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Abstract

The authors derive laws of the iterated logarithm for kernel estimator of regression function
based on directional data. The results are distribution free in the sense that they are true for
all distributions of design variable.
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§1. Introduction and Main Result

When statistical data consists of direction only, it can be represented as point of €2, the
surface of the unit sphere in d-dimensional Euclidean space, defined as 2 = {z € R? : ||z| =
1},d > 2. We call it directional (or spherical) data.

The study of directional data is of practical interest. There are many situations where
observed data are in the form of direction cosines or in the form of vectors but with an
unknown positive scalar so that only the direction is known. Up to now, works based on
such data all concentrated upon density problems, such as statistical inference for p.d.f.
(probability density function) on € under various parametric models (see [7, 9, 10]) and
nonparametric density estimation (see [1, 3]). In this paper, we consider another important
subject, i.e. regression problems based on directional data, precisely speaking, regression
problems with design variable taking values on 2.

Given data (z;,Y;) € @ x R, i =1,--- ,n, consider regression model on §2,

Yi=m(z;) +e, 1<i<n, (1.1)
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where the pairs (z;,Y;) are observed, the z’s are fixed vectors on , m(z) : @ - R is a
smooth function which is to be estimated and the errors e; are independent and identically
distributed (i.i.d.) random variables satisfying

E(e;) =0, FE(e?)=1. (1.2)

To estimate the regression function m(z) = E(Y|X = z), we introduce the following

estimator
ZK( “)Y/ZK( ”)er (1.3)

where K is a non-negative kernel function defined on Rt = [0,+o00) and h,, — 0 are a
sequence of positive numbers which are called bandwidth or window size. By the law of
cosines, ||z — y||? = 2(1 — 2'y) for z,y € , one can easily find the similarity between 7 (z)
and the definition of the general kernel estimator with data in R?.

In the present article, we give a precise description of the exact rate of strong convergence
of m(x) — Em(z) by deriving laws of the iterated logarithm (LIL) of (x) — Ev(x), in the
most common setting for regression problems: where the design variables x; are fixed, or
conditioned upon, and are representation of a random sequence drawn from X (with an
unknown distribution).

In our main theorem, we assume that the kernel function K is a non-negative function
of bounded variation defined on R™, vanishing outside [0, p) for some p > 0 and bounded
away from zero in [0, p). For the bandwidth, we assume that

hnl0, n* <> At (1.4)

for some a > 0, where “<” denotes “O”.

Next, we will state our main theorem. We shall say that a result holds for a class
of realizations of x1,x9,--- having X probability 1 if that class has probability 1 in the
distribution of random sequence X, X5, -+ drawn from the design population X.

Put

(d—1)/2
A(K)QL/ K(#)H-3)/2q
T(d—1)/2)

and p denotes the probability measure of X on €.
Theorem. For a class of realizations x1,xo, -+ having X probabiliaty 1 and for a.e.
(n)x € Q, we have

lim sup (Z hd=1 /loglog n) 1/2{m(x) — Em(x)} = {2)\2(K)g(x)}1/2 a.s., (1.5)

n—oQ i=1

where g(x) will be defined in Lemma 2.1 given below.
Replacing e; by —e; in the regression model, the theorem implies

hnni)loréf (Z hd=1 /loglog n) /2{m(x) — Em(x)} = —{Ziggjig(x)}l/z a.s.

So, we have the following corollary.
Corollary. For a class of realizations x1,x2,--+ having X probabiliaty 1 and for a.e.
(w)z € Q, we have

n 1/2 2 1/2
lim sup (Zh?_l/loglog n) ! |m(z) — Erm(x)| = {215@;9@)} / a.s. (1.6)
n—oo =1
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As a footnote, we would like to mention some related works on LIL for regression function
estimator with data in the Euclidean space. These include, among others, [5] (LIL for kernel
estimator in the case where the designs z; = X; are univariate and are regarded as random),
[4] (LIL for kernel estimator of regression function where the designs z;,i = 1,2,--- are
representation of a random sequence drawn from X ) and [11] (LIL for kernel estimator of
the v-th derivative of regression function in fixed design case). Each of those works was
discussed under some assumptions on the p.d.f. of the design variable X. In this paper, our
results hold without any assumption on the distribution of the design variable, thus, they
are distribution free. From the procedure of our proof given below, one can see that similar
results also hold for the general kernel estimator with data in R%.

§2. Preparatory Lemmas

Our proof of the main theorem is based on the following lemmas. Consider
)= K K ()

where

ZK( Jil‘z) /ZEK(l_xX),
ZK< S ek ()

Let w be the Lebesgue measure on Q and put S,(r) ={t € Q: ||t —z|| < r}.
Lemma 2.1. Let h = h,, be a sequence of positive numbers with h, — 0. Then there
exists a non-negative function g with g(x) < oo, such that

w(Sy(h))
(S (h))

For a proof, refer to the proof of [2, Lemma 2.2].
Lemma 2.2. Suppose that h,, satisfy

logn

<

n(2)
Vo(z)?

Then m(z) — Em(z) =

—g(x) as n—oo for ae (u)ze. (2.1)

hy, — 0, — 00, a§ M — 00 (2.2)
and the kernel K(x) satisfies K(x) > Bl for some positive constants B and r, and

sup K(z) < M. Then, for a class of realizations of x1,xo,--+ having X probability 1, we
have

Valz) =1 ae. (u)zxe Q. (2.3)
Proof. Let X7, X5, -+ denote the independent and identically distributed random vari-
ables of which x1,zs,--- represents a realization. Put

)= SR () ) e ()

1= S R (X)) Sk () 2
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To prove Lemma 2.2, it is enough to prove that

zn:nm- —0 as. for ae. (u)zel (2.4)
i=1
Obviously
1| < M[ZL;EKG _hng)}_lv é\/ar(nm) < M{éEK(l_h?X)}—l

Thus, by Bernstain inequality, we have

PV (z) — 1| > e) < 2exp{ e iEK(l_th)/[(z + %)M}} (2.5)

holds for each € > 0.
By Borel-Cantelli’s lemma, (2.4) follows from (2.5) if we show that the right-hand side

of (2.5) is summable. For this, by Lemma 2.1 and the fact (refer to the result (1.7) given in
[1]) that

o
h—<d—1>/K(1 xy)w(dy)—W\(K), as h—0,
Q

h2
we have
e e)
) —J}/ WDz \/7 i
o

— (BAMK)) tg(z) <oo as i—o0o0 forae. (u)zeq.

So there exist a constant ¢(z) > 0, such that

1-2'X
hg_l/EK< hf )gc(x), 1=1,2,---, forae (u)zxe.

From (2.2) and (2.6), it is easy to see that the right-hand side of (2.5) is summable.

The next two lemmas will play an important role in our theorem’s proof.

Lemma 2.3. Suppose that K is a non-negative function of bounded variation, vanishing
on [p,00), for some positive constant p, and further, K > Bljg .y for some B,r > 0. Then

ihf‘l/iEK<17h#) S A Y K)g(x) as n— oo, forae (uzeQ. (2.7)
i=1 i=1 ¢

Proof. We need only to show that for each x € {t: 0 < g(t) < oo}, (2.7) holds.

(i) Case of g(x) =0

In this case, we need only to show that the left-hand side of (2.7) tends to zero. In fact,
from Lemma 2.1, it is easy to see that

o
hffl/EK<1 };X)ghf*l/B,u(Sx(\/ﬂhi))—)O as i — o0.

So, for each £ > 0, there exists a positive integer N (g), such that for all i > N(g),

o
! h;UX)ze:*lh?_l.

EK(
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Then

i S /S (1)

- N - X
. d—1 -1 d—1| _
<t 3w [ e () vt > =
=1 i=N(e)+1
holds for any € > 0. Therefore, (2.7) is true.
(ii) case of g(x) > 0.
Firstly, we assume that K is a step function, ie. K(z) = Z @jlla; 1 .a;) (), Where
]_
a; >0,j=1,2,---,1 (say), and 0 = ag < a1 < --- < a; = p. It is easy to see that K can
be represented as
ZMW = > Bloap@+ D Biley(@) = Ki(@) + Ka(x)
{J ﬂa>0} {.7 6] <O}
where (3; is a linear combination of ay,--- ,aq, for j =1,2,--- L.

For each € > 0, from Lemma 2.1, there exists a positive integer N(e), such that for all
j=12---,landalli > N(e),

’u =(v/2a;h;))
Sz(v/2a;h;))

N(e) n

ZEKl( ) ZEKl( )+ S BulS.(y2a;h))

N(e)+15:8,20

<ZEK1(1_xX) )+¢) Z > Bijw(Sx(y/2a;hs))

g_l(x)‘ <e.

Thus

N(e)+14:8;>0
_ ZEKl(l_hf/X) OED) Z /K1 )w(dy)
i=1 i N(E)+1
< @+9% /Q Kl(‘h—gw)wuy). (2.8)

Similarly, we get

n

Zm( ) > @ =9 Y [ k(e (29)

i=179 i

Combining (2.8) and (2.9), we get
L= 1—2'X - 1—2'y 1
nlgr;oZlEKl (}L?>/ZI/QK1 (T3>w(dy) =g (). (2.10)
Similar to K7 , we can prove that (2.10) also holds for K5, and those imply

n1g]gOZEK( 1 — X (dy) = g 1(x). (2.11)
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On the other hand, notice the fact that

o
/K(l Qxy>w(dy)/hf71—>)\(K) as i — 00.
Q h;

In a way similar to the proof of (2. 11) one finds easily that

T}LH;QZ/ /Zhd 1= (2.12)

Combining (2.11) and (2.12), we see that (2.7) follows.

Secondly, we will prove that (2.7) also holds if K satisfies the condition described in
Lemma 2.3. In fact, for any fixed € > 0, there exists a partition 0 = ag < a1 < -+ < aye) = p
on [0,p) and a sequence of non-negative constants a;,j = 1,2,---,l(¢) (say), such that

l(e)
K*(x) = ) ajlja;_1,a;)(x) satisfies 0 < K(z) — K*(z) < e and ag > 0.
i=1

Then, for the step function K*, from (2.7), we have

)/Zhd ! <hmbupZ:EK<

n—r oo

ME*)g H(z) < hmlanEK(

n— oo

) ) yom
=1

< [MK™)g™ (:v)+€A(I[o,p)]g 1(:v)~

Let ¢ — 0, we get AM(K*) — A\(K). So (2.7) holds for K.

Lemma 2.4. Let ¢1,--- ,cny be real numbers and Iy,--- , Iy be numbers taking only the
values 0 and 1, such that |c;|I; = |¢;| for 1 < i < N. There exists an absolute constant A
such that for all w > 0 and all C1,Cy > 0,

P{[S e > ren (L) ) < alt-aew rer(32e)

i=1 i=1

x ( sup |Cz\) TE{leP I <n} + (i[i)P(M = A)}’

1<i<

1/2

1=

where A = (32 I;)'/2/Cy and ® denotes the standard normal distribution function.
For a proof, see [4, Lemma 3.1].

¢3. Proof of the Theorem
Put H, = Zn:hffl Zez (1 w? ), and 02 = Var(S,) = ZK2(1 “”5)

i=1
From Lemma 2.2, Lemma 2.3 and the condition (1.4), noticing that K? also satisfies all the
conditions imposed on K, we have n® < H,, < 02 < n. Thus

loglog o2 ~ loglogn ~ loglog H,, (3.1)
where a,, ~ b,, means that a, /b, — 1.

To prove (1.5), from Lemma 2.2, we need only to prove that for all x € Q satisfying
0<g(x) < oo,

lim sup(H, /loglog H,)*/?U, (z) = {2)\(K2)g(x)}1/2 a.s. (3.2)

n—o0 N(K)
holds for a class of realizations having X probability 1
If g(z) > 0, one can check, by Lemma 2.2 and Lemma 2.3, that with X’ probability 1,

(202H,) /ZEK(l—x’X) E g}
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Thus, to prove (3.2) for g(z) > 0, we need only to prove that with X probability 1,
limsup(202 loglogo2)~Y/2S, =1, as. (3.3)
n—oo

If g(z) = 0, we have that with X probability 1,

1 ~ 1-— :EIX
Therefore, to prove (3.2) for g(x) = 0, we need only to prove that with X probability 1,
limsup (202 loglog 02)S,, < 0o a.s. (3.4)

n—oo

For those, we do in two steps, which give upper bound for the case g(x) > 0 and lower
bound for the case g(z) > 0.

Step (i) Upper bound for g(z) > 0

In this step, we will show (3.4) and the upper bound of (3.3), i.e

limsup(202 loglogo2)~Y/2S, <1  as. (3.5)
n—oo

Let ¢ > 1, write my, for the integer part of ¢¥ and write f.a.s.Lk as an abbreviation for ‘for
all sufficiently large k’. Put t,, = (202 loglogo2)'/2. Without lose of generality we assume
that ¢, is increasing in n. Obviously, (3.4) and (3.5) will follow if we prove that:

(1) in the case g(z) > 0, for any € > 0

S /tm, <1+e¢ faslk. (3.6)

(ii) in the case g(z) > 0, for any € > 0 there exists ¢ > 0, chosen sufficiently close to 1,
such that

ot sup  |Sp — Sm, | <e faslk. (3.7)

mg
M <n<Mmpg41

(iii) in the case g(z) = 0, there exists a constant C, such that
tol sup S, — S| < C faslk (3.8)

mpg
mp<n<mpg41

By the Borel-Cantelli lemma, () will follows if we prove that

Z P{Sm, > (1 + &)ty } < oo (3.9)

Applying Lemma 2.4 with ¢; = K(1 cat L), Ii = I(1—arw,<pn2), Cr = €/2, C2 =14 ¢/2, and

u = uy, = (2loglog o2, )'/2, we have
€ —1 3 2
P{Sm, > (1+ &)t} < (1= 0{ (145 )ur }) + A B{leP Ijercnn } + 2P (el > M)

ST 41I0,

where A\, = 2( Zk I,;) ’ /e. Noticing that, from Lemma 2.2 and Lemma 2.3, with X’ proba-
i=1
bility 1,
ok £ X ok —z2'x; £ ok 1—2'X
d—1/y2 _ d—1 1 =TT d—1

EXHIjp,p))g(z)  as ( ) >0,
_>{(2) O as g(x)=0,
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from (1.4), we have
my,
miy <Y R <AL (3.10)
i
So, we can find a positive sequence {\f} including {\x} as its subsequence such that A\ =<
my', where a,, < b, means that a, /b, and b,/a, are both bounded. Hence

DONCE{lePI(lel < M)} < D) T E{lef Ieaan} < oo
k=1 =1

Here the last inequality is proved by making integral approximation to the series. Now, we
know that II is summable. Similarly we can prove that III is also summable.
Applying the famous exponential inequality
1 1 R 1 2
—(———=)e <1-9(x) < e v /2 *
(e e < (+
we can easily varify that I is summable. Up to now, we have proved (i).
Now, we proceed to prove (ii) and (iii). From Kolmogorov inequality (refer to [6, p.260]
or [4, Lemma 3.2]), for any constant C' > 0, we have

(1572 )

P {t;li sup

mE<n<mpg41

i=mp+1

JaR 1—-2'z C
(2 =oAL/
SP{‘,Z il 2 )’>2A (k)

i=mpg+1 ?

Mk41 1/2
x (2 3 K2( ) log logamk> } (3.11)
i=myp+1
where
1—-2'z
=R () S R
i=my+
If g(z) > 0, taking C' = ¢, from Lemma 2.2, we have that with X’ probability 1,
M1
9 Z EK2(1 z'x; )
Ail(k) — Umk+1 1~ =1 _ Hmk+1 _
o2, H,,

5. pre (1)

Then, by taking ¢ sufficiently small and k sufficiently large, we have A'/2(k) >
similar to (i), we can prove that the right-hand side of (3.11) is summable.

If g(x) = 0, taking ¢ < 2 such that my1 = [¢*T!] < 2[c*] = 2my, then by the conditions
imposed on K, we have

@. So,

M 41 ME41— Mg

>oORM(EEE) Y I -de<phd)
AN (k) = ! M= M

ZK2< ““) S I(1—2'z; < ph?)
=1
So, taking C' = % similar to (i), we can prove that the right-hand side of (3.11) is

summable. Hence (ii) and (iii) hold.
Step (ii) Lower bound for g(x) > 0

m2’
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Write i.0. for infinitely often. In this step, we shall prove that for any e € (0,1), with X
probabilily 1,
S,/ (202 logloga?)V/? > 1 —¢ i.o. (3.12)

Define my, and t;, as before. Result (3.12) will hold if we prove that for each € > 0, there
exists a sufficiently large ¢ such that

|Smil/tmes, <€ faslk, (3.13)

(Smk+1 - Smk)/tmk_H >1—¢ io. (314)

Result (3.13) can be deduced immediately from Step (i). In fact, Step (i) implies that
for all sufficiently large n, S, /t, < 14 ¢ and —S,/t,, < 1+ € as may be seen on replacing
e; by —e; in the regression model. Therefore |S,|/t, < 1+ ¢ holds for all sufficiently

large n. Choose ¢ > 1 so large that for sufficiently large k, t,, /tm,,, < €/2. Therefore
|Sml/tmes, < (14 ¢€)e/2 < e, for all sufficiently large k.

Next, we will prove (3.14). Observing that

MEk41

1—2'2;
R e

i=mp+1

by the Borel-Cantelli’s lemma, we need only to prove that
(oo}
> P{Smpis = Sy > (1= &)ty } =00 (3.15)
k=1

holds for ¢ > 1 sufficiently large. Write

) 1—2a'x;
€ik = 6i1(|€i‘ < Hmk+1)’ Ty, = Z eikK(T)
1=mp+1 g
& 1— a2’z
p = E(Ti) = Eeix) > K(TZ>
i=myp+1 g
i 1—2'2;
2 1
R !
1=my

Then, putting yx = (1 — &)tm,., — uk)/v;/g, we have
P{Smk+1 - Smk > (1 - 8)tkarl}

ME+1

> P(T > (1 - g)tmk+1) - { Z I(l—x’xigphf)}P(|e|2 > Hm/c+1)
i=mp+1
T I ME41
k — Mk
= P(r > ) = PUel > Host) 32 Tacomzpt
Uk i=mp+1

T, —
>1- (I)(yk) - sup 'P(M < yk) - (I)(yk)‘ - P(|€|2 > Hmk+1)

—oco<y<oo U;/Q

MEk+1

D DR SR

i=mr+1
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Therefore, (3.15) will follow if we prove that for sufficiently large ¢,

D 1= 2(yy) = oo, (3.16)
k=1

sup  [P([T — il /o> < i) — ®(we)| < o0, (3.17)
k=1 —oo<Yy<oo
[ee) MEk41
S P(le? > Hp,y,) Y I(1—a'z; < ph?) < oo (3.18)
k=1 i=mp+1

all hold with X probability 1. Noticing the fact that E(elk) — 0 and Var(eyx) — 1 as
k — oo , it is easy to see, from Lemma 2.2, that for large k, y, < (1 —¢/2)(2loglog Hyp, ., ),
by using the exponential inequality given in (), we can verlfy (3.16) without difficulty. The
proof of (3.18) is very similar to the derivation of (III) in step (i).

The remainder of our proof is dedicated to deriving (3.17). By the Esseen’s inequality
(see [6, p.111]), and Lemma 2.2, there exists an absolute constant A > 0 such that

sup ‘P( 1/£k<y)—@(y)’§f4”; (Eleql’ Z K3( xm’)

—oo<Ly<oo

i=mr+1
)\(Kg) s k—1 7% 3
~ A)\(}—{z)g,/gg(l')(i_;—H h; ) E{|e] I(|e|2§Hmk+1)}
(K3

_1
~ A‘)\(K72)3/2g($)(1 — C_l)Hmlerl E{‘e‘?’l('e‘zSHkarl)}.

In a way similar to the proof of (II) in step (i), we can prove that
> Huln B{lel L e )} < o0
So (3.17) holds. By then, we have completed the proof of (3.12).
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