we get

T >e @ é To > to (527)

(see [2] for the definition of ty).
Noting (4.62) in [1] and (5.3), instead of (3.25) in [2] we have

|’LU1 (t,l‘l (t,Io)) — W1 (O,Io) | < 01362‘ 10g€|a, Vite [O,T()], (528)
and then, instead of (3.26) in [2] we have
wy (T, 21(Ty, 20)) = ely (0)Y' (z0) + O (°|loge|®) . (5.29)

Noting (5.3) again, by (3.27) in [2] we get
Y (urer) = a (eli(0)(20))™ 4 al(ur (t, =1 (t,20)))" — & (11(0)3(20)) ] +
+ O (e"[logel"T), (5.30)

where a is defined by (3.20) in [2].
Moreover, similarly to (3.25) in [2], using (5.10) we obtain

Iy () — yi11 (urer) | < Cra(L+¢)7'VE (T) < Crse(1+¢) !
S 0166 (1 + E_a)_l S 01681+a, Vte [To,T]

(5.31)
On the other hand, in the present situation, instead of (4.47) in [1] we have
u(t,z), v(t,x) = O (e|logel); (5.32)
moreover, similarly to (4.55) in [1], using (5.32) we get
lug (£, 21 (t, 20)) — el1(0)ep(x0)| < Cire? |logel?. (5.33)

Hence, noting (5.33), instead of (3.29) in [2] we obtain from (5.30)—(5.31) that

ao(t) = v (ult, 21(t,20))) = a (el (0)h(w0))* + O (1 loge**) , vt € [Ty, T,
(5.34)
where ag(t) is defined by the first equality of (3.23) in [2]. Therefore, for £ > 0 suitably
small, noting (3.21) in [2] we get

1 _
ao(t) > §b€a > O, Vite [To,T], (535)

where b is defined by (3.21) in [2].
Similarly to (3.31)—(3.34) in [2], we have

T T

lar (8)]dt < clgwgo(T)/ (1+1)~1dt < Croc [loge], (5.36)
To To
T 9 T
las(0)]dt < Cao (WE (T)) / (1+1)2dt < Cone?, (5.37)
To To
T T
K S / ‘ag(t”dt + exp </ |a1(t)|dt> S 02262, (538)
To To

’U)l(To, l‘l(To,CL‘())) > 02282 > K, (539)
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provided that €y > 0 is suitably small, where a;(t), a2(t) and K are defined by (3.23) and
(3.33) in [2] respectively. To get (5.39), we have made use of the assumption (3.21) in [2].

Applying Lemma 2.1 in [2] and completely repeating the rest of the proof of (3.16a) in
[2], we get (1.25a) immediately.

(2) Proof of (1.25Db)

Similarly to (3.41) in [2], noting (5.3) we have

[[u(t, 2)|lcop,r1xr < Case [logel, (5.40)
where T satisfies
0<T < Me 1+, (5.41)

in which M stands for any given positive constant with M < M. B
As in [2], we now estimate Uy (T') (see (3.46) in [2] for the definition of U (T)).
Similarly to (3.52) in [2], we have

/év\ui(t,xﬂdt < Cat (TA(T) + VE(T) log(1 + 7))
J
+ Cos ((71 (T) + V< (T) log(1 + T)) Voo (T). (5.42)
Noting (5.41) and using (5.3) and (5.10)-(5.11), we obtain from (5.42) that
Uy (T) < Cag {k7€ lloge| + ks (¢ [loge|)* ™ e~ (4% 1 kge log ]
+kse [loge] (51 (T) + kee |logs|> }
< Cor {c[logel*** + 2 [loge| Uy (T) }, (5.43)

provided that g9 > 0 is suitably small. Therefore, when €¢ > 0 is suitably small, from (5.43)
we get

Up(T) < Case [loge|* ™. (5.44)
Noting (5.34), corresponding to (3.43) in [2] we have
ao(t) = a(el1(0)¥(y))” + (M11(u) — 111 (urer)) + O ((6 |10g5|)1+a> ; (5.45)

and then similarly to (3.44) in [2], we have

T T
wn0.9) [ af 0t < [0 @) e+ o] [ (@t Ov))" e

0
() = i (wnen)| + Cao (= log )+, (5.46)

where f* = max(f,0), and henceforth C; (j = 29,30, --) will denote positive constant
independent of £,7 and y.
Similarly to (3.48) in [2], we have

T
wi0.9) [ o (@0t < (@O LOV ) M+ Care logel
+ Cae { (V(DT) + V(D) + V(DT)) log(1 + T)
UL (T) + VS, (T) log(1 + T)} . (5.47)

Noting (5.41) and using Lemma 3.2, (5.10) and (5.44), we obtain from (5.47) that

T
wl(O,y)/O ag (£) < (a (L (0)$(y)* 1(0)¢ (y)) " M + Caze [loge|' ™, (5.48)
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provided that g9 > 0 is suitably small.
Moreover, similarly to (3.57)—(3.60) in [2], we have

/0 a1 (t)]|dt < Cy {(W(DI) +W(DJ) + W(DL) + W& (T)) log(1+T) + Wl(T)}
< Cssellogel, (5.49)

T
/0 las(O]dt < Cao { (W(DT) + W(DF) + W(DT))* + WE ()W (1) + (WS (7))*}

< C376% [loge], (5.50)
T T
K< / las(t)|dt - exp (/ |a1(t)|dt> < C3ge? [logel, (5.51)
0 0
T
/ lao(#)]dt < Cge?, (5.52)
0

provided that g9 > 0 is suitably small.
Thus, noting (5.48), instead of (3.61) in

2] we have

T T
M a
(wr (0, ) +K)/O a ()t < 3=+ Cane loge[ 7 + K/o Jao (1)t
M
< — 4+ Cyoe|loge]"™™ < 1, (5.53)
Mo

provided that g9 > 0 is suitably small.
Therefore using (5.49)—(5.52), completely repeating the rest of the proof of (3.16b) in [2],
we obtain (1.25b) immediately. This completes the proof of Theorem 1.3.

66. Breakdown of C! Solution—Proof
of Theorem 1.4 and Theorem 1.5

Theorem 1.4 and Theorem 1.5 will be proved in a way similar to the proof of Theorem
1.2 and Theorem 1.3 in [2]. As before, here we only point out the essentially different part
in the proof.

We still use the normalized coordinates u as in Section 5. Let (t*,2*) be the starting
point of the singularity of the C! solution u = u(t, z) to the Cauchy problem (1.1) and (1.9).
By Theorem 1.3 we have

1

2
where My is given by (3.5) in [2]. On the domain [0,t*) x R the Cauchy problem (1.1) and
(1.9) admits a unique C* solution u = u(t,z), and by Lemma 5.1 we have

Mo+ < ¢ < 2 e+, (6.1)

lu(t, z)l|cogo,+)xr)y < Kigllogel, (6.2)
where K is a positive constant independent of ¢.

As in [2], let £ = x;(s,y;) be the i-th characteristc passing through any given point
(t,x) on the domain [0,¢*) x R, where (s, &) denote the coordinates of variable point of this
characteristic and y; stands for the z-coordinate of the intersection point of this characterisitc
with the z-axis.

Similarly to Lemma 4.1 in [2], we have

Lemma 6.1. Fori=1,---,n and for any given point (t,x) on the domain [0,t*) x R
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we have

yi
provided that € > 0 is suitably small, where K5 is a positive constant independent of 1, t,
yi(or x) and e.

Proof. As in the proof of Lemma 4.1 in [2], we consider the following two (only two)
possibilities: Case 1

w;(t, ) < Kaeexp (|loge|”), (6.3)

e Qg 1
ai(vi(yi)“¥i(y:) < i, (6.4)
and Case 2
N () e | L
G T € | a5 | (65
where
1 ot

and v;(z) is defined by (4.7) in [2].
Case 1. In the present situation, Remark 3.1 in [2] is still valid. Hence, similarly to
(4.14) in [2], we have

|w2(t,x2(t7y1))| S 015, VvVt € [07t*), (67)

where y; belongs to Case 1; here and hereafter C; (j = 1,2,---) denote positive constants
independent of i, ¢, y; and €.
Noting (6.2) and (6.7), instead of (4.29) in [2] we have

|P3(7)] < Calui|*w;| < C3e' T [loge|™, V7 €[0,t), (6.8)
and then, instead of (4.30) in [2] we obtain

/OS \Py(r)|dr < 2CsMo|logel®, V7€ [0,1%). (6.9)
On the other hand, similarly to (4.31) and (4.34) in [2], we have
/S \Py(7)|dr < C {Wl(s) L (W (s) + W (DL) + W (D3)) /8(1 + T)—ldT}
0 0
< Cs {Wi(s) + (We(s) + W (DL) + W (Dj)) log(1 + ") },
Ve 0, (6.10)
/S |Py(7)|dT < Cee {(71(5) + (VE(s) +V (DL) + V (Dg)) /5(1 + T)ldT}
0 0
< Cre {Ti(s) + (Via(s) + V (DL) + V (D§)) log(1 + ) }

V7 el0,t), (6.11)

and then, noting (6.1) and using Lemma 3.2, (5.1)—(5.2), (5.10) and (5.44), we obtain from
(6.10)~(6.11) that

/ |Py(7)|dT < Cgellogel, Vs e€0,t%), (6.12)
0

/ Py(r)|dr < Coc2|log 2T, Vs € [0, 7). (6.13)
0
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Similarly to (4.38) in [2], combining (6.9) and (6.12)—(6.13), we obtain that for any fixed
y; belonging to Case 1, there exists a positive constant K3 independent of 4, ¢, y; and e such
that
81:1- (t, yz)
y;
provided that € > 0 is suitably small.
Noting (6.7) and (6.14), we get (6.3) immediately in Case 1.
Case 2. As in [2], we assume that

0< < Ksexp (|loge|®), Vtel0,t), (6.14)

Pi(y) >0 and  a;(Pi(y:))® > 0. (6.15)
By Lemma 5.2 and Remark 5.1 we have
\wj(t,a:)| < Chos, V(t,x) S [O,Tl] X R, ijl,”' , N, (616)

where T3 is defined by (5.25).
Moreover, similarly to (4.62) in [1], noting (5.25) and using (5.1), (5.3), (5.10) and (6.16)
we have

Jw; (£, 2: (£, 95)) — eli(0)P;(y:)| < Cua {€® + Woo (£) WE, (1) log(1 +1)
+ (Woe (1)) VE (1) og(1+ ) + (Vao (£))° (Wos (£))t}
< Cip {e% +&%|loge| + e*M*|loge|“t} < Ci {62 +&|loge| + € log5|°‘}}
< Cuet, Vte[o,T], (6.17)
provided that € > 0 is suitably small. Then we have
wilt,zilt,y)) > Sediu) > 0, Vi [0,T3] (6.18)
On the other hand, as in [1], w;(¢, (¢, y;)) is a strictly increasing function of ¢ for ¢ > Ti;
then
wilt,wi(t,90) > 5e0iu) >0, Vi€ [T,10), (6.19)
Furthermore, for any j # i, using Lemma 5.1, for £ > 0 suitably small we have
w; (t, 2 (£,5:)) | < Chs (L+ 1) WE (1) < Cig (14 Ty) He < Crret, Vit € [Ty, ). (6.20)

Since the C' norm of 1 (z) is bounded, using the first inequality in (6.15) and noting (6.5),
for any j # i we obtain that for e > 0 suitably small,

|wj(t,xi(t,yi))| < wi(t,xi(t,yi)), Vite [Tl,t*). (6.21)
Noting (6.16), completely repeating the proof of Case 1, we can prove easily
0x;(t, yi
0< ”““;yy) < Kyexp (|logel®), Vtel[0,Ti, (6.22)
where K is a positive constant independent of 4, ¢, y; and €. Moreover,
0< —25, Vie[o,t). 6.23
R Weelr) (6.23)
Similarly to (4.50) in [2], we have
t
Qi(t) < Qi(Ty) + CisWS, (t)/ A4+ 7)7'Qi(r)dr, Yte[T,t), (6.24)
T

and then, noting (6.1) and using Lemma 5.1, for € > 0 suitably small we get
Qi(t) < CrQi(Th), Vte[Ih,t), (6.25)
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where
O0x;(t,y;
Qi(0) = 111, ) 220, (6.26)
Thus, noting (6.16) and (6.22), we obtain
Qi(t) < Cyeexp (|loge|®), Vitel0,t"), (6.27)
ie.,
ilt, Vi *
|wi(t,xi(t’%))|ma(y,y) < Coeexp (|logel®), Vit [0,¢). (6.28)

This proves (6.3) in Case 2. The proof of Lemma 6.1 is finished.
Using Lemma 6.1, completely repeating the proof of Theorem 1.2 and Theorem 1.3 in [2],
we get the conclusion of Theorem 1.4 and Theorem 1.5 immediately.
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