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MULTIPLICITY OF PERIODIC
SOLUTIONS OF DUFFING’S EQUATIONS
WITH LIPSCHITZIAN CONDITION
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Abstract

This paper deals with the existence and multiplicity of periodic solutions of Duffing equations
Z + g(z) = p(t). The author proves an infinity of periodic solutions to the periodically forced
nonlinear Duffing equations provided that g(z) satisfies the globally lipschitzian condition and
the time-mapping satisfies the weaker oscillating property.
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¢1. Introduction
We deal with the Duffing equation

i+ g(z) =p(t), (1.1)
where g(x), p(t) € C(R, R) and p(t) is periodic, whose least period is 27. The multiplicity
of periodic solutions of Equation (1.1) has been widely studied since the 50s. In [1], T.
Ding studied the multiplicity of periodic solutions of Equation (1.1) under the following
conditions.

(g1) Let g(z) € CY(R, R), and let K be a positive constant, such that
W@ <K, zecR
(g92) There exist two constants Ay > 0 and My > 0 such that

9(z) > Ao, |z] > Mp.
x

(10) There exist a constant o > 0, an integer m > 0, and two sequences {a;} and {by}
(k € N), such that ay — 0o and by — oo as k — 0o; and moreover
T(axr) < I _ o, 7(bg) > 2 + o,
m m
where 7(e) denotes the least positive period of the solution z(t) (x(0) = 0,#(0) = v/2¢) for
the equation & + g(z) = 0.
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By using a generalized form of the Poincaré-Birkhoff twist theorem, T. Ding proved that
Equation (1.1) has infinitely many 2m-periodic solutions. Lately, T. Ding, R. Iannaci and
F. Zanolin!? further generalized the condition (7p) to the following condition

(11) A7 =limsup 7(e) — liminf 7(e) > 0.
e—+00 e—r+oo

Qian Dingbian[® improved the results in [1,2] by replacing the conditions (g;) and (gs)
with the condition,

lim sup G;(a:)

< 400, G(x)= /Ozg(s)ds.

Hao Dunyuan and Ma Shiwang!¥ generalized the condition (7p) to the condition
(12) 1im+inf Ve(r(e) — 2) = —oco, limsup/e(r(e) — 2F) = +o0,
e——+00

e——+oo
where n is a positive integer. They also obtained the multiplicity of periodic solutions of

Equation (1.1) under conditions (g1), (g2) and (72)
In the present paper, we study the existence of 2m-periodic solutions for Equation (1.1)
under conditions (72) and

(Hy) lim sgn(z)g(z) = +o0,
|z]—+o00
(Ha) g(x) satisfies the globally lipschitzian condition. That is, there exists a positive

constant a such that |g(z) — g(y)| < alz — y|.
By developing an idea in [1], we obtain the following result.
Theorem 1.1. Assume that conditions (Hy), (Hs) and (72) hold. Then Equation (1.1)
possesses infinitely many 2m-periodic solutions {xy(t)}3>, which satisfy
lim (min(|ex(6)] +[&(0)])) = +oo.

k—o0
If condition (Hs) is replaced by the following condition,
(H3) there exist two positive constants a and b such that |g(z) — g(y)| < a|z — y| + b,
then we also have
Theorem 1.2. Assume that conditions (Hy), (Hs) and (72) hold. Then Equation (1.1)
possesses infinitely many 2m-periodic solutions {x(t)}7>, which satisfy
Jim (min(g(6)] + (1)) = +oo.
In Section 4, we construct an example for an application of the above theorems. This
example also shows that the above theorems are not contained in the results of the previously
quoted articles.

§2. Priliminary Lemmas

At first, we consider the auxiliary autonomous equation

i+ g(x) =0, (2.1)
or, its equivalent system
U= w, w = —g(u). (2.2)
The orbits T'. of the autonomous system (2.2) are curves determined by the equation
1
§w2 + G(u) = e, (2.3)

where e is an arbitrary constant.
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Then, we can easily prove the following lemma.
Lemma 2.1. If (Hy) holds, then there is a constant ey > 0, such that , for each e > ey,
T'e is a closed curve which is star-shaped with respect to the origin O.
It follows from Lemma 2.1 that each curve T'c(e > eg) intersects the u-axis at two points
(d(e),0) and (c(e),0), where d(e) < 0 and c¢(e) > 0 are uniquely determined by the formula
G(d(e)) = G(c(e)) =e.

Let (u(t),w(t)) be any solution of (2.2) whose orbit is I'c(e > eg). Clearly, this solution is
periodic. Let 7(e) denote the least positive period of this solution. It follows from (2.2) and
(2.3) that

c(e) d
m(e) = V2 L —
de) Ve—G(u)
By the definition, it follows that 7(e) is continuous for e > ¢q.
Now we perform some phase-plane analysis for Equation (1.1). First of all, we write the
Duffing equation (1.1) in the equivalent system:
t=y,  §=—g(@)+p). (2.4)
Let (x(t, 2o, Yo0),y(t, o, yo)) be the solution of (2.4) through the initial point (x(0),y(0)) =
(20,90). It is not hard to show that every solution satisfying the initial vlaue problem exists
uniquely on the whole t-axis under conditions (H;) and (Hg). Then the Poincaré mapping
P: R? — R? is well defined by
(an yO) = (l’(?’/T, Zo, y0)7 y(?’ﬂ" Zo, yO)) .

It is well known that P is an area-preserving homeomorphism.
By applying the transformation x(t) = r(t) cos6(t), y(t) = r(t)sinf(t) to the system
(2.4), we get the equation for r(t) and 6(t),

7 =rsinfcosf — g(rcosd)sinf + p(t) sin b,

: 1
6 =—sin®0 — ;(g(?“ cos 0) cos 6 — p(t) cos ). (2.5)

Let (r(t,r0,60),0(t,r0,6p)) be the solution of (2.5) through the initial point (r(0),6(0)) =
(r0,00). Then the mapping P can also be written in the polar coordinate form
r* =r(2m,19,0), 0* = 0(2m,r9,060) + 27,
where [ is an arbitrary integer. It can be easily seen that if (rg, ) is such that
r(t,ro,60) >0, te€][0,2n],
then 0(2m, 1o, 0p) is well defined and continuous in (rg, 6p), and moreover,
027, ro, 00 + 27) = 0(27, ro, 0p) + 27.

Next, we take the transformation u(t) = p(t) cos ¢(t), w(t) = p(t) sinp(t) to the system

(2.2). The resulting equations for p(t) and ¢(t) are

p = pcospsiny — g(pcosp)sinp,
R (2.6)
$ = —sin“ ¢ — —g(pcos ) cos p.

p
Let (p(t, po, vo),2(t, po, po) be the solution of (2.6) through the initial point (p(0),»(0)) =
(po, @o). Using (2.5) and (2.6), we can easily prove the following



482 CHIN. ANN. OF MATH. Vol.21 Ser.B

Lemma 2.2. If (Hy) and (H2) hold and T > 0 is a given constant, then there exist
positive constants o > 1 and Ag > 1 such that

(1) po/e < p(t, po, o) < apo and P, po,po) <0 for t € [0,T] and po > Ao;

(2) ro/a < r(t,rg,00) < arg and 0(t,19,00) <0 fort € [0,T] andry > Ao.

Remark 2.1. From Lemma 2.2 we know that if py is large enough, then

V2e
o
Lemma 2.3. Assume that conditions (Hy), (Hz) hold and T > 0 is a given constant.
Then there exist positive constants co, I'g and M such that
(].) ‘9(@7’0,00) — gD(t,T’(),eo” < %, T0 Z FQ, te [O,T],
(2) "I"(t,’l’o,ao) — p(t,r0,90)| <M, te [O,T]
Proof. (1). The proof follows the arguements in [1].
Let (u(t, Zo,Y0), w(t,xo, yo)) be the solution of the system (2.2) through the initial point
(u(O), w(O)) = (x0,y0) With &g = rgcosby,yo = rosinfy. Set

< po < av2e, (pocospo,posingg) € Te.

S(t) = S(t7x0>y0) = $(t, mOa:UO) - U(t, m()ay())a
v(t) = v(t,z0,90) = y(t, z0,Y0) — w(t, zo,Y0)-

Then we have

PO~ o), O = 1) 4 glult,z0,m0)) 9ot 70,0)).
Let 7(t) = (s2(t) + v2(t))2. Then we have
108D ayu(t) + p0)0(8) + lo(u(t, 20, 0) — glalt, 0, yo) o (1),

It follows from (Hs) that

9080 < ptyu(e)] + (1 4 a)ls(e)o(0)].

Furthermore,

dnt)| _ 1

— <=1 t)+ B 2.

Z2] = 30+ am + B, (2.7
where B = rr[1a2x] |p(¢)|. The differential inequality (2.7) together with 1(0) = 0 yields

telo,2m
2B | ator
< -1 =
w0 < 2 )= H

for t € [0,T]. Write
¢(t) = w(tv To, 90) = w(ta To, 90) - g(ta To, 90)
It is clear that if [¢(t)] < 7, then ¢ (t) is just the angle between the vectors (z(t),y(t)) and
(u(t),w(t)). Therefore, we have
r2(t) + () — (1) Hg
= >1-—
ST e 2 e

)
On the other hand, we have p(t) > r(t) — Hy. It follows from Lemma 2.2 that, for 7
sufficiently large, we have

t€[0,T].

1 Hy 1
—_——> — 2.8
a2  arg ~ 4a?’ (2:8)

r(t)— Ho >0 for te][0,T].
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Therefore
H2
1 —cosy(t 0 , tel0, T
YOS e w0
This results in
1 Hj
.. 2 0
3 —“Y(t)) L ————F—— T te|0,T]. 2.9
sin® (590) < Tmm =/ ™ LT (29)
It follows from Lemma 2.2 and the inequality (2.9) that
.1 Hy
‘sm Z3(t) ‘ < : (2.10)
Lol

Since 9(0) = 0 and (t) varies continuously as ¢ increases from 0 to T, we can see from
(2.10) that

\¢(t)|g4sm(1¢(t))‘ for te[0,T] (2.11)

2

for ry large enough.
Combining (2.8), (2.10) and (2.11) yields

[ ()] <
Write cg = 4aHy. Then we have
10(, 70, 00) — @(t, 70, 00)| < 7‘%0 for t € [0, T),
0

4CVHO

for te0,T].
To

for ry large enough.
(2) Tt follows from the proof of (1) that there exists a constant C' > 0 such that

|2(t, 20, yo) — u(t, zo, yo)| < C, [y(t, 20, yo) — w(t, 0, y0)| < C, t€[0,T].
Hence, for ¢ € [0,T],
r(t,70,00) — p(t, 70, 00)| = [v/22(t, 20, y0) + ¥2(t, 70, 50) — V/u(t, w0, yo) + w2(t, 70,0
|22 (t, %0, yo) — u*(t, %o, yo)| + |y*(t, @0, o) — w*(t, Z0, y0)|
~ Va2t wo, yo) + ¥2(E 20, o) + /U2 (E, 2o, o) + w(t, xo, yo)
< |z(t, 20, yo) — ult, o, yo)| + [y (t, o, yo) — w(t, zo, yo)|
<2C.

Taking M = 2C, we complete the proof of this lemma.

Let 6y and 6,(6p > 601) be two given constants. Assume that it takes time AT} (6o, 61)
for 0(t) = 0(t,ro,0p) to change from 6y to ;. The required time for p(t) = ¢(t,rg,60) to
change from 6y to 0 is AT5(6p, 61).

Lemma 2.4. Assume that conditions (Hy), (Ha2) hold and A, B are two given positive
constants such that 8y — 01 < A and 7(e) < B. Then, for (rgcosby,rgsinfy) € T,

1
|AT1(90,91) — ATQ(90791)| = O(%)’ rog — +00.

Proof. For simplicity, we write

(T(t)’ 9<t)) = (’I“(t, To, 90)7 H(tv To, 90))a (p(t), (P(t)) = (p(t, To, 90)7 Lp(t, To, 90))
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It follows from (2.5) and (2.6) that

o do
ATI(Qanl) = / ) 1 1 )
0, —sin“0(t) — @g(r(t) cos 0(t)) cosO(t) + @p(t) cos 0(t)
0
1 d(p
AT5(0,61) :/ - .
60 —sin’ p(t) — S159(p(t) cosp(t)) cos (1)
Set T = ([£] + 1)B. Obviously, 0 < AT5(fy,61) < T. By Lemma 2.2 and Lemma 2.3 we
can obtain that there exists a positive constant My such that
|r(t) cosp(t) — r(t)cosO(t)| < My, te 0,277, (2.12)

for ro large enough. It follows from Lemma 2.3 and (2.12) that there exists a positive
constant M? such that, for ¢ € [0, 277,

|9(p(t) cos p(t)) — g(r(t) cos (¢))[ < alp(t) cos p(t) — r(t) cos B(2)]
(

<alp(t) —r(t)| + r(t)| cos p(t) — cosO(t)|
< MY,
If ¢t € [0, 2T, then we have
1 1
\mgw) cos p(t)) cos p(t) — 5 9(r(1)cos (1)) cos 00)|
= % g(gm (t) cos (1)) cos p(t) — g(r(t) cos B(1)) cos O(1)|
r(t) 19(p(t) cos (1)) cos p(t) — g(r(t) cos B(t)) cos B(t)| + 0(%)
1

<

— E\Q(P(t) cos p(t)) cos p(t) — g(r(t) cosB(t)) cos p(t)|

+
‘ =

—~

r(t

1g(r(t) cos (1)) cos o (t) — g(r(t) cos O(t)) cos O(t)] + o(%)

~—

1
= 1190 @) coseO)llcos o(t) — cost(t)| + o O)

1
=0(—).
7‘0)
T1(6p,01) < 2T, from 7(e) < B we get

de
—sin? 6(t) — %g(r(t) cosO(t)) cosO(t) + %p(t) cos 0(t)

<

A -~ N S

Therefore, if A

01
AT, (60, 01) = /
0o

_ /91 de
60 —sin p(t) — ﬁg(p(t) cos p(t)) cos p(t) + O(%)

61 1
- ~/90 <— sin® p(t) — 559(p(t) cos (1)) cos (1)
1

(1 + 0(%) ( —sin® p(t) — S5 g(p(t) cos (1)) cos<p(t)> _1)

X )d<P
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b1 1 1
|, Camaar e ey Rl € g

o d 1
Y
- +0(—
/90 —sin? o) — 2L 9(p(t) cos (1)) cos (1) ()
1
— ATy(00,0,) + o(%).
This shows that
1
AT (6,01) — ATa(0,01)] = O(=), 70— +ox.
To
If ATy(09,601) > 2T, then there exists 0, such that §; < 6; < 6, and AT1(007§1) = 2T.
Using the same method, we can prove
N . 1
|AT1(90,91) _AT2(90,01)| =O<%), rg — +00.
This is a contradiction.
Lemma 2.5. Assume (Hy), (H2) and (12) hold. Then there exist two sequences {ay},
{br} such that ar, < by, k € N and

0(27‘(,’/’0, 90) — 0y < —2nm, (TO cos By, rg sin 00) S Fak,
0(2m,r9,6p) — 0y > —2nm, (rgcosby,rosinby) € Ty, ,

where n is a positive integer given in condition (72).
Proof. From (H;) we know that there exist two positive constants Ry and A; such that

. A
0(t, ro,00) < fr—l, ro > Ry, te|0,2n].
0
Write 6(2m,ro,00) — 6o = —2jm — n, where j > 0 is an integer, 0 < 7 < 27. Denote by t,,

the time for 6(t,rg,00) to decrease from 6y — 2j7 to 8y — 257 — 1. Obviously,

27 = Tj +it, < Tj+1, (213)
where T; and T4 are the required time for the solution (r(t,70,60),6(t,70,60) to complete
j and j+ 1 turns around the origin O, where (g cosfy, g sinfy) € I, : %w2 +G(u) =e. By
Lemma 2.2 and Lemma 2.4 we have that there exists a constant c(; 1) > 0 such that

. Cjt+1
T = G+ Dr(e)] < ]75 (2.14)

provided that 7(e) < 4o0o0. From the first inequality of (12) we see that there exists a

sequence {ag} such that \/ax — 400, \/% — 0, as k — +oco and

m(T(ak) - 2%) < —k. (2.15)

From (2.13), (2.14) and (2.15) we have that, for (rg cosf,rosinfy) € T, : 3w+ G(u) = ay,
and k large enough, j > n.
If j >n+1, then

0(27’(’77’0,90) — 6y < —2(’)7, + 1)7T < —2nmr. (216)

Now we assume j = n. Then for k large enough,

2 ]{? k_ mn
tn:27r—Tn227r—n(—7T— ) N ¢ > 0.

noVar)  ano Jar
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Therefore
Tn+tn . k _ A
—n = / G(t,ro, Go)dt < _M.
T, Toy/ Gk
Furthermore,

(nk — cn)Ay

Tov/ QL
It follows from (2.16) and (2.17) that, for k large enough,

0(2m,ro,0p) — 0y < —2nm, (rgcosby,rosinby) € Ty, .

0(2m,19,00) — 0o < —2nm — (2.17)

Similarly, we can prove that the second inequality of this lemma holds.

¢3. The Proof of Main Results

At first, we restate a generalized form of the Poincaré-Birkhoff fixed point theorem.

Let D denote an annular region in the (z,y)-plane. The boundary of D consists of two
simple closed curves: the inner boundary curve C; and the outer boundary Cs. Let D;
denote the simple connected open set bounded by C;. Consider an area-preserving mapping
T : R? — R?. Suppose that T(D) C R? — {O}, where O is the origin. Let (19, 0) be the
polar coordinate of (xg,yo), that is,

xo = 10 cos by, yg = o sin by.
Write the mapping T in the form
7" = f(ro,00), 0" =0+ h(ro,0),
where f and h are continuous in (rg,6y) and 2w-periodic in 6y.
A Generalized Form of the Poincaré-Birkhoff Fixed Point Theorem.! Besides
the above-mentioned assumptions, we assume that
(1) Cy is star-shaped about the origin O;
(2) O e T(Dy);
(3)
h(ro,00) > 0(< 0), (rocosby,rosinby) € Cy;
h(’l‘o,ao) < 0(> O), (To cos By, o Sinoo) e (Cs.
Then T has at least two fived points in D.
Proof of Theorem. From Lemma 2.5 we have

0(2m,19,0p) — Og < —2nm, (rocosby,rosinby) € Ty, ,
0(2m, 19, 6p) — g > —2nm, (rocos by, rosinfy) € Ty, ,
with k large enough.

Thus we have proved that the area-preserving homeomorphism P is twisting on the
annulus Ay = {(u,v) € T'c : ap < e < bi}. Moreover, we also have that, for k sufficiently
large,

O € P(Dy,),
where Dy C R? is an open bounded set with boundary T',,. Finally, by Lemma 2.1, T,
is star-shaped with respect to the origin O (for k large), so that all the assumptions of the

generalized Poincaré-Birkhoff fixed point theorem are fulfilled. Therefore, we have proved
that, for each k large enough, the mapping P has at least two fixed points in Aj. Thus we
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have obtained the existence of a sequence {u(t)}>5 of periodic solutions of Equation (1.1),
with minimal period 27, such that

Jim (min(len®)] + (1) = +oo.

The proof of the theorem is thus completed.

Remark 3.1. With a slight modification of the proof of Theorem 1.1, we can get the
conclusion of Theorem 1.2.

¢4. An Example

Example. Let g : R — R be an odd function and n € N.

2

() = n2z — 34z3 sinlnz +sin3(z — 1)3, x>1,
g nx, O<z <l

Obviously, g(z) satisfies the condition (Hg). It is easy to check that
lim g(z) =400 and lim 9(z) =n?
r—+o0 x—+oco
In order to check (72) for g, from [6] we know that it is sufficient to check condition (72) for
an odd function

2

go(x) =nz — 3423 sinlnz, x> 0.

By a direct calculation, we have that

Go(z) = %n2x2 + 925 coslnz — 1523 sinlnz, 2 > 0.
Set
P(c,s) = n*(c? — s?) 4+ 18(c3 coslnc — $3 coslns) —30(c3 sinlne — s3 sinln s)
Q(c,s) = n*(c* — s?)
Then

c(e) ds cle) ds
©) = 2‘/5/0 Je—Gols) 2\/5/0 JGo(d@) —Gols).

where ¢(e) satisfies Gy(c(e)) = e. From lir+n = n? we have that there exist constants
Tr—r+00

2G0 (:E)
2

0 < v1 < v such that v1c(e) < /e < wvac(e) for e large enough. Write ¢ = ¢(e). Therefore

Ve(ro(e) -

27 ¢ 1 1
—) =4 e/ — )ds
) =dve \/P (c,8)  /Qle,s)
_4\[/ 30(ct sinlnc — s3 sinln s) — 18(c3 coslnc — 53 cosln s)

\/P (¢, 9) \/Q (¢, 9)( \/P(c7s)—|— \/Q(c,s))

c¢i sin(lnc — o) — s¥ sin(lns — )
=4 ds,
\[/ \/Pcs\/ch \/Pchr\/ch

where a = arctan £, [ = /302 + 182.

Take a sequence {ey} such that sin(Inc(ex) —a) = 1, Vk € N and e, — 400, as k — +o0.

ds
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Set ¢, = c(ex). Obviously, ¢, — +00 as k — +00. Then we have

(¢} — s3sin(lns — a))

$)V/Qlex, ) (V/Pler, ) + v/Qlck, 5))

??‘w\m

ds

2T £
er(mo(er) — —) > 4lvic
Vel =50 2 e | 7~

Ald 8 i d
> 0111/ s
o V/Plek,5)y/Qlek, 5)(v/Plek, 5) + 1/ Qck, 5))

02 E
Z 2ld01}1/ d 5
0 \/ Ck7 )Q Ck, S
where dg =1 — (%)%
Furthermore, for k large enough,
2 F cé

\/a(To(ek) — Z) Z 2ld0’l)1

o n?yn?(c; —s?)

. 21d0’010k / l’]Td()’l}le
N /e 3n3
Hence
. 2w
lim @(Tg(ek) — —) = +00.
k—o0 n
Consequently,

lim sup \/E<To(e) - 2£> = +00.

e——+oo

Similarly, we can check that

hmlnf\[(m( ) — 2£) = —00.

6—) oo

Therefore

hmlnf\f( (e) — 27T) = —o00, limsup \/E(T(e) - 2%) = +o00.

e——+oo n e—+o0o

It follows from above theorem that &+ g(z) = p(t) has infinitely many 27-periodic solutions.
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