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Abstract

The Yang-Mills-Higgs field generalizes the Yang-Mills field. The authors establish the local
existence and uniqueness of the weak solution to the heat flow for the Yang-Mills-Higgs field
in a vector bundle over a compact Riemannian 4-manifold, and show that the weak solution is
gauge-equivalent to a smooth solution and there are at most finite singularities at the maximum
existing time.
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§1. Introduction

Let (M, g) be a four dimensional Riemannian manifold and let P be a principal bundle
with compact Lie structure group G over M. The Yang-Mills functional is defined by

YM(D) = / |F|?dM,
M

where F' denotes the curvature of a connection D and dM is the volume form induced by
the metric g on M. All integrals on M in this paper will be with the volume form dM, so
we will not write it explicitly.

Donaldson!®! and K. Uhlenbeck!"®'9 obtained many important results about Yang-Mills
equations (see also [5] and [7]). In physics, Yang-Mills fields represent forces. If they interact
with a second type of field — the field of a particle, one can view the Yang-Mills functional
as a special case of a more general Yang-Mills-Higgs functional.

Let V' be a finite dimensional vector space and G C GL(V). The Yang-Mills-Higgs
functional is defined through a section u of a vector bundle n = P x¢ V in the following:

1 A
YMEH(u, D) = | /M P24 Duf? + 5 (1 Juf?)?, (1.1)
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where D is a connection or covariant directive on I'(n) compatible with the structure group
G, F is the curvature of D, Du is the covariant derivative of u, and XA > 0 is a constant(®l.
A pair v € T'(n) and D is a solution to the Yang-Mills-Higgs equations if and only if

D*F=—J, D*Du= %u(l — Jul?), (1.2)
where if G = SO(r) or SU(r), then Lemma 2.1 shows
1
J=J(u,D)= 3 (Du®u* —u®(Du)*) € Q*(Adn).

Let G be the group of gauge transformations of I'(n). Then S € G acts on a connection

D and section u as follows

D=S8*D:=S5"'oDoS, a:=5"tu. (1.3)
The system (1.2) is not elliptic since it is invariant under the above gauge transformation
(1.3). There exist many related results about Yang-Mills-Higgs equations in four dimension
(e.g., see [1] and [12]).

On the other hand, the heat flow for Yang-Mills equation in four dimension has played
an important role for Yang-Mills theory. Atiyah and Bott suggested the heat flow for Yang-
Mills. The first contribution was made by Donaldson!¥ in the case of a holomorphic vector
bundle. Generally, Yang-Mills flow in a G-bundle over a 4-manifold may blow up in a
finite time. Struwel'®l and Schlatter!!3] established global existence and uniqueness of weak
solutions to the Yang-Mills flow in a principal G bundle over a compact 4-manifold with
G C SO(r). For Yang-Mills flows in higher dimensions, see [2].

In this paper, we consider a heat flow for the Yang-Mills-Higgs field. A pair (u(t), D(t))
is said to be a solution to the Yang-Mills-Higgs flow if it satisfies

D u A
aa—t =—-D*F — J, % =—-D*Du+ §u(1 — |ul?) (1.4)

with initial conditions
D(O) = D07 ’LL(O) = Uo, (15)
where Dy and ug are given.

Fix a connection Dyef : T'(n) — Q(n) := I'(n®@A'(M)); then any connection D can be
expressed as D = Dyt + A with A € Q'(Adn), a one form on M with values in the Lie
algebra g of G (see Section 2 for the definitions and notations). Hence if we fix D, we can
think D = D, + A as a one form A.

Definition 1.1. A family of (u(t), A(t)) is a weak solution to (1.4) on [0,T) if

)
AeL?([0,T);L* (2" (Adn))), weL*([0,T);H"*(Q%n))),
F e L™ ([0,T);L* (2*(Adn))), due L*([0,T),L* (2°(n))),
such that for all a € C* ([ , );Ql(Adn)) vanishing near t = 0 and t = T, and ¢ €
> ([0,7):9°(n))

/OT{<A %) —(F,Da)f(J,a)}dt:O, (1.6)
[ {(Ge0) + 0uDo) - (it ~ . 6) Jar =0 (17)

We say that a connection D is irreducible if for all s € H*? (Q°(Adn)) there is a constant
C = C(D), such that

8]l z71.2 < C | Dsl| 2 - (1.8)
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The main result of this paper is
Theorem A. (i) For any H'? connection Dy and H'? section u € T'(n), there isaT > 0
and a weak solution (D,u) = (Dyer + A, u) to (1.4) and (1.5) for 0 <t < T such that

AeC’([0,T);L? (Q'(Adn))) n H" ([0,T); L* (' (Adn))),
ue C([0,T); HY* (2°(n))) N H* ([0,T); L* (2°(n))) ,
F e C®([0,T); L? (*(Adn))) .
Moreover, D and u are gauge-equivqlent to a smooth solution to (1.4) in the following sense:
There are solutions D = Dyer + A and @ to (1.4) with

AeC((0,T); L% (2 (Adn)), e ([0,T); HY (2°n))),

and they are smooth for 0 < t < T. Furthermore, there is a sequence of smooth gauge
transformations Sk and a sequence ty, N 0 such that Si — Sy in H2, Sz(ﬁ)(tk) — Dg in
HY2, S a(ty) — uo in HY2, and D = S§(D), u = Sy . Finally, D and u are smooth if
Dq and ug are smooth.

(i) If D(t) is irreducible in the sense of (1.8) for all t, then D is unique.

(iii) The mazimal existence time T, if it is finite, is characterised by

T:sup{f> 0;3IR>0:  sup (/ \F(t)|2+|Du(t)|2> <eo},
xo€EM,0<t<t Br(zo)

where €g = 60(17) > 0. Att, = T, energy concentrates in at most finite many points 5:{,

j=1,--- 11, in the sense that

VR >0 limsup/ (FO)]? + |Dul?) > .
tt1 JBr(zo)
We will present the long time behavior and the blow up phenomenon in [6], the part II
of this article.

§2. Preliminaries

Let (M,g) be a 4-dimensional compact Riemannian manifold and let (P, M,w) be a
principal G bundle with a compact Lie group G. Let V be an r dimensional (complex or
real) vector space and G has a representation p: G - GL(V). Thenrm:n:=P x,V - M
is a rank r vector bundle (real or complex) associated with P. Our main interset is in the
cases that the structure group G is either SO(r) or SU(r), then V =R" or C" and 7 has a
Riemannian or Hermitian structure, denoted by (-, -), which is invariant under G.

Let T*M be the cotangent bundle of M and AP(M) the p-form bundles on M such that
T*M = A'(M). We have the associated bundle n®@AP(M). Let QP(n) = ['(n®AP(M)),
in particular I'(n) = Q°(n). Let g be the Lie algebra of G and Ad : G — GL(g) be
the adjoint representation and adn := P X 49 ¢ — M the associated vector bundle. Let
OP(Adn) = I'(Adn®AP(M)). All connections here are considered compatible with the
structure group G. For any # € M, n~!(z) C n is the fibre on z. The gauge group G
of 1 consists of maps S : n — 71 keeping fibres and satisfying, for any two u, v € Q°(n),
(Su, Sv) = (u,v). Thus G is the set of sections of the bundle Aut(n). Each fibre of Aut(n)
is isomorphic to G. Hence with the usual exp : g — G we have exp : Q°(Adn) — G.

If S € G, then S(z) is an orthonormal or unitary matrix. A p-form a € QP(Adn) has
values in anti-symmetric or anti-hermitian matrix. Thus a can be written as

a@) = 3" Ay (@) A A,
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where A;, ... ;.’s are entries of an anti-symmetric or anti-hermitian matrix.
If D:Q%n) — Q'(n) is a Riemannian or unitary connection of 7, i.e.,

d (u,v) = (Du, v) + (u, Dv), Yu,v e Q°(n),

then it induces D : QP~1(n) — QP(n), for any p > 0, by combination of D on sections of 7
and the exterior differential on forms. There is another extension of D, V : QP~1(n) — I'(n®
AP=Y(M)&T*M), by using D on the sections of  and the Levi-Civita connection of (M, g) on
the forms. Let P : I'(n@AP~Y(M)&T*M) — T'(n@AP(M)) be the projection with D = PoV.
The connection D : Q°(n) — Q!(n) also induces operators D : QP(Adn) — QPT1(Adn), for
p > 0, defined by Da = Doa — (—1)Pao D, Va € QP(Adn), which means that for any
u € I'(n), (Da)u = D(au) — (—1)Pa A Du. Similarly there is a
V:QP(Adn) - T (AP(M)@T*M®adn) for p >0,

such that D = Po V.
Using the Killing form of g we can define inner product on QP(Adn). Locally, let

b(z) = Z By . i (x)dz™ A+ - - Ada'P.
Then the inner product is equivalent to
(a,b) = — Z Trace(Ai, . i, B, ... j,) (dz" A+ Adz'®, da?* A Ad?)
where B* is the transpose or conjugate transpose of matrix depending on whether G =
SO(r) or SU(r) and (dz® A---Adz'»,dzit A---Adxir) is the inner product induced by g.
Then we can check that for any ¢, ¥ € QP(n) or QP(Adn), d{¢, ) = (Vo, ¥) + (¢, V).
Then we have an inner product (a,b) := [, (a,b) for QP(n) or QP(Adn). Then we can

define L? (27(n)) or L? (QP(Adn)) as the completion of C* sections under these L? norms.
Similarly, we can define the Sobolev spaces H“? (QP(Adn)) and H"2 (QP(n)), [ > 0, as the

l ‘ 1
completions of C* sections under the norms |/al| g2 :== ( > ||V(z)a||%2)
i=0

Let n* be the dual bundle of 1 with the induced Riemannian or Hermitian structure. We
see that adn C End(n) = n®n*. Note the fibrewise inner product for QP (Adn) is also defined
on T(n@n* @ AP(M)).

For any v € Q%(n) we define v* € Q°(n*) by v*(u) = (u,v) for any u € Q°(n). Let v €
OP(n) and v = > v;@w’, w; € AP(M), v; € Q°(n). Then we define v* = Y vi@w’ € QP(n*).
Let a € QY (Adn), b € Q' (n) and u € Q°(n). There is an identity

(au, b) = (a, bu™) . (2.1)

Let * : AP(M) — A""P(M) be the star operator of (M, g). Then % = (—1)P(*~P) and

(a, By dM = anxB, Ya, g€ AP(M), p>0.
Since n = 4, we have
D* = —xoDox:QP(n) = QP (n) (D*:QP(Adn) — QP (Adn))
is the dual of D respectively, i.e., (Da,b) = (a, D*b) for all a € QP~1(n), b € QP(n) or
a € QP~1(Adn), b € QP(Adn).
Lemma 2.1.

J = J(u,D) = = (Du®u* —u®(Du)*) € Q' (Adn). (2.2)

1
2

Proof. Let (D,u) be a stationary point of the YMH-functional (1.1) and a € Q!(n).
An anti-symmetric or anti-hermitian matrix a is perpendicular to symmetric or hermitian
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matrices, i.e. (a, Du®u* + u®(Du)*) =0 on M. Thus by (2.1),

d

%YMH(U, D + ta) =2R(D*F + % (Du®u” —u®(Du)*),a) = 0.
¢

Since a is arbitrary, we have proved (2.2).

Note that if locally Du = D;udx;, then DuA(Du)* = Djux(Dju)*dz;Adx;. Let v € Q0(n),
A, B € QY n), A = Aidz;, B = B;dz;. By definition (v,B) = (v,B;)dx;, (A, B) =
(A;, Bj) dx; A dxj, where the (,) is the inner product of 7.

Lemma 2.2.

DJ = % (Fudu’ — u@(Fu)* — 2(Du)A(Du)*), (2.3)
D*J— % (D* Dusu” — u(D*Du)*). (2.4)

Proof. Since J € Q' (Adn) C Q'(n®n*) and DJ = Do J + J o D, we obtain
(D(Du®u™))v = D(Du (v, u)) + DuA{Dv, u)
= Fu(v,u) — Dun(v, Du) = (Fu®u* — DuA(Du)*) v,
(D(u®(Du)*)) v = (Dun(Du)* + u®(Fu)*) v.

Since v is arbitrary, (2.3) is true. Similarly, using D* = — oD o and aA(xb)* = —(xa)Ab*
for any a, b € Q'(n), we can prove that

1 1
D*J = 3 (D*Du@u” —u®(D*Du)*) + g * [DuAn(x*Du)* + (*Du) A(Du)*]

1
=3 (D*Du®u™ — u®(D*Du)*).

Each connection D defines a Hodge Laplacian A = D*D + DD* both on QP(Adn) and
on QP(n), p > 0. There is another rough (or crude) Laplacian V*V. The relation between
these operators are the Weitzenbock formula

ViV¢ = A¢ + F#t¢ + Rmito, (2.5)
where ¢ € QP(Adn) or QP(n), F = F(D) and Rm is the Riemannian curvature on (M, g)

(see for instance [11, Appendix]). Here and in the following, # denotes any multi-linear map
with smooth coefficients.

¢3. Basic Estimates

First we make a convention: if the structure group of 7 is SU(r), then we take the inner
product as R (-,-) and still write it as (-,-). It is a real inner product and defines the same
norm as original one. The advantage is that we do not need to distinguish between the real
and the complex cases. Note that our Euler-Lagrange equation (1.2) does not change under
this convention.

Lemma 3.1. Let D(t) and u(t) be weak solutions to (1.4) on [0,T] x M. Assume that
[u(0)] < m a.e. on M for a constant m > 0. Then for all t € [0,T],

lu(t, )| < max{m,1} a.e.on M.
Proof. Without loss of generality, assume that m > 1. Define
min{m, |u(t, z)|}

ot z) =1— a0 (3.1)
Then
[0 on {|u(t,-)] < m},
d¢ = { m|u| =3 (u, Du), on {|u(t,-)| > m}. (32)
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Note that since u € Q°(n), Du € Q'(n) and (u, Du) € A}(M) is a 1-form. Choosing ¢?u as
the test function in (1.7) and using (3.2), we obtain

(%,(ﬁzu) = — (Du,u ® d¢2) — (Du,¢2Du / H*(1 — |u)®)|ul?
=—2m (Z)|u| ~3(Du, (u, Du) ®u) / 2| Dul? + / A2 (1 — |u)®)|ul?.
(3.3)
Using (1.4), we have
26 { 0, on {|u(t,-)] < m},
ot | —m|u|3 (D*Du,u) + %m|u|’1(1 —|ul?), on {|u(t,-)| > m},
and thus

o 2
/M |u|28;¢; = —2m (D*Du, ¢|u|~'u) + /M Ama|ul(1 — [ul?)

= 2m/ |u| =3¢ (Du, (u, Du)@u) — 2m? |u|~* (Du, {Du, u) @u)
M

{lul>m}

—mﬂﬁmﬂMﬁ+AwmmawW» (3.4)

5 (o) =2(Fh o) + [ WP (35)

From (3.3), (3.4) and (3.5) we have
|u

2dt/ fe = (2 /IF%Q

s—m/¢m*u+mw*nwwwﬁ
M

Note that

= [ @+ matu a4 5 [ (olul + myolul - o) <0
M M

Here we have used the fact that (Du, (Du,u)®u) = | (Du,u) |?.
Thus the function

0= [ meorewn=[ s -m? 2o

is a decreasing function of ¢. Since f,,(0) = 0, we know that f,, = 0. This is equivalent to
saying that {|u(t, )| > m} has measure zero, or |u(t,-)] < m a.e. on M.
Since F(D +ta) = (D +ta)o(D + ta) = F + tDa + t*aAa for any a € Q' (Adn), we have

dF(D+ea)  _p,
de e=0
In particular, taking a = 9D /0t and using (1.4), we have
dF(D(t))  dF(D + edD/dt) oD
— =D— =-D(D*F . .
i de BT (DrF+J) (3.6)

Lemma 3.2. If u and D are weak solutions to (1.4) on [0,T] x M, then

YMH(u(T) )+ 2/ / = ‘2 +|D°F + J]2) = YMH(u(0), D(0)).  (3.7)
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Proof. By (1.4) and (2.1), note that for any a € Q'(Adn),

(au, Du) = (a, Duu*) = (a, J(u, D)) . (3.8)
We have
ou|? 3u A 9
(0D 0(Du) A 0 o2
_(EU’DU>_( 5 7Du)—f/ at( —|u|)
1d 2 A .
=2 /. [|Du| + 5 (1= [uP) }—(D F+J.J).
Applying (3.6), we obtain
2dt/ ia >:7(D(D F+J),F) = —(D*F + J,D"F).
Thus
lﬂ 2 2 é 1,,12)2 / @2__ * 2
5 i M[|F| + |Du| +4(1 ul?) }+ at| = M|D F+J)".

Integrating on [0, T gives (3.7).
Lemma 3.3. Let u and D be weak solutions to (1.4) on [0, T)x M. Then for any xy € M
and geodesic ball Bag(xo), there is a constant C = C(M) such that

A 2
swp [ @)+ Dut ) + 5 (1~ fult o))
0<t<T JBr(z0)

A
<[ IRE -+ IDowl + (1 [wf)” + CTR[YMH(u(0), DO)L
Bar (o) 4
Proof. Let ¢ be a cut off function with support inside Bagr(zg) and ¢ = 1 on Bgr(xg).

We can arrange that 0 < ¢ < 1 and |d¢| < C1R™!, where C; only depends on M. By (1.4),
(2.2) and (3.8), we have

5T =009 - (e 3 o)
(#7220 ) - (#2100 ) (a2 ) -2 [ 8 1

:_%% {|D 2+ (1—| 2) } $X(D*F + J),J) — (d¢ @— Du)
Using (3.6) again, we have
2dt/ ®2|F| F) (¢2D(D*F+J),F)

- (¢>2(D F+J),D*F) + (d¢’A(D*F + J), F) .
Note that

~(arogy ou) <2 [ olasl| 5Dl < [ &|G[ + ldoP 1P

(d6’N(D"F + J), F) < 2 / 0lde|| D" F + J||F| < / &*|D*F + J[? + |do | FI”.
M M
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We finally obtain

Ld [ olipp 2 A (] ul?)? /2
sai . P IDu + 5 (=) ]+ [ o

< /M ¢2((%)2 + |D*F + J|2) + CR™2YMH(u, D).

8’112_'_/ ¢2‘D*F+J|2
ot T/,

Integrate on [0, ¢] for 0 < ¢ < T. The result follows from Lemma 3.2.

Lemma 3.4. There exists constants K, Ry depending only on M such that for any
R €]0, Ro] there exists a cover of M by geodesic balls Br,s(x;) with the property that at any
point x € M at most K of the balls Br(x;) meet.

Proof. For the proof of this lemma, we refer to [15].

Lemma 3.5. Let D = Dyt + A with curvature F = F(D). Then there exist constants
C =C(n) and 6 = 6(n) > 0 such that for a € QP(Adn), and B, the geodesic ball of radius

R and centred at xg € M,
Ha”?{lJ(BR/Q) < C(HDCLH%Z(BR) + HD*QHZL?(BR) +(1+ R72)||a||%2(33))a

provided
/ |F|?dM < 6. (3.9)
Br

Moreover if there is an R > 0 such that (3.9) is true for any x € M, then
lall?> < C (IDallz + [ID*alZ2 + (1 + R7?)|la]Z:) -
The same result also holds for u € QP(n).

Proof. Let ¢ € C5°(Bg) be a cut-off function with 0 < ¢ < 1, |d¢| < C(M)R™!, and
¢ = 1 inside Bp/,. Then by (2.5), we find

IVallZs(s,,.) < IV(@a)lZ2 = (V*V(ba), $a)

= |D(¢a)||Z: + | D*(da)7> + (F#a, da) + (Rm#¢a, pa).
By Holder and Sobolev inequalities, we find

(F#¢a, pa) < Co(n)||F || 2(pplldallis < 6/2C1(n)Ca(n)lléallFs.
Thus

lalZr 2y, < Cs (||Da||2L2(BR) + D% all gy + (1 + R”)IIG\l%Z(BR)) :

by choosing §'/2 < m This proves our local claim. With the help of Lemma 3.4,
the global version is also true by choosing
1
R L —
2KC1(n)C2(n)

The proof for u € (n) is the same as above.
Lemma 3.6. Let D and u be weak solutions to (1.4) on [0,T] x M. Suppose u(0) is
bounded. Then there exists a constant § = §(n) > 0 such that
D*F +J € L3, ((0,T); H? (Q'(Adn))), %F € Li, ((0,70; L? (2°(Adn))) ,
D*Du € L, ((0,T]; H"* (2°(n))) , D% € Lie ((0,71; L2 (9 (m))
provided for some R > 0,

sup / (|Du® + |F|*) <6, Vae M. (3.10)
0<t<T J Bg(x)
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Proof. Using (1. 4) and (3.6), we have

|5

- —2(D F+J, D*(8F>>

+HD (D*F + J)|)3.

ot
. oD aJ 0
:—2(17 F+J, So#F — o+ = (D F+J)>
<)o F+J||L2+C/ 0 F |10 F + a1+ | 2)).
Using (2.2) we get
0J
= F+J)#u#u+D i +—#Du

By Lemma 3.1, u(¢) is bounded, so

,t |D(D*F + J)||32

H&t
Ou |2

<_dupr ) * 2 ‘7

< -2 |DF+J|; +C/M(|F|+|Du|)(\D F+JP+|5])

1
+CID*F + |3 + 4|

L2
By Lemma 3.1 and (2.2) we have
|dul*| = |2 (Du,u) | < 2[u||Du| < C|Dul,
PP < C|Dul?.
Using (1.4) and Lemma 3.1, we have

. Ju
IDD* Dul2: + HDa ;

(A Ou A 9 . ou A 9 N

- (DE, 3D [u(1 — |u[*)] = DD Du)) ( 5 2P [u(1—ul*)], DD Du)
< —

< 2(D =D Du) +C/M(|Du|+|D F+J|)(|DD Du|+‘D8t

< 40" Dulfs + ¢ |DD* Dulfta + 5|

=@ T Ty e Ty %

4 o/ \Du|(|D*F + J|? + |D*Duf?) + C|D*F + J|22 + C||Dul’a.
M
Above and (3.11) yield
1 1o} 2 1
7<H§FHL +ID(D*F + J)||2: + | DD* Dul2, +

|12
2175 ..)

<= (HD Dul}2 + || D*F + J||32) 4+ C||D*F + J||72 + C||Dul|3.

+c/ (\F\+|Du|)(|D*F+J\2+|D*Du|2+‘— ).
M ot

On the other hand, D*D*Dwu = 0 and by Lemma 3.1 and (2.3),
|D*J|> < C|D*Dul?.

(3.11)
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Notting that D*D*F = 0 and applying Lemmas 3.4, 3.5, and Sobolev inequality we obtain

/ (IF| + |Dul) (| F + 7% + ‘@’2 +|D*Duf?)

<Z/B (F1+ 1Dul) (10°F + 1+ |22 410 Dup?)
<c:gﬂa</m)<w+Fi%)li,,(/m(wi)(w*w|D*Du|4+\W

< CV2K (|D(D"F + D)3 + | DD* Dul} + [ D2 132

+CoYVPK(1+ R’Q)(HD*F + J||32 + |D*Dul|72 + H(;t‘

2
L2>

By choosing §'/2CK < % we get

a()

L
d * *
< - (|[D*Dul|3> + || D*F + J||72)

@ 2
ot ||,

1
+ ||D(D*F + J)||22 + | DD*Dul|%. + 3 HD
2

ou |’
+C(ID*F + I3 + | Dull3= + Hat + 10" Duli3: ). (3.12)
L2

Now given 7 > 0 we can find ¢ € [0, 7] such that

|D*F + T2 (to) < 2 / |D*F + )2 dt < r‘lYMH(Dm), u(0)),

D*Dul|2,(tg) < 27~ D*Dul2, dt < 2771 dt +CTT).
L L
M

By Lemmas 3.1 and 3.2,
2

T
du
/ (ID"F + 7132 + [ Dull3: + ‘ HIFIG + D" Dulff ) di < oo,
0

ot
Integrating both sides of (3.12) from tq to T gives
T oull? 2
/ (||D(D F+ )72 +||D>- + ||DD*Du||2Lg) dt < C(7,T).
T ot L2 L2

Since 7 is arbitrarily small, the last inequahty and Lemma 3.5 prove Lemma 3.6.

Lemma 3.7. Let D = Dyt + A and u be weak solutions of (1.4) in the sense of Theorem
A (i). If u(0) is bounded and (3.10) is true, then there exist A(T) € HY? (' (Adn)) and
u(T) € H? (Q%n)) such that ast /T,

A(t) — A(T) in H? (Ql(Adn)) u(t) = u(T) in H-* (Q%(n)) .

Proof. By Lemma 3.6, we have %—‘? € LE, ((0,T); H-? (Q*(Adn))) , whence A(t) —

A(T) in L* (' (Adn)) for some A(T) € L* (Q'(Adn)) as t / T. In fact, by Fubini’s
theorem, A(t,x) is absolutely continuous for almost all z € M, thus

t1
A(ty,x) — A(te,x) = / aaA (t,x)dt
to t
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for almost all x € M. Then for any 0 < s <ty <t; < T,

h BA 1 8A
JA(t) — Alta)1s = <] / | .

T 1
1 6 2
§C|t1_t2|§(/ / / / ’ refat
s M

2
The last inequality comes from Lemma 3.6.
Thus there exists an A(T) € L* (' (Adn)) such that A(t) — A(T) in L* (Q'(Adn)), as
t /T. By Lemma 3.6 we see that

0 7] 0

SC(S,T>|t1—t2|%.

&(DrefA) = a (F(D) - F( ref) A/\A) (r“)lf ( (D) - A/\A)
= O p s Pyac 13, (0.1): 12 (@*(Adm)))

and D.tA(t) converges in L? (Q*(Adn)) as t / T. Moreover, by D*D*F = 0, (2.3),
Lemmas 3.1 and 3.6,

O (Di) = D1 (2
and D A(t) converges in L? (Q°(Adn)) as t / T. By Lemma 3.5, A(t) converges in
H'2 (Q*(Adn)). By the uniqueness of limit, the A(T) € H"? (Q'(Adn)) and A(t) — A(T)
in H? (Q'(Adn)) ast /T,
Since u is bounded, we only need check that Du(¢ ) converges in L?.
oA
E(t)u

<cin-ul([" [ %
waci e ([ ([ o)+ ([ [Sof ) )"

Again by Lemma 3.6 and Sobolev embedding, u(t) — u(T) in H*? (Q°(n)) ast /' T.

) = A#(D'F +.0) = D"J € L3, ((0,T); L* (@*(Adn)))

[Du(ty) — Du(ts)

(t)dtHL2

1

(t)

¢4. The Proof of Theorem A

4.1. The Smooth Case

We consider a scheme of a version of De Turck’s trick that gives solutions to (1.4) and
(1.5) when ug and Dy = Dy + Ap are smooth.

Let a(t,-) € QY (Adn) and D(t,-) = Do + a(t,-). We solve the initial value problems for
a and @ as follows

oD _ da _ Dol (Du®u* — u®(Du)*) + D(—D*a),

ot ot 2 (4.1)
o = A o . '
E__D Du—|—2u(1—|u|) (D*a)

with initial values a(0,-) = 0 and u(0, -) = ug. Since

F = (Dy+ a)o(Dg + a) = F(Do) + Doa + ara = F(Dy) + Da — aha
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and D*@ = 0, (4.1) can be written as

% +Aa=—D"F(Do) + D*(ara) % (Dusa” —aw(Da)’),

ou A _
o Tou=gu(l- 14|*) + (D*a)u
with initial values a(0,-) = 0 and @(0,-) = ug. The system (4.2) is a perturbation of the
standard heat equation. We see that if Dy and ug are smooth, for small T' > 0, there are
unique smooth a and @ satisfying (4.2) on [0,7] x M. Now let S(t) € C*°(G) be the unique
smooth solution to the linear initial value problem:
ds
o2
dt
Let D = (S™Y)*D = SoDoS~! u = Su. Since u* = (Su)* = a*S~! and D* = SoD*o S~
we have

SoD*FoSt=S0D*cS toSFoS™!=D*F,
So (Dueu* —u®(Du)*) o S7' = Du®u* — u®(Du)*,

(4.2)

St = —D*a, S(0) = id. (4.3)

-1
D(~D'a) = ~Do(D'a) + (D'w)o D =—(s" 02 op Do o)

dt
Thus

oD 4, dS - - dS7! _1

5 =50 (S o oD+ Do oS) S
—So (D*F + %(Dﬁ@ﬂ* - ﬂ®(Dﬂ)*) ) 0S8 '+ 8o (D(~D*a))o St

=-D"F — % (Du®u* —u®(Du)*).
Moreover, since |u| = |S@| = |al,

8u _ dS_ =% —1 — -1 _ )\ 2 dS_
%=l SoD*oS oSDoS OSu+2u(1 |u|®) pr

A
=—-D*Du+ §u(1 — |ul?).

Of course D(0) = Do + a(0) = Dy, u(0) = S(0)@(0) = ug. We get the unique smooth
solutions to (1.4) and (1.5) on [0,7] x M.

4.2. Proof of Local Existence

When vy and Ay are meerly in H'2, then the above method would not work since the
solution a is only in H'? and thus D*a is only in L?. This leads to that the solution S of
(4.3) is only measurable. Then SoDoS™! is not necessarily an H'? connection.

We use a method of Struwel'”) to round about this difficulty.

Since Ay is in H'2, we can select smooth A; € Q!(Adn) such that By = Ay — A; €
HY2 (' (Adn)) has H'? norm as small as we please. We can also make ug = u1 + vo,
where u; is smooth and vy has H%? norm as small as we please.

Let Dy = Dyes + A1 and Ay = D1 D} + Dy D;. We solve the heat equation

DA,

+ A1A’4l7g =0,
gi (4.4)
b
atg + ADqupg =0,

with initian values Apqy(0) = By and upg(0) = vo.
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By general theory of PDE, for some T > 0 there is a unique pair of solutions,
Apg € C° ([0,00); H2(Q(Adn))) N L? ([0, 00); H>*(Q' (Adn))) ,
tpg € C ([0,00); H*(Q°(n))) N L2 ([0, 00); H**(Q°(m)))
such that they are smooth for ¢ > 0. In particular, there exist constants C' = C(n) and
Ty = T(n, D1) such that on the interval [0,77] we have
[Abgll oo 2y < CllBollsrz, luwglloearr2y < Cllvol| e (4.5)
Using the Ay, and upg we can have data which are smooth for ¢ > 0. We first establish
solution (a, ) to (4.1) which is smooth for 0 <t <T' for some 7' > 0.
We define Dyg = D1 + Apg, D = Dyg + a, and define 4 = uy + upg + v such that a and @
satisfy the equations in (4.2).
Using Da = da+ ANa— (—1)PaAA and D*a = —+ D*a for D = d+ A and a € QP(Adn),
we can compute that
Aga=ADa—*xdx (ANa + anNA) — dx [ANxa + (xa) A A]
— x{AAx(da + ANa + anA) — [*(da + ANa + aNA)|ANA} (4.6)
— Ax[d*a+ AAxa + (xa) NA] + {x[d * a + AA*xa + (xa) NA]} A,
where Aa = — *d * da — d * d * a. In particular, we have
Aa= Nja+ ViAvyg#a + Via#Apg + Via#a + Apg#H AvgFa + Apg#Hatta + aFa#a.
By the above notation, (4.2) is equivalent to

Oa

5 T o160 =fit f2+g1(a,Via) + ga(a,v, Drv),
(4.7)
9]
6711: + Ayv = hy + he(a,v,Via, Dyv),
with initial values a(0) = 0 and v(0) = 0, where
0A .
fl = - atbg - DlFbg +Abg#Fbga

fo = DiusdFug + Apg#Husftua,
g1(a,Via) = Fyg#a + Apg#V1a + Vi Apg#a + Apg# Apg#a
+ Via#a + Ayg#a#a + a#atta,
g2(a,v, D1v) = Div#us + Dyus#tv + Div#v
+ a#fus#us + a#tv#us + Apgfusv + affv#v,
hy = Dyug#v + Vi Apg#ug + Apg# Apg#rus + upfFusfugs — Aquy,
ha(a,v, Via, D1v) = Dyv#Apg + V1 Apg#v + Div#a + Via#v + Dius#a
+ Via#tus + Apg#HApg#v + ApgFraFtv + ApgHatug
+ a#ta#tuz + a#aFv + uaFus#v + uaFvu + v#vFtu,
for ug = uy +upy € L2(H*?) N CY(H2) N HY2(L?) and Fyy = F(Dpy).
As in [17], we introduce the following spaces:
V=Vr(QF(Adn)) =L ([0, T); H**(QF(Adn))) 0 HY2([0,T]; L*(QF (Adn))) , p > 0,
W = Wr (Q7(n)) = L* ([0, T]; H** (27 (n))) N H"? ([0,T; L* (¥ (n))) , p > 0.
The norms in these spaces are defined as

I8l = | %]

+10lZ2 (22,

L2.2



466 CHIN. ANN. OF MATH. Vol.21 Ser.B

similarly for Wy . Here we denote the space-time LP — L?-norms

T 1/q
foller = ([ Nolitod) ", 1<pg <o
0
etc. Vp and Wy are continuously embedded in
L= ([0,7]; HY2 (QP(Adn))), L™= ([0, T); H* (P (n))) ,
and as pointed in [17], with

sup @132 < 19(0) |72 + 2] 2113 (4.8)
0<t<T

sup _[[ufl3z < lu(0)|Fz + 2[ullf- (4.9)
0<t<T

We will use Lemmas 3.1-3.3 in [17]. They are also true for v € QP(n) since the Weitzenbock
formula (2.5) also holds in this case.

Since a(0) = 0 and v(0) = 0, choosing suitable By and vy and T > 0 small enough we
can make ||a|| oo (g1.2) + [|0]| oo (m11.2) 4 || Bol| 1.2 + [|vol| 1.2 small enough. Then we can find
0 < 6 < 1 such that

g1l <Ollallves  llgallzze <Ollollwr,  llhallrze <O (lallve + lvllwz)-

The estimates are similar to that in [17]. For example, since |ug| is bounded and wus(t) is
smooth for ¢ > 0, for 0 < ¢t < T there is 0 < N(¢) < oo such that |uz(t)| < N(t) almost
everywhere on M. Then writing V and W for Vp and Wy, we have

T ) 1/2
Dy vdbus | 2z = (/ / | Dyvttus| det)
0 M

T 1/2
< c(/o N2 (0dt) " ol e sty < Ce(T) ol

We can shrink 7' to make €(7") as small as we please. Similarly,

T 1/2
|Druallzen < / 2 l3adt)  ollos < Cllusllza s ol
0

Again when T' > 0 small, we can make ||uz||z2(g22) small.
By Lemma 3.2 of [17] and its analogue for v, we have

da
lall < Go|| 57 + aal| < Cullfi+ fallsaa + 0 (lallv + olw),  (4.10)

lollv < o[ %+ Ao, < Cullbalzes + 0 (laly + lvlw). (4.11)
Select T'= T'(¢) > 0 so small that
Cr(lfy + fallzz2 + llhallL22) < (1 = O)e.
Fix these T" and €. Let
Ul = {(a,v) € Vo x Wr | [lallvy. + [[v]lwy < €} (4.12)
Given any (a,v) € UZ, there is a unique weak solution (b, w) to the equations
b

5 + Mb= fi 4+ gi(a, Via) + fo + g2(a, v, Div),

%7/(: + Alw = hl + hg(a, v, Vla, Dl’l})
with initial values b(0) = 0 and w(0) = 0. Write (b,w) = L(a,v). Then (4.10), (4.11), and

(4.12) give us ||bllvy. + ||wllwy = [|L(a,v)|lvexwy < € Thus L: UL — UT.
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Now since the terms in g;(a, Via), g2(a,v, D1v), and ha(a, v, Via, Div) are either linear
or multiplications of at most order 3 of (a,v), or at most order 2 of (a,v,Via, D1v), with
similar estimates and may replace smaller 7" > 0 and € > 0, we have

HL(CL,’U) - L(C’Z)HVTXWT < 9”(“ —G6U— Z)”VTXWT’ 0<0<1
Thus by contraction mapping theorem on U C Vy x Wr we have unique weak solution
(a,u) € Vp x Wy of (4.7). By general theory of quasi-linear parabolic equations, (a,@)(t) is
smooth for ¢t > 0 since f; + fo and hy are smooth for ¢t > 0 (for example, see [10]).
Choose t; \, 0 and solve the equation for S (t) € C*°(CalG), t > 0,

dSi -
2Ok _ P
dt @
Clearly, S, = S; ' (tg) 0 . Let Dk = (S,;l)*D = [Si(tx)]* D; be the corresponding connec-
tions. For each k, Dy(t) = [S; ' (t)]* D(t) and uy(t) = Si(t)u(t) are smooth for 0 < t < T
and are classical solutions to (1.4).

We first construct the D and @ mentioned in Theorem A (i).
Since dSi/dt = —SpD*a and D*a € L*(H?), we have

S;to Sy (ty) = id. (4.13)

|Ssil, . = 1D ala < CID alifaqany

Let | M| be the volume of (M, g). Since S is smooth for ¢ > 0, for 0 < t; < to < T, when

to — t1 is so small that
ta
/.
we have

M 1k(t2) = Sk(t0)] / ‘/tQ 45 )dt’4 S/ (ta — t1)? </t1tz

<Oty — ) |]W|2 HD*CL”L2 H1.2):
Thus, Sk(0) = }1\1}) Si.(t) € L* exists for any k.

Let Dy (t) = Dref—l—Ak(t). Then |Fy(0)| = ‘Sk(O)F()Sk(O)_1| = |Fy|, |ur(0)| = |Sk(0)uo| =
luol, and | Dy (0)ug(0)| = |Sk(0)Doug| = |Doug|. Since Dy and uy, satisfy (1.4), by Lemma
3.2, we have

2 t2
%(t)‘ dt:/ |D*a(t)|?dt < 1,

ty

2

dSy, , |2
W(t)] dt)

0A
H k 2.2 == HDZFk + JkH2L22 S YMH(uk(O), Dk(O)) = YMH(U(),D()) (414)
Note that by Lemma 3.2 and (4.14),
sup YMH (ug(t), Di(t)) = YMH(ug(0), D (0)) = YMH(ug, Do) (4.15)
t

for any k. Thus
[ 146(t2) — Aut)? < (12 — 12)YM (a0, D).
M

For each k the limit Ax(0) = }g% Ay (t) exists in L?. Moreover, since Sk(ty) = id, Ag(t) =
A(ty) — Ag in HY2, klim Dy(0) = Dg in L2
—00
By Lemma 3.2 and (4.15),

| S QUI® N ME(1(0), Dy(0)) = YMH(uo, Do),

L2:2
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whence u;(0) = }{% w(t) in L? exists for any I. Fix some | = [ and let § = S;, D = Dy,

Dy = D(0), @ = uj, Sy = S(t). D and @ satisy (1.4). Moreover,
Si(D)(ty) = D(ty) — Do, Si 't = u(ty) — ug in H“? ([0,T); L?).
Since S (t) = Si(tx) "1 S;(t) = S, tS(b),
Jim Si (Do) = Jim Dy (0) = Do in L2 }{% S ta(t) = tli\r% ug(t) = ug in L,
We next prove that S, — Sp in H52. If we let Dy = Dyt + Ag with Ay € HY2(Q'(Adn)),
we find
S3(Do) — Do = 8" o (DretSy) + S 0 Ago S — Ag — Ag — Ay in L2
Thus
Jim DyetS) = Jim. (Sxdo — AgSy) in L2

exists and necessarily coincides WiAth :che distributional limit DrefS’o, that is, S’k — Sy in
H'2. But this implies that Dy = S}(D) converges uniformly to some D = Si(D) € CO(Lz)
with D(0) = Dy and dD/dt € L>? by (4.12). Then we have u(t) = Sy ' (t) = hm S, ta(t)

in L? for any ¢t > 0 and u(0) = ug. Moreover,
Du(t) = S5t o S(t) o Di(t) = Jim S Yo S(t)o Du(t) in L2

for 0 <t < T, since u € H“?. Thus u € C° ([0,T); H“? (Q2°(n))).

It only remains to prove that F(D) € C°([0,T); L* (2*(Adn))). It is clear that F(Dy) =
S#(F(D)) converges in L?, locally uniformly for t > 0, as k — co. Since Dy, — D in C°(L?),
F(Dy) — F(D) in the sense of distributions. Together, these results imply F(Dy) — F(D)
i CO(OTE LA ().

Let D(t) = Dyer + A(t). Since A € C([0,T); L? (' (Adn))) and u is bounded and is
in L2 ([0, T]; H"? (2°(n))), we know that J(D,u) is uniformly bounded in L? (Q!(n)). By
(4.12) and D € C°((0,T]; L?), we also obtain that F(D(t)) converges to F(Dg) weakly in
L? ast — 0.

Note that since (a, U) € Vr x Wr, Du € C° ([0, T]; L*(Q*(n))), etc., we have

1D, + 5 1~ ()P = S5 $wpae)| + 5 |1~ 18wa?]

~ || Douol 32 + % 11— Juol?||7, ast— 0.
(4.16)

Finally by (4.15), (4.16), and Lemma 3.2, we have
lim sup I (D)7 < 1F(Do)1Z2-

We obtain that F(D(t)) — F(Dyg) in L? as t — 0; that is, F(D) € C°([0,7]; L?). Hence D
and v in fact are weak solutions to (1.4) and (1.5) in the sense of Theorem A (i).

4.3. Proof of Local Uniqueness

First note that as pointed out in [17] the uniqueness of s = S~1dS/dt and so S by solving
(4.3) depends on whether or not D is irreducible. A form of describing irreducibility is
(1.8). As pointed out in [17], if D € H'? satisfies (1.8) for C = C(D), then in an H?
neighbourhood of D there is a C' such that (1.8) is true.
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The idea in [17] of proving the uniqueness is to fix a global analogue of Uhlenbeck’s
theorem!'®=19 on the existence of local Coulomb gauges, depending smoothly on the con-
nection.

Let Dy be a connection of class H? satisfying (1.8), and let Dy, = Dy + Apg, 0 <t < T,
be a family of background connections such that Dy,(0) = Dy, Apy € C for t > 0 and
Apg € L2(H*?)n HY2(L?), as determined by (4.4). As in [17], we have

Proposition 4.1. Let (D,u) be a weak solution to (1.4) and (1.5) on [0,T] x M as in
Theorem A (i). There exist Ty > 0 and a family of gauge transformations

S =38(t) e C°([0,To]; H*(9))
with

s=8"1o % € L* ([0,T); H"* (Q°(Adn))), S(0) = id,

such that D = S*(D) = Dy, + @ satisfies
a e L™ ([0, Tol; H* (Q'(Adn))) N H"? ([0, Ty); L? (2" (Adn))),
a(t) = 0in H? ast — 0, and D*a = 0.
The proof of Proposition 4.1 is almost the same as the proof of Proposition 5.2 in [17].
The only difference is in the proof of Claim 4 of Lemma 5.3 in [17]. Instead of the estimate

1
Lim 5 1Fs = Figl e + 1 Dal(Fa = Fig) 320 + | Di(Fa = Fig)|[20 < T+ T +1V,

we have | <II +1III 4+ IV + V, where

T() TO
v:—/ wwa%—ﬂwﬁs/ 1Jall iz | D2 (Fa — Fyy) | pdt
0 0

1 1, .. 1 1, ..
< S 1alBea + 5 ID5(F: = Fog)lBa = 51 ales + 5 ID(Fs = Fig)l3as.
Here we have used the fact that

Ja = 2 (Dus’ —us(Duy) € I* (0,75 2 (2 (Adn)).

Ja=8""oJ,08, and | Jall2z = [[Jall72e-
By the estimates of II, III, and IV in [17], we have

1 2 2 1 2
5 e = Fogll ez + 1Da(Fa = Fiog)ll22 + 5 1D5(Fa = Fog) 120 < Ce(T). (4.17)

The final proof of uniqueness then is also a slightly modified version of [17].

Given Dy € H*?, a family of background connections and sections Dy, upy as in (4.4),
let D, = Dpg+a and u be a pair of local weak solutions to (1.4) and (1.5) and S*D, = Dg =
Dyy + @ and 4 = S~ 'u = uy + upg + v the corresponding family of normalized connections
according to Proposition 4.1.

Let s = S~todS/dt. 1t is easy to see that D, and 4 weakly solves the problem:

d 1
%Dﬁ = —D;Fa — 5 (Daﬁ@ﬂ* — ’EL@(D@'E/)*) + Das, (418)
Dia =0, (4.19)
a(0) =0, (4.20)
du e AL _ _
i —D:Dgu+ 58 (1—ul*) - su, (4.21)

w(0) = S71(0)uo, (4.22)
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where F; = F(Dg), and
a€ L™ ([0,T); H"* (' (Adn))) n H"? ([0,T]; L* (2" (Adn))),
ue L ([0,T); H* (Q%n))) n HY? ([0, T]; L* (2°(n))), (4.23)
F, € C°([0,T]; L* (Q*(Adn))), seL*([0,T); H"* (2% Adn))),

on some interval [0, 7). The @ and @ attain their initial data in the H!?-sense. The following
result, analogous to Proposition 6.1 of [17], shows that—provided Dy is irreducible—the
solution Dg, u and s above is unique.

Proposition 4.2. For any Dy € HY? satisfying (1.8), ug € H'2, there exists T > 0 and
a unique solution (@, 4, s) of (4.18)—(4.22) on [0,T] x M satisfying (4.23).

In addition, a € L?*(H*?), 4 € L*(H*?), and @, @ and s are smooth for t > 0. Finally,
if Do is smooth, a, u and s are smooth up tot = 0.

Proof. Our proof is almost exactly the proof of Proposition 6.1 in [17], hence we only
point out the difference.

(1) The existence has been shown.

(ii) Estimates for s: From (4.17) and D*D*F = 0 we have

DiDgs = D;(%Da) + DI, = D;(%Abg) + a#% + DiJs.
Using (1.8) to estimate as in [17], we see that the final estimate for ||s||z2(z1.2) then is
2

Lal .+ Cllalas

d .2 _
5122y < C|| 2 Asa |, , + Cllal 12y
with an extra term

CllJallg22 < 0 (lallve + lollwe) + Crll fll 22

if || Bol| g2 + [|voll 12 4 [|@]| Loo (rr1.2) 4 [|0]| Lo (#1.2) is small enough. The estimate is similar
to the estimates in the proof of local existence. Here f € L%? is a function not depending
on (a@,v,s). Hence we have

d _
Islzaqay < C (|| 54| ., + 1£122) + Oallve + o).

(iii) Estimates for @, v: We observe that using (4.17) we can write the equations as
da

yr +2AMa = f+ gi(a,Via) + g2(a, v, Via, Div) + Dgs, (4.18)
Dia=0, (4.19")
a(0) = 0, (4.20")
d
d%: + Ajv = hy + ha(a,v,Via, Div) — sa, (4.21)
v(0) = 0. (4.22)
Let L(a, v, s) = (b,w) be the unique weak solution to
db .
= + 2Mb= f+g1(a,Via) + g2(a,v,Via, D1v) + Dgs,
dw _
o + AN qw = hy + ha(a,v, Via, D1v) — st

with initial values b(0) = 0 and w(0) = 0. ~
Using the estimate for [|s||z2(g1.2), we have similar estimates for (b, w) as in the proof of
local existence.
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(iv) Estimates for differences: Now suppose L(ay, v1, $1) = (a@1,v1), L(a@z, v2, s2) = (a2, v2)
are two solutions to (4.18’)—(4.22’). Then

(@1 — @z, v1 = v2)lvpxwy < 01(llar — a2llvy + llvr — v2llwy) + CllDa, s1 — Day sl 122
+ Cll(s1 = s2)viz22 + Clls2(v1 — v2)| 122 (4.24)
By shrinking 7" > 0, we can make #; as small as we please. Since
Dz, 81 — Dz, 82 = D1(s1 — s2) + Apg(s1 — 52) — (51 — 52) Apg
+ (@1 — az2)s1 + az(s1 — s2) — (51 — 82)a1 + s2(a2 — a@y),
[Day 1 — Daysallpz2 < Cllsy — s2l[r2 a2y (4.25)
Exactly as in the of proof of Proposition 6.1 of [17], “Estimate for ¢”, we have
d(a, — a) ‘ 2
dt L2:2
O oy~ Ty + 5 D1 — 2)| . (1.26)

||81 — 82”%2([{1,2) < CE(H + ||a1 — @2”%00(1_11,2))

1
< Cel|ay — as?,. + C || Jay — Jao|I” + §H~91 - 52||2L2(H1v2)'

The last two terms come from the estimate of (D% (Jz, — Ja,), $1 — S2) . Here @ is any convex
linear combination of a; and as and € — 0 as T — 0.
As in the estimate of local existence, we can make

| Jay — Ja, || < 02(l|ar — az|lvy + llvr — v2llwy)

for 0 < 6 < 1. By shrinking T' > 0 so that § = C(61 + 62 +¢€) < 1 and by (1.8), (4.24),
(4.25), and (4.26), we will have

a1 — @allvy + [lor — vallwy < O([lar — azllvy + [lvr = v2llwy)-
Thus (@1,1}1) = (ag,vg). By (4.26), (61,1}1,81) = (@2,112, 82).

The smoothness comes from the classical quasi-linear parabolic system of equations (see
for example [10]). So the proof of Proposition 4.2 is completed.

Thus if (Dy,u1) and (D3, ug) are two solutions to (1.4), (1.5), then there will be s; and
sy such that (S§Dy, Sy uy,s1) and (SiDs, Sy tus, s2) are two solutions to (4.18)-(4.22),
contradicting Proposition 4.2.

Now we complete the proof of Theorem A.

Proof of Theorem A. By the local existence and uniqueness, we can get a unique max-
imal solution to (1.4) and (1.5) on [0,7), 0 < T < co. If T' < o0, then (1.4) and (1.5) pos-
sesses a weak solution (D, u) which is gauge-equivalent to a smooth (D, @) = ((S5*)* D, Sou)
on (0,7), and assume (by contradiction) that there exists R > 0 such that (3.10) holds.
Then by Lemma 3.7, tli/nr% D(t) = D(T) and tli/n% a(t) = a(T) exist in HY? (Q'(Adn)) and

H'2(Q%n)) respectively.

Thus for ty < T sufficiently near T' the local solution (ﬁto, @) to the initial value problem
(1.4) with initial data (D(to), @(to)) at time ¢t = to constructed in the existence proof extends
to an interval [to,t1), t1 > T. By uniqueness of weak solutions to (1.4) and equivalence
of (1.4) under time-independent gauge transformations, necessarily D(t) = Sg(D"(t)) on
[to,T). Hence S;(D') extends the solution D(t) to the interval [to,?;), contradicting the
maximality of T'.
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Let M = |J B;, be a covering of M by geodesic balls of very small radii such that the
conclusion of Lemma 3.4 is true. Then for any 0 < ¢t < T,

S [ IFOF +IDu)F < K [ [F@F +Du(®) < K (MH(uo. Dy)).

Let zj, j =1, ---, N, be the first N singular points, and z; € B;;. Then

N
NG < limsup » / |F(t))? + |Du(t)|* < K (YMH(uo, Dy)) -
t T~ B;.
Jj=1 %5

We know that there are only finite many singular points {z},---,z!'} and

ll S %YMH(’U,(), D())

This proves Theorem A.
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