Chin. Ann. of Math.
22B: 3(2001),385-396.

EXISTENCE AND UNIQUENESS OF STRONG
PERIODIC SOLUTION OF THE EVOLUTION
SYSTEM DESCRIBING GEOPHYSICAL
FLOW—PART I: IN BOUNDED DOMAINS**

ZHAO CHuUNsSHAN* LI Kartar*

Abstract

The existence and uniqueness of a strong periodic solution of the evolution system describing
geophysical flow in bounded domains of RN (N = 3,4) are proven if external forces are periodic
in time and sufficiently small.

Keywords Existence and uniqueness, Periodic solution, Evolution system,
Geophysical flow

2000 MR Subject Classification 35K45, 35B10, 35K55

Chinese Library Classification O175.29. Document Code A

Article ID 0252-9599(2001)03-0385-12

¢1. Introduction

Discovered by R. Hidel®), the following evolution system has been used to describe the
geophysical flow:

% —vAu+ (u-Viu— 1 (B-V)B+ 52 V(BP) + 1Vp = f(x,1),

5% = MAB+ (u-V)B — (B-V)u+ Vg = g(x,1), (E.S)
V-u=0, V-B=0,
where u = u(zy, -+ ,zN,t) = (u1,--- ,uy) and B = B(zy, -+ ,an,t) = (B1,---,Bn) are

the velocity vectors of Eulerian flow and magnetic fields respectively. p(x,t) and ¢(x,t) are
pressures. f(x,t) and g(x,t) are volume forces. p and v are the constants of density and
viscosity of the flow respectively, u is the constant of magnetic permeability and A = % with
electrical resistivity 7.

In this paper,we will investigate the existence and uniqueness of a strong periodic solution
of the system (E.S) under boundary conditions

u(z,t) =0, B(z,t)=0 for (z,t) €0 xR, (1.1)

where ) is a bounded domain of RN (N = 3,4) with smooth boundary 9. The problems
we consider are as follows: Suppose that the external forces f(z,¢) and g(x,t) are periodic
in time with some period w, then we try to prove the existence and uniqueness of a strong
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periodic solution (u, B) of the system (E.S) under the boundary conditions (1.1) with the
same period w, i.e.,
u(z,t+w) =u(z,t), B(z,t+w)=B(x,t) for (z,t)€QxR. (1.2)

At first, let us recollect some known results related to the initial value problems of (E.S)

together with initial data
u(x,0) = ug(x), B(x,0)= Bo(z), x €. (1.3)

The global existence and uniqueness of a strong solution of the system (E.S) together with
(1.1) and (1.3) in 2D bounded domains and the local existence and uniqueness of strong
solutions in 3D bounded domain were obtained in [6,7]. The global existence and uniqueness
of a strong solution to the initial and boundary value problems of (E.S) in 3D bounded or
unbounded domains were proven under the assumptions that both initial values and external
volume forces are sufficiently small or v, A are sufficiently large (see [7,10] for details). Strong
periodic solutions of Navier-Stokes equations with sufficient small external forces were shown
in [4,5,8]. Our work was motivated by the above works, and we will show the unique existence
of a strong periodic solution of the system (E.S) in bounded domain Q of RY for N = 3,4
under some assumptions on external forces f(x,t) and g(z,t). Clearly, if ¢ =constant and
g(x,t) = 0, the system (E.S) are the well-known MHD equations, so our results can be
applied to the MHD equations nearly without any modifications.

This paper is arranged as follows: We presente our main results and some preliminaries
in Section 2. The approximate solutions and various estimates of them are given in Section
3. In Section 4, the proofs of our main results are presented.

§2. Preliminaries and Main Results

Firstly, let us introduce some functional spaces and notations as follows: Throughout this
paper, L?(Q), H™(Q) and HJ*(Q) are usual Sobolev spaces!!! of vector-valued functions.
The inner product and norm in L2?(Q2) are denoted by (-,-) and || - || respectively. Let
C3°() = {¢ € C°(),V - =0} and H,V be the closures of C5°(Q) in L2(2) and H' ()
respectively.

Let P : L?(Q) — H be the Leray projecting operator®). Then A = —PA is the well-
known Stokes operator with domain D(A) = H?(Q) (V. Since A is a positive operator with
compact inverse, there exist eigenvalues {\;} and eigenvectors {w;} (j = 1,2, - -) satisfying

ij:)\jwj7 0<)\1§>\2§"', hm)\J:oo
]A)OC
Then the periodicity problem of the system (E.S) together with (1.1)—(1.2) can be formulated
as follows:

1
w +vAu+ P(u- V)u — mP(B -V)B = Pf,

B+ MB + P(u-V)B — P(B-V)u = Pg, (2.1)
u(t +w) = u(t), B(t + w) = B(t).
Next, we introduce some functional spaces consisting of w-periodic functions. Let X be
a Banach space, C* (w; X) denotes the set of X-valued w-periodic functions on R with
continuous derivatives up to order k. The norm in C*(w; X) is defined as || fllcr(w,x) =
k .
sup { HD;fHX} Define L"(w; X) (1 < r < o0) as the set of w-periodic X-valued
i=0

0<t<w

measurable functions on R such that
1

£l = ([ 1) <00, it 1< v <o,
0

[fllL@x) = sup [[f(t)llx < oo.
0<t<w
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Let W¥"(w; X) denote the set of functions which belong to L"(w; X) together with their

partial derivatives with respect to t up to order k. Particularly, H(w; X) = W*2(w; X) if
X is a Hilbert space.

Before stating our main results, we present a proposition which will be used occasionally
later.

Proposition 2.1.2 If N > 2 and 0 < § < % + %, the following estimate holds with a

constant ¢; = ¢1(6,01,09) :
A= P(u- V)v| < e1||A%ul|||A%v]|, Yu € D(A%),v € D(A%), (2.2)

with 6 + 61 + 6 > %—i—%, Oy + 0 > % and 01,05 > 0.
We need the following inequality due to Giga and Miyakawal?!:

o1 1 2
lullzro) < eallA™ll, i~ > 2= Ty >0,
Particularly, if r = N, then
e N 1
lulley @) < esllA7ull with v =—-—5>0.

Now our main results read as follows.
Theorem 2.1. For any f(x,t),g(x,t) € H*(w; H), there exists a positive constant Ko =

Ko(N) such that if M = max( sup || f]l sup ) < Ky, the problem (2.1)
0<t<w

Zi< LF Q) g2y ”g”L%(Q)
has a strong w-periodic solution (u(xz,t), B(xz,t)) satisfying
u(z,t), B(z,t) € H*(w; H) N H' (w; D(A)) N L™ (w; D(A)) N W (w; V).
Theorem 2.2. If M defined in above theorem is sufficiently small, the strong periodic
solution obtained in Theorem 2.1 of the problem (2.1) is unique.
§3. Approximate Solutions and Estimates of Them

Firstly, we will show the existence of approximate solutions of the problem (2.1) under
conditions in Theorem 2.1. We consider the system of ODE as follows:

1
(unt + vAu, + P(un ) v)un - P?P(Bn : V)anwl) = (fawz) (Z =1, 7”);

(But + MByy + P(un - V)Bp — P(Bn - Vun,wi) = (g,w;) (i=1,---,n), 1)
Un(t + w) = un (), B, (t + w) = By(t),

ol

where Up = Z Cin(t)wia Bn(t) =
i=1 g

known that for any v, (t) = 3 bin(t)wi, bu(t) = Y rin(H)w; € CH(w; W,), there exists a
i=1
)

din(t)w;. Let W, be span{wy, wa, -+ ,wy}. It is well
1

i=1
unique w-periodic solution (u,(t), B,(t)) € Cl(w;W,,) x CY(w; W,,) of the following linear
problem

1
Unt + VAUp, w;) = (f — P(vy - V) + — (b - V)b, w; 1=1,---,n),
(e )= (= Plon D+ - Db b e
(Bnt + AAB,,,w;) = (g — P(vy, - V)by + (b - V), w;) (i=1,---,n).
Moreover, it is clear that the mapping F': (v, by,) — (un, By) defined by (3.2) is continuous
and compact in C(w; W,,) x Ct(w; W,,). Thereby, we shall prove the existence of periodic so-

lutions of the problem (3.1) by applying the well-known Leray-Schauder fixed point theorem.
To apply this theorem, it is sufficient to show the following uniform boundedness

1
sup ([lun ()1 + — [ Ba(t)?) < e4 (3.3)
0<t<w PH
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holds with respect to x (0 < k < 1) for all possible solutions of the following ODE
(unt + VAu,, w;) = (f — KP(up - V)u, + iP(Bn -V)Bp,w;) (i=1,---,n),
P (3.4)
(Bnt + AABy,w;) = (9 — 6P (up - V)By, + KP(By, cdotV)up,w;) (i=1,---,n).
(3.5)
In fact, multiplying (3.4) by ¢;,(¢) and (3.5) by idm(t) and then summing up over i, we
obtain

(tnts Un) + (At un) = (f — 6P (tn - V)ttn, tn) + %(P(Bn V) B, un),

1 A 1 K
—(Bu¢, Bn) + —(AB,,B,) = — (9 — kP(u,, - V)B,,B,) + —(P(B, - V)u,, B,).
(Bnt, Bn) pu( ) pu( ( ) ) pu( ( ) )

P
By summing above two equalities together and noticing that
(P(u-V)v,w) =—(P(u-V)w,v), Yu,v,weV,

we get
1d 1 A
5 7 (lunll® + =Bl + v[|Vull® + =V B,||?
2dt P P
1
SN g lunll g, + pTLHgHL]gf2 1Bnll, 22,

1
< oV (U1, 3 IVl + =l 5 1V B )

where ¢(N, Q) = |Q|% and || is the volume of 2. Then we obtain

d ( 2, 1 2 2, A 2 2 2rr2(1 1
L (lunll? + =B )—l—l/Vu + ZYVB,|? < Ee(N,Q M(7+—). 3.6
7 Uluall pu” | [Vl pu” 7 < c3¢(N, ©) >t o (3.6)
Furthermore, considering the periodicity of u,, B,, and integrating (3.6) over [0,w], we have
@ D 1
v [ [Vt 2dt+—/ VB, ()]Pdt < AAN, QM (S + — w37
| Ivmra s = [ vBoPa < dE@ 2 (J 4 —e G)
According to the following inequality!®!
[A%0] <A77, Vo e D(A%) (0<a<p)
and from (3.7), it follows that there exists t* € [0,w] such that
A 1 1
V|un ()2 + || Bn(t)||? < A7 e3P N7QM2<7+7 )
lun (I + 1B ()P < AT RV, 002 ()
By integrating (3.6) again from t* to ¢ +w (V¢ € [0,w]), we obtain
1 1 1
su un (O |]? + —||Bn()|?) < AA(N, QM?(2w + BN (,4_7) 3.8
Ogtlgw(\\ n(t)]] WH n(7) < 3" (N, QM7 (2w + 5772 ( Py (3.8)

with = min(v, A).

Since the right-hand side of (3.8) is independent of k, we have proven the existence of
solution (uy,, B,) € C*(w;W,) x C*(w;W,,) according to the Leray-Schauder fixed point
theorem.

In the following, we will prove the uniform boundedness of ||A%u,(t)| and ||AYB, ()|

(v = & — 1) with respect to n. Firstly, we note that we can choose the bases {w;} (i =

1,2, -+ ) such that the eigenvectors {w;} (i = 1,2, - - -) are also eigenvectors of A7(0 <~ < 1)
and that Aw; = Aw;, ATw; = N w; (i=1,2,---).
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Lemma 3.1. Let (uy(t), Bn(t)) be solutions of the problem (3.1). If M < Ky =
min(K 2, 1) with

1 1 _1 1
K= 67%)\1_’}/(; + m)@q + 01(671 =+ Oé2_1)ﬁ7%>\¥ éCgC(]V, Q) -+ —

where v = & — 1 oy = max{(l—l—%,/i(l—i— u)\pu))ﬂ/i(l""%(’/"‘\/%)%)} and

then the following estimate holds:

Q9 = min (V,ﬁ ,

1 1 1
5 2 L 5 2 < —1y2v—1 2 2 - _
[ATun (@) + AT Ba (@) < 57N SN, QM (4 — o), Vi € (~o0, )

Proof. Multiplying the first system of equations in (3.1) with )\fvcm (t)w; and the second
system of equations in (3.1) with ﬁ/\fvdm(t)w,», and then summing up over i, we obtain

1
(Ut + VAU, A uy) = (f — P(tn - V)ty, A uy,) + ﬁ(P(Bn -V)B,, A*u,),

1 1 1
—(Bpt + MB,,, A*'B,)) = — (g — P(uy - V)By, A*'B,)) + —(P(B,, - V)un, AYB,,).
pH Pl Pl

Summing above two equalities together and noticing Proposition 2.1 yields
1d

142y

1 A 1424
- vy 2 . 1Ay 2 2, N 2
3 g (A7 4 AR ) 4 A w24 AT B |
1+2y )\
< c;;c(N,Q)ﬂ*lM(yHA || + mm“f” Bn||) (3.9)

1424 1424

_ _ A
+ 1B A | + (o) AT B (V1A w4 AT B 7).

But
V][ A7 u, (E)]* + ﬁllA”Bn(t Z <A W Vun (£))17 + ﬁ”VBn(t )%

1 1
<)\277122NQM2(* — ).
S AT (N, Q) l/+pu/\>
Hence, we get
A0 ()P + AT B ()P < B~ A GV, )M (4 )
" pu " S v oppud/)
by assuming M < 1. Then we can set
1
7* = sup { T 47 un ()7 + - A7 BL O
i
<ENTEGAWN M (L + ), Vel 7))
= 1 3 9 v p,UA 9 9 .
Next we will show T = oo. In fact, if T*(¢* < T™*) is finite, it should follow that
1 1 1
o *\ (12 - vy *\12 — 3—1 2v—=1 2 2 - -
|47 un ()| 4 AV B(T) 2 = 570 SN M (4 + o). (3.10)
Therefore, for such a value t = T*, the estimates of the right-hand side of (3.9) are

142+

A 12y
ese(N, OB IM(v|A™2 w,||+ —||A"2 B,
3e(N, Q)87 M (v I+l 1)

1
PHA

142+

-1 A nl
) M (VAT |+ AT ),
Pl

1
<BEIN(S+
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142y

_ _ A 1429
(B AT unl| + (ppa) M| A7 By ) (v 4™ e L B, %)

_1 1 1 1 142y A 1424
< (B 4 a3 )BT EN Tese(N, Q)= + — M3 (v]A 24 2 A% B, |2
< (87 g )TN P epe(NLQ) [ M (v AT P 4 AT B ),

where (3.10) has been used.
Then we obtain
1d

2dt

142+ 142+

1 A
(170 + S4B, 2) 4 o)A 4 2425 B,
pi pi

142y 142y

A
< KMH (v A" w2 + 2|47 B, ),
pL

where K was stated in Lemma 3.1.
According to the assumptions in this lemma, it follows that

d 1
—(||A7un||2 + 7|\Aan||2) <0, at t=T"
dt P
Thus, in a neighborhood of t = T, it follows that
1 1 1
Au, 2+ —|AB,)|? < BN EA (N, Q M(— + —) for any t € [T*,T* + ),
I ol pu” ol 1 G (N, M~ Py [ )

which implies T = co.
Combining it with the periodicity of (u,, By,,) yields
1

1 1
AV 24 JAB, |2 <BTINTTIEAN, OM (- + — - :
|4 un (@) + AT B0 < 670 A (NOIM () +— ). Vi € (~o0,00)

Then the proof of this lemma is completed.
To prove the convergence of approximate solutions, we need give estimates of higher order
derivatives of approximate solutions. Firstly, from Lemma 3.1, we know

sup || A7 up ||, sup | AT By (8)[| < e(M),
¢ t
where v = and ¢(M) denotes a constant depending on M and independent of n. So

1
2
we can make ¢(M) < ¢ for any positive constant ¢ if M is small enough.
Lemma 3.2. Let (u,(t), By (t)) be the solutions of the problem (3.1) and

g = mas { ([ ripae) ([ lorar) ),
sty = max {( [ 1507a) ([ lalar)*):
Then we have

sup [[Vun (8)]], sup [[VBn (1) < (Mo, M), sup [[une (D), sup | Bt (£)]| < e(Mo, My, M),

N _
4

sup IIAun(t)II»Sgp [AB(8)|| < c(Mo, My, M),
Slip ||Vum(t)||,sut1p HVBnt(t)H < C(M07M17M)v

/ | A ()2, / |AB,.(1)|2dt < (Mo, My, M),
0 0

/ lme ()], / | Busa (0|2t < (Mo, My, M),
0 0
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Proof. From (3.1), we obtain

(unt + vAuy, Auy) = (f — P(up - V)uy, Auy,) + L(P(Bn -V)B,, Auy,),
i

L (Bui 4 MBy, ABy) = — (g — P(un - V) By, ABy) + ——(P(By, - V)un, ABy.).
P pit pit

Summing these two equalities together yields
1d
2dt

1
< Au, || + — AB, || + cre(M) (|| Aunl|> + —||ABL|?),
1£1Awn ] + = gl A+ excd) (1 Aun | + | AB )

A
(19wl + IV BAIE) + Al + - | AB,
Pr (3.11)

where we have used Proposition 2.1 and Lemma 3.1.
By integrating (3.11) over [0,w], we get
w /\ w )\ 1
| (el + 2148 ) < 20087 (| 0w+ 21 AB 2)at)
0 pi 0 pit

[ A
+erc(s™ [ (AP + 2 4B, ) ar
Choosing M sufficiently small such that c;e(M)B~! < 1, we obtain
/Ow (V||Aun||2 + %HABnH?)dt < (Mo, M). (3.12)
Due to (3.12), there exists ¢; € [0,w] such that
IV () + VB < AT (V4w (DI + - [AB(E)I) < X7 o™ e Mo, M)

Integrating (3.11) from ¢} to ¢t + w(Vt € [0, w]) easily yields
sup Vi 1), 500 [V B (0] < O, ). (3.1

Similarly, from (3.1) it follows that
1
(unt + VAun7unt) - (f - P(un : v)unaunt) + ﬁ(P(Bn . V)Bn; unt)a
1 1 1
— (Bnt + AAB,,, Bpy) = — (9 — P(up - V)By, Bpt) + — (P(By, - V) Uy, Byy).
pu( ¢ +) pu( ( ) t) pu( ( ) t)
Summing them together and noticing Lemma 3.1 and (3.13) we have

1 d A
2 2 2 2
Unt || + — || Bnell” + — (v||Vu,||* + —||VB,

! (3.14)
<IfII” + @HQH2 + (Mo, M)([[Vune|| + [|VBpe))-
Integrating this inequality over [0,w] gives
© 1
[ Qo+ 1B )t
0 P
(3.15)

1
< (14 )3+ €O, ) [ (VEI Tl |2 19 Bl

Differentiating the first two systems of equations in (3.1) with respect to ¢ and multiplying
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them by ¢, (t) and plu d;, (t) defined in (3.1) respectively, and summing up over i, we have

1d
2.dt

= (i = Plant - T tr) + = [ (P(Br - V) B )

A
(ltl? + =Bt ) + 21 Pt P+ -1 B

+ (P(But - ¥ )ttns But) + (g¢ = P(uns - V) By Bar)|.
Noticing Proposition 2.1 and the following interpolation inequality
[A7v]| < eal| AT 0|7t 42201770, Vo € D(A™)
with 0 = 7101 +72(1 —01),0 <71 < 0 <72 (01 > 0), we get

1d 1 A
m(numw + —MHBMHQ) Vel + Bl
2 2 2
=V
< 2 )\ ——Ifell” + || Une || + 2o gl
A _ 3.16
+ 5o IV Bl eacseal Vut el =2 | Dot (816)
CoC3Cy
T Bl Buell 'V B[Vt
1V Bttt =2Vt [V Bt | + [Vl Bl =2 [V Bt +2).
In a similar way, we get
« A
| (il + 219 B
0 P
<AL+ (puN) THME 4 2eac3c4¢( My, M)/ Nt |27 | Ve || 27 dt
0
(3.17)

2cac3c w B
+%C(MO,M)(/ Bt '~ 2|V Bt |2Vt | dt
0

w w
L e sy A e e )
0 0
Now since y = 1 for N = 3, we see that (3.17) implies
“ A
| @1Vl + 2 9Bl
0 pL
w 1
gc(M1)+c(M0,M)[(/ et / Vel %)
0
w 1 w 1 1
([ 1mala) ([ 19uea) ([ \\VBnt\\2dt)2
1 1 1
([ uBatpar) ([ 1eBapa) ([ 19uPar)
%
([ 1Baliar) ([ 198l ]

< (1) + (Mo M) [ (il + 1Bl ]
0

ENE
o

[ (Al + 2 pemaie)ar
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Noticing (3.15), we know

w

“ A
| (190l + 219 Bl < c02) + 0o, M) ( [ (v T
0 PH 0

T
8

A i @ A
2 VB ?)at) 4 o, M [ (v Vil 4 VBl dt)
i 0 i
which implies the boundedness
« A
| (9l + 219 Bl < el 0y, ).
0 PH
On the other hand, v = 1 for N = 4, from (3.17) it follows that

“ A @ A
2, N 2 < 2, AN 2\ 1.
| (U0l 21V )t < ) + (000, 00) [ (0Dl S92

(3.18)
We can choose My, M sufficiently small such that ¢(Mpy, M) < 1. Then from (3.18) we get

@ A
/ (V| Vune||* + |V Bpne||?)dt < (Mo, My, M). (3.19)
0 PH
Hence, there exists ¢ € [0,w] such that
. A * -
V[une (£3)]1 + ﬁlle(tz)H2 <A wte(Mo, My, M). (3.20)
Consequently, integrating (3.16) from ¢35 to t + w (Vt € [0,w]) yields
sup [l S‘ngBntH < (Mo, My, M). (3.21)
Similarly, from (3.1) we have
1
(unt + VAU, Auy,) = (f — P(up - V)up, Au,) + — (P(By, - V) By, Auy,),
P

(Bnt + AAB,,, AB,) = (9 — P(uy, - V)Byn, ABy,) + (P(B,, - V)u,, ABy,).

But
1P (tn - V)un || < col[ A7 un || Aun || < cre(M)]| Aunl,
| P(Br - V)By| < cic(M)[[AB, ||, [[P(un - V) Byl < c1c(M)[|[AB, |,
[1P(By - V)un|| < cre(M)]| Aun||.

Due to the above inequalities and Holder inequality, it follows that
A A
vl Aug || + 2| ABy | < e(Mo, My, M) + ere(M) (v]| Auwn | + - | AB, ).
PH Pl
We can choose M sufficiently small such that ¢;e(M) < 1. Thus we obtain

sgpllAunll, St;pl\ABnll < c(My, My, M).

Differentiating the first two systems of equations in (3.1) with respect to ¢t and taking scalar
product in H with Au,; and ﬁABm respectively, and then summing them together and
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noticing the interpolation inequality in Section 1, we get

i 2 i 2 A 2 i A 2

[Vtne||” + — VBt || ) + vl Aune || + —[|ABpi |
dt p ph
1
< ¢(My) + (Mo, My, M) [IIVuntIIIIAuntII + ﬁ(IIVBntIIHAumII + [Vt |[[[ ABre|
1 1 1

+ HVBntHIIABntII)] + (M, My) [IIA”éumIIIIAUmII + ﬁ(llA”%BmllllAuntll

1A Bl ABuell + |47+ S e Il ABel)]. (3:22)
As for the estimate (3.22), if N = 3, we know

d 1 A

(Il + =1V Bt 2) + vl At |2 + = ABy]

dt P P

1
< e(My) + ¢(Mo, My, M) {IIVUnt\IIIAuntII + ﬁ(IIVBntIIIIAuntII + [V [ ABn |

1 3 1 1 1
+ IV Batllll AButll)] + c(M, Mo) 11Vt [ At + VBl I AB | v
+ IV Bt AButl|? + V|2 [ Avtt] | [ ABe ).
(3.23)
If N =4, we have
d 2 1 2 2 >‘ 2
gt (IFundl? + IV Bul?) + vl v + ([ AB|
1
< (M) + c(Mo, My, M) [ [Vt At ]| + IV Buel [ Aunell + | Vunel [ ABuell - (3.24)
1
+ IV Butll ABuill)] + (0, My) [|Aum||2 oI AB | A + 4B )]

Applying Young inequality in (3.23)—(3.24) yields

d 2 1 2 v 2 A 2
n —|IVB, —|| Au,, —||AB,,
i (1Vunel? + VBul?) + Sl A+ 5 A

\ (3.25)
< (M) + (M, My, M) (v Tt [+ [V B ).
Integrating (3.25) over [0,w] and noticing (3.19),we know
© 2 A 2
sup (z/HAuntH + 2| AB|| )dt < (Mo, My, M). (3.26)
t Jo PR

Hence, sup [ || Aune|[?dt, sup [ [[ABy||?dt < ¢(Mo, My, M). From (3.26) it follows that
t t

there exists ¢ € [0,w] such that v||Au.(t5)]|? + ﬁHABm(t;)H2 < w te(Mgy, My, M). Thus

we know u||Vunt(t§)||2+ﬁ||VBm(t§)H2 < A\ twte(My, My, M). By integrating (3.25) from

ti tot+w (Vt € [0,w]) we get sup [|[Vupne|, sup|VBn| < (Mo, M1, M). Furthermore,
¢ ¢
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from (3.1),we have
(Untt + VAU, Untt) = (ft — P(Unt - V) — P(Up - V)Ungt, Untr)
1
+ ﬁ(P(Bnt -V)B,, + P(B,, - V) By, unit),

(3.27)
(Bntt + AABypt, Brit) = (gt — P(unt - V) By — P(uy, - V) Bat, Brt)

+ (P(Bﬂt : v)un + P(Bn . v)unthntt)-
Due to (3.27) it follows that
uneel* < 20l Aune || + 2] foll? + 43S IVttt 7] At |2 + [| A ||| Arere ]|

3
+ VBt P AB1* + [ AB || At ) +  llumee 1

Hence, from the results obtained as above, we get [i [[une||*dt < (Mo, My, M). Similarly,
J5 I Bretl|2dt < (Mo, My, M). Lemma 3.2 is proven.

t4. Proofs of Main Results

Proof of Theorem 2.1. Due to the estimates obtained in Lemma 3.1 and Lemma
3.2, standard compactness arguments show that there exists a subsequence {u,(t), B, (t)}

converging to functions {u(t), B(t)} in the following ways:

up, = u, B, — B weakly-star in L*(w;D(A)),
Up = u, B, — B strongly in L>(w;V),
Unt = U, Bpt — By weakly-star in - L™ (w; V),
Upt —> Uz, Bpe — By strongly in L% (w; H),
and the function {u(t), B(t)} satisfies
u(t), B(t) € H*(w; H) N H (w; D(A)) N L= (w; D(A)) N W (w; V).

Since the first three convergence results in (4.1) are evident, it is sufficient to show the last
convergence result in (4.1). In fact, the sequences |(tns(t), w;), |(Bnt(t), w;)| (n =4,i+1,--+)
are uniformly bounded and equicontinuous. Let 0 < A < w. Then

< (Mo, My, M)|h|*[|w]),
< (Mo, My, M)|h|*||w]),

[(tnt(t + h) — une(t), w;)
|(Bnt(t + h) - Bnt(t)a wz’)

where the w;(i = 1,2,3,---) is the complete orthonormal system in H consisting of the
eigenvectors of A as mentioned above. Therefore, using the diagonal process we can finally
select a subsequence {un:(t), Bnt(t)} which converges weakly and uniformly with respect to
t € [0,w] to two elements in H. Furthermore, considering the boundedness of |Vu,:|| and
VBl in Lemma 3.2, we obtain all of the convergence results in (4.1).

Next, considering the lemmas in Section 3, we show that P(u-V)u, P(u-V)B, P(B-V)u,
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P(B - V)B are well defined and
1P (un - V)up = Plu- V)ull < [[P((un = w) - V)un|| + [[P(u-V)(un — )|

< e [T (un — )| AT | 4+ 1443 ()]

< (Mo, M) [||un — |37+ [fuy, — u||i] — 0 as n — oo uniformly with respect to ¢,
| P(n - V) By = Pl V) BI| < |[P((wn —w) - V) Byll + | P(u V)(By — B)|

< 1[4 (i — )| A un | + A Hul 4% (B, - B)I]

< (Mo, M) [||un —ul|377 +||B, — B||ﬂ — 0 as n — oo uniformly with respect to t.
Similarly,
|P(By -V)B,—P(B-V)B| -0 as n — oo uniformly with respect to ¢,
|P(B, - V)u, —P(B-V)u|| >0 as n— oo uniformly with respect to ¢.

Consequently, we know

(ut +vAu+ P(u-V)u — iP(B . V)B,wi) = (f,w;),

(Bt FMB + P(u-V)B — P(B-V)u, w) = (f,w;),

where ¢ = 1,2,--- and ¢t € (—00,00). Since {w;}(i = 1,2,---) are complete bases of H
and f,g € H, we know that the equations (2.1) hold. Then the proof of Theorem 2.1 is
completed.

Proof of Theorem 2.2 Let (u;, B;)(i = 1,2) be two solutions of the problem (2.1) and
w = u; — Uz, b = by — by. Then we know

1 1
+vAw+ P(w -V + P -Vw— —Pb-V)By — —P(By-V)b=0,
wy + vAw (w-V)uy (ug - V)w il ( )B1 oLl (B2-V) (4.2)

by + MAb+ P(w - V)By + P(uz - V)b — P(b-V)u; — P(By - V)w = 0.

By taking scalar product in H of the first equality in (4.2) with w and of the second equality
in (4.2) with b, we get

li 2 i 2 2 i 2
3 g (Il 017) + AVl + 93]
1
= (A7 P(w - V), Aw) - — {(A”’P(b V)w, ATB;)
— (AP(w- V)b, AYB1b) + (A P(b- V)b, Aml)]

C
< eIVl A7l + 2Vl Twl |47 By + 76| A7 ]

A
< cre(M) (v[|Vw|)* + —[|Vb]?).
(M) (v Vel + 9
We can choose M sufficiently small such that c¢;e(M) < 1. Then it follows that
d ( o L2 2 Lo o Lo
— | ||lw]|* + —]||b )SQﬂ/\ cie(M fl(w + —1|b ):fL(w + —1|b ),
ALKl t(ere(M) = D{ [lwl”+ 2ol lll™+ 2 1ol
where L = 26(1 — ¢1e(M))A1 > 0. Hence, it follows that
O < (lw(0)]* +

lw(®)]* + (0)[1) exp(~Lt), vt € (0,00).

1 1
—||b —||b
PH pH
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Since w(t), b(t) are periodic in time ¢ for any ¢ € (—oo, 00), there exists a positive integer ng
such that ¢t + now > 0 and

1 1
w(t)]|? + —||b()||* = ||w(t + now)||* + —||b(t + now)]|?.
()1 + B = ot + mo) | + (¢ + now) |
Hence, it follows that
1 1
w®)|)? + —|6(®)|I? < (||w(0)||? + —||b(0)||? ) exp(—Lnw n>ng),
@ + b * < () + - IHO)I ) exsp(~Lnw) (0> o)

which implies ||w(¢)|| = 0 and ||b(¢)|| = 0. The proof of Theorem 2.2 is completed.
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