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By means of an equivalent invariant form of boundary conditions, the authors get the exis-
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Keywords Semi-global C'! solution, Mixed initial-boundary value problem,
Quasilinear hyperbolic system

2000 MR Subject Classification 35150

Chinese Library Classification 0175.27 Document Code A

Article ID 0252-9599(2000)03-0325-12

§1. Introduction

A systematic theory on the local C'! solution to the mixed initial-boundary value problem
for quasilinear hyperbolic systems can be found in Li Ta-tsien & Yu Wencil'l and Li Ta-
tsien, Yu Wenci & Shen Weixil?l. In order to study the exact boundary controllability
for quasilinear hyperbolic systems (cf. [3-5]), it is necessary to consider the semi-global
C" solution, i.e., the C' solution on the time interval 0 < t < Ty, where Ty > 0 is a
preassigned and possibly quite large number. M. Cirinal® 7 considered this kind of problem
for special boundary conditions, but he imposed very strong hypotheses on the coefficients of
the system (globally bounded and globally Lipschitz continuous), which is a grave restriction
to applications. In this paper we first improve the original theory of local C'! solution,
and then, by establishing a uniform a priori estimate on the C! norm of the solution, the
successive extension of local C! solution will lead to the existence and uniqueness of semi-
global C! solution for the mixed initial-boundary value problem with general nonlinear
boundary conditions.

Consider the following first order quasilinear hyperbolic system

Ju Ju
— + Au)=— = F(u 1.1
S Ao = Fu), (1)
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where u = (ug,--+ ,u,)? is the unknown vector function of (t,z), A(u) is a given n x n
matrix with suitably smooth elements a;;(u)(¢,7 = 1,--- ,n), F(u) is a given vector function
with suitably smooth components f;(u)(i =1, -+ ,n) and
F(0)=0. (1.2)
By the definition of hyperbolicity, on the domain under consideration the matrix A(u)
has n real eigenvalues \;(u)(i = 1,--- ,n) and a complete set of left eigenvectors [;(u) =
(in(u), -+ ylin(uw))(@ = 1,--- ,n) and, correspondingly, a complete set of right eigenvectors
ri(u) = (ra(u), - rin(u) (i =1, n):
lLi(wA(u) = Ai(u)li(u)  (i=1,---,n), (1.3)
Aw)ri(u) = N(w)r;(u) (t=1,--+,n). (1.4)
We have
det|l;;(uw)] #0 (resp. det|r;;(u)| # 0). (1.5)
Without loss of generality, we may assume that
li(U)T](U) = 571]' (Z,j = ]., s ,n), (16)
rr(w)riu) =1 (i=1,---,n), (1.7)

where d;; stands for the Kronecker symbol.
In this paper we assume that on the domain under consideration, the eigenvalues satisfy
the following conditions:

Ar(u) <0< Ag(w) (r=1,--- ,mys=m+1,--- ,n). (1.8)

We consider the following mixed initial-boundary value problem (Problem I) for the
quasilinear hyperbolic system (1.1) on the domain

R(T):{(t,x)‘ogth, ogzgl} (T > 0)

with the initial condition

t=0:u=¢@(x) (0<zx<1) (1.9)
and the boundary conditions
z=0:0, =gs(t, 01, ,0m) + hs(t) (s=m+1,--- n), (1.10)
x=1:0=gr(t, Omg1, "+ ,0n) + he(t) (r=1,---,m), (1.11)
where
b= lilp(x)u (i=1,--,n) (1.12)
and without loss of generality, we assume that
gi(t,0,---,0)=0 (i=1,---,n). (1.13)

Moreover, the conditions of C! compatibility are supposed to be satisfied at the points (0,0)
and (0,1) respectively.

The mixed initial-boundary value problem (1.1) and (1.9)—(1.11) (Problem I) admits a
unique local C! solution u = u(t,z) on R(T) for T > 0 suitably small (see [1, 2]), however,
since (1.10)—(1.11) are not of an invariant form in the course of the successive extension
of local C! solution, this kind of boundary conditions is not convenient for the study of
semi-global (or global) C* solution. In order to get the semi-global C* solution, instead of
(1.10)—(1.11) we consider the following boundary conditions:

x=0:vs =Gs(t,v1, - ,0m) + Hs(t) (s=m+1,---,n), (1.14)
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x=1:v.=Gr(t,0mq1, " ,0n) + H(t) (r=1,---,m), (1.15)
where
v, =lL(wu (t=1,---,n) (1.16)
and without loss of generality, we assume that
Gi(t,0,---,00)=0 (i=1,---,n). (1.17)

Obviously, the boundary conditions (1.14)—(1.15) are invariant under the successive ex-
tension of local C'! solution, then the corresponding mixed initial-boundary value problem
(1.1), (1.9) and (1.14)—(1.15) (Problem II) has an advantage for the study of semi-global (or
global) C* solution. Of course, we suppose that the conditions of C' compatibility are still
satisfied at the points (0,0) and (0,1) respectively for Problem II.

We first prove in §2 that when wu is suitably small, Problem I is equivalent to problem II;
then in §3 the existence and uniqueness of local C! solution to Problem II follows from the
well-known result on the existence and uniqueness of local C'! solution to Problem I; finally,
by means of a uniform a priori estimate on the C'' norm of the solution to Problem II, we
get the existence and uniqueness of semi-global C" solution to both Problem I and Problem
II, provided that the C! norm of ¢ and H (resp. h) is small enough.

§1. Equivalence of Problem I and Problem 11

In order to prove the equivalence of Problem I and Problem II, it suffices to show that the
boundary conditions (1.10)-(1.11) can be equivalently replaced by the boundary conditions
(1.14)-(1.15), provided that u is suitably small.

Theorem 2.1. Suppose that l;; (resp. 7i;), giy hiy, Gi and H; (i,j =1,---,n) are all
C' functions with respect to their arguments. When

u] < eo, (2.1)

where 9 > 0 is a suitably small number, the boundary conditions (1.10)—(1.11) can be
equivalently replaced by the boundary conditions (1.14)—(1.15), then Problem 1 is equivalent
to Problem II.

Proof. Let

L(u) = (Lij(w)) (2.2)
be the matrix composed by the left eigenvectors. By (1.6), for the matrix composed by the
right eigenvectors

R(u) = (ri;(u)), (2.3)
we have
R(u) = L™ (u). (2.4)
By (1.16) we have
v = L(u)u, (2.5)
u= R(u)v
Similarly, by (1.12) we have
5 = Lig@)u, 27)
u = R(p(x))0. (2.8)

We now prove that the boundary condition (1.11) on = 1 can be equivalently replaced
by the boundary condition (1.15). Similarly, we can prove that the boundary condition
(1.10) on & = 1 can be equivalently replaced by the boundary condition (1.14).
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Let x = 1. By (2.7)—(2.8) we have

5= Lie()), (2.9)
u= R(p(1))7, (2.10)
namely,

b = Zz”(sa(muj (i=1,---,n), (2.9)
=3 rig(p()o (=1, ) (2.10)

Then, it follows from (2.5) that
v = L(R(p(1))0)R(p(1))0 (2.11)
vi= Y lin(wug = Z Lik(R((1)0)rn (¢(1))0p.- (2.11)

k=1 k,h=1

Hence, noting (2.10), we get

n

ov; "
8’;}}]' = Z lik(u)ﬁw z_:

m o(1))ug. (2.12)

Thus, noting (1.6), when v = 0 (then ¢(1) = 0), g;}; = J;;, then, under the hypothesis
(2.1), the inverse of (2.11) can be obtained as
o = B(v) (2.13)
or
0y = bi(v1, - ,vp) (P=1.--,n). (2.13)
Suppose that (1.15) holds on & = 1. Noting (2.11)", on = 1 we have
Op = by (v1,-+- ,vp)
= b (G1(t, g1, s vn) + Hi(t), -+, G (6, Vi1, -+ 5 0n) + Hip(8), Vg1, 0n)
= by (t, Vg1, -+ Un)
(3 sk R ()« D LRGP (1))
k,h=1 k,h=1
(r=1,---,m). (2.14)
Hence, noting (2.12), for r,7 = 1,--- ,m we get
gg; = s:mZH gz (t, Vg1, V) [kz_l Lor (w) i ( 1;1 mg’;l T ( 1))uk] (2.15)

Noting (1.6), we have

> lar(w)re((1) = 3 (Lo () = L (9(D) )ra(p(1)) (7= L+ ymis =m+ 1, ),
k=1 k=1
(2.16)
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then it follows from (2.15) that when u = 0 (then (1) = 0),
b,
o
Hence, it is easy to see that under the hypothesis (2.1), on = 1 (2.14) then the boundary
condition (1.15) on z = 1 can be rewritten in a form of (1.11).

Similarly, the boundary condition (1.11) on & = 1 can be rewritten in a from of (1.15).
This finishes the proof.

Theorem 2.2. Under the hypotheses of Theorem 2.1, the functions h(t) = (hi(
hn(t)) and H(t) = (Hy(t), -, Hn(t)) in two equivalent boundary conditions (1.10)—
and (1.14)—(1.15) satisfy the following relationships: for any given l;;(u) and g;(t,-)
G(t,")) (i,7 =1,---,n), there exist two positive constants C; and Cy depending only on &y,
such that on the domain under consideration we have

=0 (r,r=1,---,m). (2.17)

t),-
(1. 11)
(

Cilhllo < [|Hllo < Ca|[R]lo, (2.18)
[Ihlly = 0« [[H][[1 — 0, (2.19)
where || ||o and || ||1 stand for the C° norm and the C' norm respectively:
Ihflo = sup [hi(@)], [Ihlli = sup (Jh(@)] + (D)), ete. (2.20)
i=1,---,n i=1,---,n
t t

Proof. We still consider the situation on x = 1. By Theorem 2.1, under the hypothesis
(2.1), (1.11) is equivalent to (1.15).

We take
0s5=0 (s=m+1,---,n) (2.21)
on x = 1, then, noting (1.13), it follows from (1.11) that
Op=he(t) (r=1,---,m). (2.22)
y (2.10), we have
u=>Y ry(p(1)hy(t), (2.23)
p=1
namely,
we =Y rp((W)hp(t) (k=1 ), (2.23)
p=1

then it follows from (2.11)" that
Zlm Wk = L (D (e D g (D) (1): (2:24)

Hence, by (1.15) we get

=3 k) 3 rra (1)) - Gr (13 1 () 3 ra(0(D)hy(0), -
k=1 q=1
Zlnk Z?‘kq )) (r=1,---,m), (2.25)
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then
" Ol (1) — “
H;(t) = Z a];( ) Z Thp( Uk + Z l,«k Z ’I”kq
kh=1 L — _ a=1
5‘GT " alsk -
D P { o Zr (L), (t)u
s=m-+1 p=1
n lek Zrkq } (r=1,---,m). (2.26)
k=1 q=1
Noting (1.17), we have
0G; .
(¢,0,---,0)=0 (i=1,---,n). (2.26)
ot
Hence, under the hypothesis (2.1), it follows immediately from (2.25) and (2.26) that
1E]lo < CallAllo. (2.28)
|H'[Jo < B(||]1), (2.29)
where B = B(y) is an increasing continuous function with B(0) = 0, then we get
1Ally = 0 = [|H]]; — 0. (2.30)
Similarly, taking
vs =0 (s=m+1,---,n) (2.31)

on x =1 and noting (1.17), it following from (1.15) that
vy = H,(t) (r=1,---,m). (2.32)

By (2.5) and (2.7) and noting (2.6), on = 1 we have

n

vi =3 = 3 (I () = il (1)) ), (2.33)
in which -
=S ) Hy (1), (2.34)
namely, "~
we =S rp(@H () (=1, ). (2.34)'
Thus, by (1.11) we get -
ho(t) = H, (t) - é(uk(u) ~ (1) Juk = g1 (1. - é(zmﬂ,m = lr(p(1)) ) ui,
i( — L (1))>uk> (r=1,--,m), (2.35)

k=1
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then
/ oyt _ - alrk(u) % . - - % _ 8gr
() = H] (1) o gk = > (I () — Le(0(1)) =
k,h=1 k=1
~ agT 8lsk Buh 8uk
p aas( ouy ot " +Z( () = Li(2(1)) )
s=m+1 k,h=1

(r=1,---,m). (2.36)

By (2.5)—(2.6) and noting (2.31)—(2.32), under the hypothesis (2.1), it is easy to see that
there exist two positive constants C's and C4 depending only on gg, such that on z = 1 we
have

Cl|Hllo < IJullo < Cil|Hllo- (237)
Moreover, differentiating (2. 34)' with respect to ¢, on x = 1 we get
6uk 67“kp 8uh
Zmp )+ Z Z oo o Ho(0) (239)

then, noting (2.37), under the hypothesis (2.1) it is easy to see that on = 1 we have
|2 < CsliEii, (2.39)

where (5 is a positive constant depending only on €.
Noting (1.13), we have

0gi

o (1:0.--.0) =0 (i=1,--,n), (2.40)
then, under the hypothesis (2.1), it follows from (2.35) and (2.36) that
Cillnllo < [|H]lo, (2.41)
11/ llo < b(I[H]]1), (2.42)
where b = b(y) is an increasing continuous function with b(0) = 0, hence we get
[[H][ly = 0= [[h]]s = 0. (2.43)

The proof of Theorem 2.2 is complete.

§3. Local C* Solution to the Mixed
Initial-Boundary Value Problem

By means of the theory on the local C! solution to the mixed initial-boundary value
problem in [1, 2], we can obtain the following

Theorem 3.1. Suppose that l;;(w), Xi(u), fi(w), gi(t,.), hi(t) (4,5 =1,---,n) and ¢(z)
are all C functions with respect to their arguments. Suppose furthermore that (1.2), (1.5),
(1.8) and (1.13) hold. Suppose finally that the corresponding conditions of C* compatibility
are satisfied at points (0,0) and (0,1) respectively. Then, for any given A(u), F(u) and
gi(t,") (i =1,---,n), there exists a positive constant 6 = 6(||¢l|1, ||h|]1)depending only on
the C* norms ||¢||1 and ||h||1, such that Problem 1 admits a unique C* solution u = u(t, )
on the domain

R((S):{(t,x)‘ogtgé, ogxgl}. (3.1)
Moreover, when ||p|l1 and ||h||1 are suitably small, we have
lu(t,z)| <eo, Y(t,z) € R(J), (3.2)



332 CHIN. ANN. OF MATH. Vol.22 Ser.B

where g is the small positive contant given in Theorem 2.1.

Thus, by means of Theorem 2.1 and Theorem 2.2 we have

Theorem 3.2. Suppose that l;j(uw), Ai(v), fi(w), Gi(t,.), Hi(t) (i,j=1,---,n) and
() are all C* functions with respect to their arguments. Suppose furthermore that (1.2),
(1.5), (1.8) and (1.17) hold. Suppose finally the corresponding conditions of C1 compatibility
are satisfied at points (0,0) and (0,1) respectively. Then for any given A(u), F(u) and
Gi(t,.) (i = 1,---,n), if the C' norms |||y and |H||1 are suitably small, Problem II
admits a unique C1 solution u = u(t,x) on the domain (3.1), where & is a positive constant
depending only on |l¢l[y and [|[H|[y : 6 =d(llell, [H]1).

Proof. We only consider the solution v = u(t,z) satisfying |u| < g9. By Theorem
2.2, when ||¢||1 and ||H]||; are suitably small, ||k||; is also small, then by Theorem 3.1, the
corresponding Problem I admits a unique C! solution u = u(t,z) and (3.2) holds. Hence,
by Theorem 2.1, Problem II is equivalent to Problem I, then u = u(t, z) is also the unique
C* solution to Problem II on the domain (3.1). Moreover, noting (2.28)—(2.29) and (2.41)—
(2.42), from 6 = 6(glls, [[A]l1) we get & = a(llells, |11l

t4. Semi-Global C! Solution to the
Mixed Initial-Boundary Value Problem

In this section we will prove the following two main theorems.

Theorem 4.1. Under the hypotheses of Theorem 3.1, for any given Ty > 0, the mized
initial-boundary value problem (1.1) and (1.9)—(1.11) (Problem 1) admits a unique C* solu-
tion u = u(t,x) on the domain

R(Tp) = {(t,2)[0 <t < Tp,0 <z < 1, (4.1)

provided that |[¢||c1j0,1) and ||h||crjo,1,) are suitably small (depending on Tp).

Theorem 4.2. Under the hypotheses of Theorem 3.2, for any given Ty > 0, the mized
ingtial-boundary value problem (1.1), (1.9) and (1.14)—(1.15) (Problem II) admits a unique
C' solution u = u(t,z) on the domain (4.1), provided that ||¢||c1jo) and ||H||c1jo,r,) are
suitably small (depending on Tp).

We refer to these solutions as semi-global C! solutions.

We first prove Theorem 4.2. By Theorem 3.2, for this purpose it is only necessary to
prove the following

Lemma 4.1. Under the hypotheses of Theorem 3.2, for any given Ty > 0, if |||l c1jo,1)
and || H || crjo,m,) are suitably small (depending on Tp), then, for any C* solution u = u(t, x)
to Problem 11 on the domain

R ={to<i<mo<e <1} (42)
with 0 < T < Tpy, we have the following uniform a priori estimate:
[lu(t, )l = [Jult, o + [lua(t, o < C(To), YOt <T, (4.3)

where C(Ty) is a sufficiently small positive constant independent of T but possibly depending
on Tjy.

Proof. Let v = (v, - ,v,) be defined by (1.16) and

w; = Li(wu, (i ceun). (4.4)
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By (1.6), we have

u= Z viri(u), (4.5)
i=1
Uy = Z w;r; (u). (4.6)

Noting (1.7), it suffices to estimate ||v(¢,)|lo and ||w(E,-)||o-
It is easy to see that (cf. [8-10])

d’UZ n n _
i > Bik(wvjwe + Y Bij(u) f(w), (4.7)
’ J, k=1 j=1
dwi n n .
i > vigr(wwiwr + > Fij(ww;, (4.8)
! k=1 j=1
where
d 0 0
denotes the directional derivative along the i-th characteristic,
Biji(u) = (A () = Ai(w)li(u) Vrj(w)ry(u), (4.10)
1 .
k() = 5 O () = M)l () () = VAs)rs )+ GIB) ), (4.11)
in which (j|k) stands for all terms obtained by changing j and k in the previous terms , and
Bij(u) = lij(u) — (Li(u) Vg (uw)ry(w)) (I (w)u) g (u), (4.12)
h,k=1
343 (1) = L)V )r; (u) = > (1) V() (w) ) (e (0) F (). (4.13)

k=1
For the time being we assume that on the domain R(T)

ot )| <2, Jw(t,2)| <m, (4.14)

where 79 and 7, are suitably small positive constants. Then, by (4.5) and noting (1.7), we
have

lu(t,z)| <mno,  Y(t,z) e R(T). (4.15)

At the end of the proof, we will show the validity of hypothesis (4.14).
Let

1
Ty = max > 0, (4.16)
i=1,.n | Ai(u)]
[u[<mno
v(t) = sup |lv(t,)|lo, w(r)= sup ||w(t,.)|o- (4.17)
0<t<r 0<t<r
For any given point (¢,2) € R(T}), we draw down the r-th characteristic (r = 1,--- ,m)

passing through (¢, z). Noting (1.8) and (4.16), there are only two possibilities:
(a) This r-th characteristic intersects the z-axis at a point (0,«). Integrating the r-th
equation in (4.7) along this characteristic from 0 to ¢, and noting (1.2), (1.7) and (4.14)—
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(4.15), we get

for (8,2)] < [[0(0, o + C /O o(r)dr, (4.18)

here and hereafter, C; (i = 1,2,---) denote positive constants.

(b) This r-characteristic intersects x = 1 at a point (¢,,1), and all s-th characteristics
passing through (¢,,1) intersect the z-axis at point (0,8s) (s = m + 1,--- ,n) respectively.
Similarly to (4.18), we have

t
v (t, )| < |op(tr, 1)] +Cl/ v(T)dr. (4.19)
tr
Moreover, by means of the boundary conditions (1.15) it is easy to get that
< .
orltr DI < Ky ma [uute, )]+ 1 o (4:20)

henceforth K; (i =1,2,---) denote positive constants depending only on Tj, and, without
loss of generality, we may suppose K7 > 1. Similarly to (4.18), integrating the s-th equation
in (4.7) along the s-th characteristic gives

s (tr, )] < [[0(0, )]0 + Cs /tr o(r)dr (s=m+1,--,n). (4.21)
The combination (4.19)—(4.21) leads to i
[or(t, )] < K1]|v(0,.)|lo + ||[H]|lo + C3 /OtU(T)dT. (4.22)
Thus, it follows from (4.18) and (4.22) that
[or(t, )| < Ki[[0(0, )[[o + |[H]lo + Ca /OtU(T)dT (r=1,---,m). (4.23)
Similar estimates can be obtained for vs(¢t,2) (s =m+1,---,n). Hence, we have
v(t) < K1||v(0,)|lo + || H]|lo + C5 /Ot’l)(’]')d’i', Vit € [0, T1], (4.24)

then, using Gronwall’s inequality we get
oft) < Kamax{[[v(0, )llo. | Hllo}, ¥t € [0,Ta], (4.25)

in which we may assume that Ky > 1.
Taking v(T7, ) as initial data on ¢t = T} and repeating the previous procedure, we obtain

o(t) < Kz max{ |lo(Ty, o, I1H|lo b < K5 mas {[[0(0, o, || Hllo}, V¢ € [11,271]. (4.26)

Repeating this procedure at most N < [%] + 1 times, we get

o(t) < K3 max {||o(0, )llo, [|H|lo }, vt € [0,T]. (4.27)
Noting (1.16) and (1.9), we finally get
o(t) < Kz max {lglloop, || Hlloopmy }, ¥ € 0,7 (4.28)
Then, by (4.5) and noting (1.7), we have
fut, o)) < Kamax{|lgllcop, i, || Hllcowm - ¥(t2) € R(T). (4.29)

We now estimate w(t).
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As before, for any given point (¢,2) € R(T}), there are still two possibilities for the r-th
characteristic (r = 1,--- ,m) passing through (¢, z).
In case (a), integrating the r-th equation in (4.8) along this r-th characteristic yields

[w,-(t, )| < ||w(0,.)lo +C’6/O w(r)dr. (4.30)

In case (b), similarly to (4.19), we have

lw, (£, 2)| < [wn(tr, 1)] + Cg /t w(r)dr. (4.31)

In order to estimate |w, (¢, 1)|, we seek the boundary conditions satisfied by w on = 1.
Differentiating (1.15) with respect to ¢, we get

v " 0G, v,
=1: T — S+ H =1,--- 4.32
: 5 Gt S Gug HHNO (=loem )
where G, = G (t, Vi1, ,Un).
By (1.16) and using (1.1), (1.3) and (4.6), we have
ov; auj
ot 2} 8u] o "
_ ou "0l (u) - auk
— 1i(u) (F(u) — AWy ) + 2} o (5w - ant) S u
n @(U) n
= —Xi(w)w; + 1;( )+ Z ou, (fj ) h_lajk(u)rkh(u)wh>u
w)w; + Z bin(W)wp +bi(u) (i=1,---,n), (4.33)
where by, b; (i,h = 1,--- ,n) are continuous functions of u and, noting (1.2), when |u| < 7,
lbin(w)], |bs(w)| < Crlu| (i,h=1,---,n). (4.34)

Hence, for 19 > 0 small enough, by (4.33) and noting (1.8) and (2.27), (4.32) can by rewritten
as

r=1liw, = Y Cu(t,ww,+Crlt,u) + > Con(t,w) HAt) (r=1,-+,m), (4.35)

s=m-+1 7

I
A

where C,.;, C, and C\r (r,f=1,---,m;s =m+1,--- ,n) are continuous functions of ¢ and
u, moreover, as |u| — 0,
d(u)= sup |C.(t,u)| — 0. (4.36)
0<t<To
r=1,---,m

By (4.35), we have
et D) < K5 masJu(t, D] + Ko(d(w) + |5]lo) (7

1, ,m). (4.37)
Integrating the s-th equation in (4.8) along the corresponding s-th characteristic gives

|ws (t-, )| < |Jw(0,.)||o + C'g/o ’ w(r)dr (s=m+1,---,n). (4.38)
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Combining (4.31) and (4.37)—(4.38) yields
mmw»<KmmmJm+K4am+|Em)+@[ﬂwﬂm (r=1,,m). (4.39)
Similar estimates can be obtained for ws(t,z) (s =m +1,--- ,n). Hence we have
w(t) < Kslw(0, llo + Ko () + [1Hllo) + Cro /Otw(T)dﬂ Vie 0,7y, (4.40)
then, using Gronwall’s inequality we get

w(t) < Kymax{||w(0, o, d(w) + |Hlo}, ¥t € [0,T1] (4.41)

in which we may assume that K7 > 1.
Repeating the previous procedure, similarly to (4.27), we have

w(t) < K max{ [[w(0, o, d(w) +[|H'llo}, V€ [0,7], (4.42)
then, noting (4.4) and using (1.9), we get
w(t) < K maX{H‘p/HCO[O.l]» d(u) + ||Hl||Cl[O,To]}a vt € [0,7]. (4.43)

Noting (4.36) and (4.29), when ||¢||c10,1] and |[H||c1o,7,] are small enough, for any T
with 0 < T < Ty, v(¢) and w(t) are sufficiently small on 0 < ¢ < T. This implies not only
(4.3) but also the validity of hypothesis (4.14). The proof is finished.

We now proof Theorem 4.1.

By Theorem 2.1, under the hypothesis (2.1), Problem I is equivalent to Problem II
Consider the C! solution u = u(t, x) satisfying |u| < &g on the domain under consideration.
By Theorem 2.2, when ||¢||c1(0,1) and ||h|[c1(0,7,) are small, [|¢]|c1o,1) and |[H||c1po,1,) are
also small. Then by Theorem 4.2, the corresponding Problem II admits a unique semi-
global C* solution u = u(t,x) on the domain R(Tp), moreover, the C! norm ||u(t,.)||; is
small enough on 0 < ¢ < Ty, then (2.1) holds. Thus, u = u(t,z) is the semi-global C!
solution to Problem I on the domain R(7Tp). This proves Theorem 4.1.
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