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§1. Introduction

The purpose of this paper is to consider the existence of solutions u : 2 C C — R for the

following Dirichlet problem:
{ ~Au = p?f(u) = p?(e* +e™) inQCC,
u=0 on 01,
where v € (0,1). Our motivation is to study the existence of non-minimal solutions with
singular limit as the parameter p tends to 0 and extend the results of [3, 2] to more general
functions which are just exponentially dominated. The additional term e"* yields the possi-
bility of better steady state models for physical phenomena having exponential nonlinearities
(see for example [1] and [6]).

The asymptotic behaviour of solutions of (1.1) is well understood thanks to the work
of Nagasaki and Suzukil” (for v < 1/4) and a recent work in [10]. The Green’s function
G(z,7'), defined over Q x , is given to be the unique solution of

{ —A,G(z,7') =8md,—, inQ,
G(z,2')=0 on 0},

(1.1)
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and H(z,z') = G(z,2') + 4log |z — 2’| denotes the regular part of Green’s function.

Theorem 1.1.1719 Let Q be a regular bounded domain of C, v € (0,1) and p > 0. Let Up
be a sequence of solutions of (1.1). Assume that, as p tends to 0, the sequence u, converges
to some non trivial function w* in D'(Q). Then, the limit function u* satisfies

—Au* =81 Y 0, inQ,
1<5<k (1.2)
u* =0 on 0f).
In addition, the point (z1,--- ,zx) € QF is a critical point of the function
k
U (21, ,zk)E(Ck»—>ZH(zj,zj)+ZG(zj,zl). (1.3)
=1 il
In this paper, we deal with the converse question: given (z1,--- ,2;) € QF a critical point

of the function ¥ defined in (1.3) and given u* the solution of (1.2), does there exist a family
u,, solutions of (1,1), which converges to the function u* as p tends to 0 ? This kind of
problem was considered by many authors in some special cases (see for instance [5,9] and
[8]). Recently, in [3], Baraket and Pacard have constructed a family w, which converges to
u* when p tends to 0, for f(u) = e* on a general domain 2. Later on, in [2] this result
was extended to the case f(u) = e* + e’ with v € (0,7/8), but the method seems not to
work for v € (7/8,1). Here, we will use a general construction to solve the problem for all
3/4 <~ < 1. Our main result reads:

Theorem 1.2. Let Q be a reqular bounded domain of C. Let~y € (0,1) and (21, ,2x) €
QOF be a nondegenerate critical point of the function ¥ defined in (1.3). Then, there exists a
one-parameter family of solutions u, of (1.1), which converges to u*, solution of (1.2), when
p tends to 0.

Our proof is based on some refinements of arguments in [3]. Our paper is organized
as follows. We will recall some notations and results of [3] in §2, and we construct our
approximate solutions in §3, where a sharp estimate on approximate solutions is established.
Finally, the nonlinear problem is solved in §4. Given the fact that the proof of our result
is rather technical, we shall restrict our attention to one point blow-up solutions. The case
where there might be many blow up points can be treated completely similarly, though the
computations should be more involved. In the following, we assume that k = 1, v € [3/4,1)
and ¢ denotes always a constant independent of p, even its value could be changed from one
line to another one.

§2. Known Results in [3] and Refinements

For the sake of completeness, we recall some useful notations and results in [3]: For any
g,7 > 0 and 8 € C, define € to be the smallest positive solution of p? = 8¢2/(1 + £2)?
(clearly, p = O(e) when p — 0). Note

e - (2) = 2log(1 + €?) — 2log(e? + 72|2|?) + 2log T,
e 7. 5(2) = 2log(1 + €?) — 2log(e? + 72|21 + B2%|?) + 2log T + 2log |1 + 3827

We know that u. , (resp. ue - g) are solutions of Au+p?e* = 0 on C (resp. C\{z,14382% =
0}). Define L. ; and L. ; g as the following linearized operators about u. , and ue r g:

Lo w=—Aw—p?e“ w, L.,pw=—Aw— pie'=msu.
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To understand the inversion of these operators, we introduce some weighted Holder spaces
as in [3]. Let S = {#}1<i<k be a finite subset of . We choose a positive function d(z),
smooth in 0\ S such that d(z) = |z — z;| for z sufficiently close to z; and set

k k
a,jo20] = 3|y | ghta i [VTu(z) — Viu(y)| )
|’U,|k;’ slo,20] = zsup (ZO’ | ) 7 bup[020]< )

€lo,20] d(z),d(y)€ ‘.’E - y|a

Definition 2.1. Let Q be a regular bounded domain of C. For any v € R and « € (0,1),
S a finite set of singularities in 2, the space C¥*(Q\ S) is defined to be the collection of all
functions u € C**(Q\ S) for which the norm

[ulla, = sup 07"ulka,l0,20]
o<1diam Q
is bounded. Moreover, define C’VD(Q \S) = {ueCh(Q\S),u=0 ondQ}.

In all this paper, we denote by B,(z) the ball of radius r centered at z, B, when the
center is the origin 0, and B} = B, \ {0}. The properties of L. , and L. ;g are described
by the following propositions:

Proposition 2.1.3) For all v € (1,2) and all 7 > 0, there exist two continuous linear
forms H? () (resp. H!_(-)) defined from C%°(B3) into R (resp. C) such that for all
f e CY% (B, the solution of

{La,'rw:f wn By,

w =0 on 0B, (21)

can be uniquely decomposed as

w(z) = Ger (1) + B (Hoo

T

o) +2H (f)- Zo1(Z2),

where ¢o(z) = ;‘Z}z, d1(2) = 1+| mand z-2' = (22'+22) /2, for all z, 2’ € C. In addition,
the following properties hold :

3

o Assume that 1 < p < 2, then the linear operator G. . is well defined from the space
C’O % (B}) into the space C2*(BY) and stays bounded independently of € € (0,1).

o Assume that —2 < p1 < 2, then the restriction of G, - to the space of functions spanned
by {et"0hy,(r)/n > 1} is well defined from the space C’ % (BY) into the space C2*(BY).

o Assume that p > 0, then the linear form H? _(-) is well defined in Cgf}(Bf) and
bounded independently of € € (0,7/2).

o Assume that p > 1, then the linear form H! _(-) is well defined in C’gf'Q(B’f) and
bounded independently of € € (0,1).

Proposition 2.2.1% For allv € (1,2), all 7 > 0 and all B € C with |8| < 1/4, there exist
€0 > 0 and two continuous linear forms Hgﬂ,@(-)(resp H! +5(+)) defined from o (BY)
into R (resp. C) such that for any e € (0,¢0) and f € C’SfQ(B*), the solution of

Le,‘r,ﬁw = f in Bi,
{ w=20 on 0B; (22)

can be uniquely decomposed as

w(z) = Gerp(£)(2) + HE 1 g(F)0rtic rp(2) + 2H, 1 (f) - Oztie -
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In addition, there exists ¢ > 0 (independent of f and € < g¢) such that
1Gers(Dllzaw < ell|Ger (Dl + € HE ()] + 1HZ (),
122 - 5(D)] < e(l|Ger (P2, + HE ()] + 2[HZ - (f)]
)|

T )7
\H - 5(F) < c(e?|Ger(Fll2,0,0 + 2 HE ()] + HZ ()]

)

Moreover

10: Gz rp(Nlopylla < c(l10:Ger(Hlonylla + €[|Ge.r (20w + [ HE (£ + [HZ - (f)])-

We need however some refinements for proving our results. We define the subspace of
even functions in C*(B?) by

EFY(BY) = {f € C*(BY); such that f(z) = f(—2),Y z € B}}. (2.3)

Clearly, £5%(Bjf) is an algebra for any v > 0. Furthermore, we can get more precise
estimations of solutions of (2.2) when f is even, in particular for the L> norm [jw|| . The
reason is that we do not have terms like f(r)e? in the expansion of f, so the operators L.
or L. . g are invertible on Eg’f; (BY) for all ¢ in (0,2), instead of d € (1,2) as Propositions
2.1 and 2.2 required. More precisely, we have

Proposition 2.3. Assume that 6 € (0,2), 7 > 0 and || < 1/4 are given. Then there
exist €9 > 0 and a continuous linear form H§,77ﬁ<')’ defined from Eg’_o‘Q(Bi‘) into R, such
that for any f € ng;(Bi‘) and ¢ € (0,¢e9), the solution of (2.2) can be uniquely decomposed
as w(z) = Gerp(f)(2) + HL . 5(f)0rucrp(2). Moreover, there exists ¢ > 0 such that
1Pl + HO 5 (5] < €l g 5

Sketch of Proof. First, we show the corresponding result for L. ,, easily obtained by
Proposition 2.1. We follow the proof of Proposition 2.2 in [3]. In step 1, we get a function
w € SE’Q(BT) such that L. ;w = f and w|gp, is constant in R. We prove then the orthogonal
projection of Span{d,u. - 5(e")} on R in L?(9B;) is one-to-one for ¢ sufficiently small, and
finally, we complete our proof as in step 3, just by remarking that u. , and u. g are even
functions.

Remark 2.1. We see that with minor changes, the results of Propositions 2.1 to 2.3 hold
still if we replace By by any fixed B, (r > 0). Proposition 2.3 is a key point for our proof,
which will permit us to solve (1.1) in symmetric case (see §3), i.e. when Q is By, z; = 0 (see
Lemma 2.1), and will permit us to construct some appropriate approximate solutions.

Recall now the approximate solutions in [3]. Suppose that z; is a critical point of ¥(z) =
H(z,21) and define

1
—2logTo = V(21) = H(21,21) and fy = Z@g\ll(zl) (2.4)
Let 7 > 0 and a € C be given. We set g = £2/°,
Jtemimao(z— 2 —a)+ [1-x( )6 a+a), @5)

where x is a C*, positive, radial function defined in C such that x(z) = 1 in B/, and
x(2) = 0 outside Bz7/4. By the invariance of our problem under the transformation 7
u(rz) + 2log 7, we may assume that B(z1) CC 2 and |By| can be chosen to be less than
1/4. Define £, by L.w = —Aw — p?e¥=70.80(*=21)y(z — 21 )w, then the behaviours of £, as
€ — 0 is given by

_ Z—zZ1—a Z—z1—a
uE(Tyavz) EX<7 -

To To
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Proposition 2.4.% Assume that 1 < v < 2 is given. Then, there exist ¢g > 0 and
two continuous linear forms H2() (resp. HL(-)) (depending on v, 7o and By), defined from
C22(Q\ {z1}) into R (resp. C) such that for any e € (0,g0) and f € CO%(Q\ {z1}), the

solution of

Low=f 1inQ,
{w =0 on 09) (2.6)

can be uniquely decomposed as

w(z) = G-(f)(2) +x(2—21) (Hg(f)arue,rf,,eo (z = 21) + 2H(f) N 21)) - (2.7)

In addition, there exists ¢ > 0 (independent of f and € < &g) such that
19 (Dllz.awr < € (1Gera (Pl + o, (DI + 1HE 1 (D] + 1l el o)

HAN + 2] < ¢ (21Gema (Dl + [HE oy ()] + [HE A, (1))
where f is the function f(z + z1), defined in Bj.

§3. Approximate Solutions and Their Estimates

Here, we will construct some subtle approximate solutions and obtain their convenient
estimates. We know that (see [2]) the desired estimations hold with @.(0,0,-) for the case
v < 3/4, but for v closer to 1, this construction seems not to be sufficient. Our idea is to
deform slightly u. - +- g, by adding a function h to get a local solution of (1.1). In fact, let
h be a solution of

{ —Ah = p2eterotrio (el — 1) + pPerterotrioe’ in By,
h=0 on 0Bs.

Of course ue 178, + h verifies (1.1) in By. The existence and the sharp estimates of h are

(3.1)

given by

Lemma 3.1. Let ¢ be fized in (0,1 —~]. Then there exist c,eq > 0 such that for any
e € (0,e0), |7] < €2, we have a unique solution of (3.1) such that h € €& = 55’0‘(33‘) &
Span{0;uc -, g, }, and if h = h 4+ N uc -, g, then HEHQ)W; + A € 2ee*=179,

Proof. Let £ = 5?’0‘(3;) @ Span{0;uc 1,5, } be endowed with the norm [|(h, \)||o =
Hl_1||27a,5 + |A]. By the regularity of Oruc -, 3, (bounded), we have immediately [h| <
c|h|l¢ and |Vh(z)| < ¢||h||¢/|2|. The Proposition 2.3 and Remark 2.1 mean that L. s is
an isomorphism from £ into Sg’fz(B;). We transform the equation (3.1) as follows:

Le 7o,800 =T (h)
= (LE,Toﬁo - LE,7'0+T750)h + eruEVTDJrT’BO (eh -1- h)
+ p267U5,70+T,B0 th (32)
= E(h) + F(h) + G(h) in By,
h=0on 632

One result that we shall use frequently as in [3], and without comments, is that to check
if a function u is an element of C9%(Q\ {20}); it is usually sufficient to check that |z —
20| 7 |u(z)| < ¢ and |z — 2| 7¥|Vu(z)| < ¢. Since the two estimates are always similar in
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this work, we present only the calculus for ||~ |u(z)| in general. We have then

,r2—(5

17°(0)] 1=,

— 2 YUe,r9+7,80 < 52 < e
0,c¢,6—2 ||p € ||0,a,672 e 78”1;1; (52 +Tg'/’2)2’7 =G

where ¢ and ¢; are constants independent of |7| < 79/2. We get also
-6 —v)—26

IER)lga5-2 < ceIrllBalles  [1F () = F(h2)llg 0 5-0 < e 772 |h1 = halg,

1G(h1) = G(h2)llg g5z < ce* 77 hy — ha| for any |7] < 70/2, ha, hy €E.
So, for any hy, ho in By, aa-+-s of &,

1T (h1) = T(ha)llg o 5-0 < c2(e* 7720 4 €%)||hy — hal¢ for any |7] <.

By a classical fixed point argument, when ¢ is small enough, we get the existence and
uniqueness of h, the solution of (3.1) with desired estimates (for ¢ = ¢;).

Clearly, h is a one parameter family of functions depending on 7. With the same idea,
we can also estimate 0-h. We will denote by hg and 0,hg their values for 7 = 0.

Lemma 3.2. Let §,e9 be as in Lemma 3.1. Then for any ¢ € (0,eq), the mapping
7+ h,, the solution of (3.2) is derivable in [—2° %], and there exists ¢ > 0 (independent
of € < o) such that |0, h| o < ce*1=1=9,

Proof. It suffices to remark that 9, h is the unique solution of the following equation

L&"’oﬁog = Td(g) = (LE,ﬂ),Bo - L6,7'0+Tﬁo)g
+ p2eu5,m+7,ﬂ0 (eh _ 1)g + 7pZe'yue,erT,go e'th ( )
3.3
+ [p26u5,7'0+7',[30 (eh —1—h)+ ,Yp2€“/us,m+r,[so (ﬂh] Ortic 7y, in Ba,
g=0o0n 0By,

where h is the solution given by (3.2). As in the proof of Lemma 3.1, we get that for
any |7] < &2, 1Ta(0)]lg.0.6-2 < c3e* =79 and ||Ty(g1) —Ta(92)llg,0.5-2 < a2 4
€%)|lg1 — gallg- This completes our proof.

Denote . (7, a,z) = G (T,a,2) + h(z — z1)x(z — z1). We shall get a sharp estimate on the
pre-image of the error function A, (0,0,-) + p2e®(0:0:) 4 p2e78(0.0:) by the operator

A=A —l—erﬁE(O’O").

We know the following

Proposition 3.1.0] Assume that 1 < v < 2 is given. There exist ¢, ¢g > 0 such that,
for all € € (0,¢0) and for all f € C2%(Q\ {z1}), there exists a unique w € F2* satisfying
Acw = fin Q and ||w||x < ¢||fl|o,a,p—2- In addition

lwlly < e (rEIG-(F)a.0 + A+ HE)
where
Fit = Crp(Q)\ {z1}) @ Span{0:.(0,0, )} & Span{8,c (0,0, -), e (0,0, )}
and the norm of w(z) = v(z) + 79, 1-(0,0,) + 2a - O5u:(0,0,-) € F2 is defined by
lwll = 7r6l1llg,0,, + [7Ir +lalc.
Thanks to [3] (Corollary 2, page 33),
IAZ1 (A6 (0,0,-) + pe™=O0))| 1 < ey ®[logel,
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so it suffices to check the pre-image of the difference &€ = A(hgy) + p2e®(0:0) (ehox — 1) 4
p2ee(0.0.)47hox  where we write hgx as an abbreviation of ho(z — 21)x(z — 21).
In By(21), & = Ahg + p?e®(0:0) (eho — 1)  p2e7%(0.0:)+7h0 Using (3.1) we have
€= p? (eag(o,o,.) _ euwo,ﬁo) (eho — 1) + p2erho (ewg(o,o,.) B equ,To,ﬁo) )

Clearly £ = 0in By, (21). In B1(21)\Bry(21), 4e(0,0, ) —ue o8, = (G(2, 21) —Ue ry,8,) (1 —X1)
where x1(2) = x((z — 20)/r0). By the choice of 21, 79 and By, we have the following
expansions: for any r € (g,1),
Ue, 79,80 (reie)'_ G(a1 + rei, Zl_) = 0(527'72 + 7'3)»
Ore o (1€0) — 0,G(21 + 7€', 21) = O(e2r =2 + 12).
We get then |£(2)] < e(e2]z — 21| e 22|z — 227" in By (21) \ By, (#1). Applying
Proposition 2.1,

[H. |+ [ HD

€,7T0

(3.4)

|+ 1Gere (E)llan,y < cl€lloan—n S ce®rg ™, V1I<v <2, (3.5)
where & = £(z + 21)|B,. In particular,
||arG€,To (g)|8B1||17a < C||G57TU(E)||27Q,U < 0527%7”'
Moreover, in Q\ By(z1),
&= A(hOX) +p26G(z,21)(ehox _ 1) _i_er"/G(z,zl)J,-'yh()X.

Since 8- 7y,8, |0\ By (21) is bounded independently of & € (0,¢0) in C*,

€lon 2 llg o < e(e® + [[hollg) < es*7170 (3.6)
Combining together (3.5), (3.6) and Proposition 2.4, we obtain: for any 1 < v < 2,
D)z, < ce™™770 < e UG + HE(E)] < ee®rg " (3.7)

Using (3.7) and Proposition 3.1, recalling that v > 3/4 and v < 2, s0 e?ry ™" < e2r;?|loge| <
5(1*7)7"6’ for € small enough, we are led to conclude

Lemma 3.3. Assume that 1 <v <2 andd € (0,1—~] are given. Then there exist eg > 0
and co > 0 such that for any e € (0,¢ep),

||Ag1(Aa€(0, 07 ) + ,026’&5(070’.) + p267ﬁ5(0’0"))|\}- S 605(177)7'6/.

¢4. Nonlinear Fixed Point Argument

Now we will define some nonlinear mappings which allow us to solve (1.1) by the con-
traction mapping fixed point Theorem. Although the proof is similar to that in [3], some
new technical difficulties appear. As in [3], for any |a| < 1/4 in C, we define a family of

—

diffeomorphisms =, : 2 — Q depending smoothly on a, satisfying =y = Id and
Eu(z) =2—a, VYze€ Bay(xn).
We look for a solution of (1.1) in the form u.(7,a,2) + (h-(z — 21)x(z — 21) + v) 0 Zg,
with w = (v,7,a) € F2*. Using h,x as an abbreviation of h,(z — 21)x(z — 21), we denote
M(v,7,a) = Alte(7,a,2) + (hyX) 0 Eq +v0Eg] 0 E, 1
+p26a5(r,a,z)osgl+h,x+v +p2e’y[ﬁg(T,a,z)05;1+hTX+U]’

N(U, T, CL) — A(ﬂE(T, a, Z) +wo Ea) o E;l 4 p2eﬁE(T’a’Z)OE;1+U7
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and R(v,7,a) = M(v,7,a) — N(v,7,a). By [3, Lemma 4, page 34], we can say that
DNl000) = Ac + S, with S a small perturbation satisfying [|Swl|y, , o < crg ™ wl| 5
Notice also that supp(h-x) C Bz/a, hence A[(h,x) 0 Zq] 0 251 = A(h-x) for any |a| < 1/4.

We study now the behaviour of DR|(g,0,0y, when ¢ tends to 0. First, we check DR|(0,0,0)(0,
7,a). Define Rq(71,a) = R(0,7,a), we have

Rl(T, a) _ A(hTX) + p2eﬁ5(7,a,z)05;1(6h7.x _ 1) + er'yﬁa(T,a,z)oEgle"/h,.x'
In Bi(z1), x =1,

1

_ o1 _ H,
Ri(7,a) = p*(e" 1) (6“5(77‘1’2)“):& — 6“5’70+T’ﬂ°) + p?ehr (e”“f(““’z)":a — 67“5’0*”‘*0) ;

so Ry = 0 in By (21). In Bi(21) \ Bry(21), since @c(7,a,2) 0 E51 = X1ue rgirp, + (1 —
x1)G(z + a, z1 + a) with x1(z) = x((z — z1)/70), we obtain

DRil0,0)(T,0) = p2eh°(ea5(0’0") — e"=m0:00) 70, hy
+ P2(eh0 - 1)(X16ﬁ5(0707') — €270 )70 Ue 1y 6,
+ ypPerho (e78e(0.0:) _ eYuero.0 )70 by
20 (x 1 €7 (00) _ eMUeiro50 )1 g 1 g
+ (e — 1) OO0 (1 — )0, H(z + a, 21 + a)|ao - @
+yp?e 000 (1 — )0, H(2 + a, 21 + a)|a=o - @,

where hg reads as ho(z — z1). Straightforwardly, by Lemmas 3.1, 3.2, the choice of z; and
the expansion (3.4), we get

IDR1]0.0)(7> @) < cle?rg T+ g 2T I (I + Jal)

0,0, v—2 —

in By(z1) \ Bry(#1). Finally, in Q\ By(21),
Rl (7_, CL) — A<h‘rX) + p2eG(z,zl+a)oE;1<eh,.X _ 1) + pZe'yG(z,zl—Q—a)oE;l—&-wh,—x.
By the regularity of h, and G, we obtain
IDR1(0,0)(7, @) < e(e* 70 £ E)(|r] + Jal).

0,0, v—2 —
Combining all these estimates, we have proved the following result:
Lemma 4.1. Assume that v € (1,2) and § € (0,1 — ~] are given, then there exists ¢ > 0
independent of € € (0,¢¢), such that

|DR1|(0,0)(T, @) < c(|7] + |al).

||O,a,l/72

Otherwise, we can repeat the previous proof for any |7| < €2 and |a| < 1/4, since Lemmas
3.1, 3.2 hold still, and Z, is still a translation in By(z1), which means

Lemma 4.2. Let v € (1,2) and 6 € (0,1 — ] be given. There exists €9, ¢ > 0 such that
R1 is a Lipschitz function with Lipschitz constant less than ce' =7 over B.2s X By CRxC
and for any € € (0,¢ep).

Now, we shall estimate DR|(0,0,0)(v,0,0). Denote ¢(v) = DR|,0,0)(v,0,0). We are not
able to prove directly that the operator  goes to zero with respect to the norm F when ¢
tends to 0; however, we can prove that the pre-image by A of this operator goes to 0, which
will be sufficient for our proof. More precisely, we shall prove
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Lemma 4.3. Assume that v is a constant in (5/3,2) and § € (0,1 —~]. Then there exist
€g,¢ > 0 such that

[AZ* (DR](0,0,0)(v,0,0))
for any € € (0,2¢) and v € C’gg(ﬂ \ {z1}).

Proof. Denote ((v) = R(v,0,0) = p?(e0X — 1)e®(0:0:)y 4 4 p2erhox+77:(0.0:)y, Fix also
> 1 satisfying (v — p) > 2v/5, which is possible since v > 5/3. Applying Proposition 2.1

||_7: S CE3<1_V)7’6||U||27(17V

and denoting ¢ = (2 + 21)|B,, we get

_ _ s
1Gem (Ollg.a,p < €lCllp gz < ™77 1 0]y

hence

1Ge.70 (Ollz,0, < €llllpap—s < e 0]l 0,
|HO (C_)l < C||<_||07a,6—2 < 664(177)+V725”v”27%1/ < 052(177)51/“0

€,T0

|H51,7-0(E)| §C||E||o7a,p72 < 064(1—"/)—5-&-1/—MH,U

||27a7y3
||2,a,1/ S 053(1_”,’15”1}“2,&,1/'

By Proposition 2.4, we have
1G(Ollz 0, < e=*F M f0lly,,, and [H2(Q) + [ HE(Q)] < eVl

The proof is completed by Proposition 3.1.

(3.8)

H2,o¢,u'

Now we can tackle the fixed point problem, which is the last step of our proof. For all
w = (v,7,a) € F2*, decompose

M(Ua T, a) = M(07 Oa O) + DM|(0,07O) (U7 7, a) + [M(U’ T, CL) - M(O’ T, CL)
- DM|(O,T,(J,) (Uv Ov 0)] + (DMl(O,T,a) - DM|(O,O,O))(U7 07 0)
+ [M(0,7,a) — M(0,0,0) — DM,(9,0,0)(0,7,a)],

where DM|(0,0,0) = Ac +S + DR|(0,0,0)- The proof preceeds with the following steps.
Step 1. Let fo = M(0,0,0). By Lemma 3.3, we know that there exists ¢g > 0 such that
for any £ € (0,¢), [[AZ*M(0,0,0)| » < coe' 7.
From now on, we fix v € (5/3,2), § = 1—v. Let wy,wy € F satisfying [|w;|| » < 2coe’ 7.
Step 2. Define

fl(w) = M(UvTv a) - M(077—7 a) - DM|(0,T,a) (U,O, 0)

= p? ﬂs(T,a,Z)oE;1+hTX(ew — 1= 0) 4 pRerte(maz)og, 1+'vhf><(evv —1— ).

Remarking that f; is independent of a in B,,(z1), and using the estimates on h and 9.h
(notice that |7| < 2coe! =77y implies that |7| < €29 for € small enough since v > 3/4), we get

1f1(wi) = fr(w2)llgap—o < e g lwr — ws 5.
Step 3. Define
fQ(w) = (DMl(O,T,a) - DM|(0,O,O))(”7070)
— A('U fe) Ea) o E;l — Av + p2 (6125(7',(1,2)05;1)4»}7,7)( _ e’aa(O’O,')‘thx) v

p? (ews(r,a,@oE;lﬂmx _ ewe(o,o,~>+whox) v.

Denoting fo'(w) = A(voZ,) 0 Z; ! — Av, we remark that this quantity does not depend on
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7,and fo' =0 in Bi(z1); we get
1f2! (w1) = fo' (w2)llg s < "7 (F Il = vally 4, + a1 — az)).

Denote fo? = fo — fo!, it is easy to see that fo? does not depend on a in B, (#1). By some
direct computations, we then get

122 (w1) = fo2 (w2)llg.qp—n < €7 (G |Jv2 = vill2,00 + |72 — 71| + 78|02 — as)).
Step 4. Let
f3(r,a) = M(0,7,a) — M(0,0,0) — DM]|0,0,0)(0, T, a).
We notice that
M(0,7,a) = N(0,7,a) + R(0, T, a).

Combining the estimation about A/(0,7,a) as in [3, Lemma 5], we get that f3 is a Lipschitz
mapping on Bag,e1-v,y i F2e with Lipschitz constant tending to 0, as € — 0.
Finally, the nonlinear operator IC. we deal with is just defined by

Ke(w) = —A;l(Sw + DR|0,0,00w + fo + fi(w) + fo(w) + f3(7,a)).

Combining the results of the above 4 steps, Lemmas 4.1, 4.3 and Proposition 3.1, we
conclude that there exists €y > 0, such that C. is well defined and K. is a contraction from

the ball of radius 2coe! 7§ in (F2°,| - || £) into itself for any € € (0,0), so there exists a

unique w € Byeye1—yw of (F2 |- || ), such that
Ke(w) =w, ie M(w)=0.

This completes the proof of our Theorem 1.2.
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