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ON THE EXISTENCE OF FIXED
POINTS FOR LIPSCHITZIAN
SEMIGROUPS IN BANACH SPACES**
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Abstract

Let C be a nonempty bounded subset of a p-uniformly convex Banach space X, and T =
{T(t) : t € S} be a Lipschitzian semigroup on C with nlg%o %gg T < /Np, where Ny is
the normal structure coefficient of X. Suppose also there exists a nonempty bounded closed
convex subset E of C' with the following properties: (P1)xz € E implies wy(z) C E; (P2)T is
asymptotically regular on E. The authors prove that there exists a z € E such that T'(s)z = z
for all s € S. Further, under the similar condition, the existence of fixed points of Lipschitzian
semigroups in a uniformly convex Banach space is discussed.

Keywords Fixed points, Lipschitzian semigroups, Asymptotic regularity,
Normal structure coefficient, Asymptotic center

2000 MR Subject Classification 47H10, 47H09, 47TH20

Chinese Library Classification O177.91 Document Code B

Article ID 0252-9599(2001)03-0397-08

§1. Introduction and Preliminaries

Let C be a nonempty subset of a Banach space X. Then a mapping 7' : C' — C is said
to be a Lipschitzian mapping if, for each integer n > 1, there exists a constant k, > 0
such that |T"z — T"y|| < ky|lz —y|| for all z,y € C. A Lipschitzian mapping 7 is said
to be uniformly k-Lipschitzian if k, = k for all n > 1, nonexpansive if k, = 1 for all
n > 1, respectively. Moreover, a mapping T : C' — C is called asymptotically regular®'9,
if 1i_>m | T — Trz| = 0 for all z € C. Edelstein and O'Brienl®! proved that if T is

n o0

nonexpansive, then the averaged mappings T, = al + (1 — a)T, where a € (1,0) and I is the
identity operator of X, are asymptotically regular on C, i.e., nhﬂngo |Tre — Tntz|| = 0 for
all z € C.

Recently, Gornicki proved several fixed point theorems[®6! for asymptotically regular
Lipschitzian mappings. And also Lim and Xul"¥ gave the following fixed point theorem for
uniformly k-Lipschitzian mappings in a Banach space with uniformly normal structure.

Theorem 1.1.1" Suppose X is a Banach space with uniformly normal structure, C is
a nonempty bounded subset of X, and T : C — C' is a uniformly k-Lipschitzian mapping
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with k < N(X)'/2, where N(X) is the normal structure coefficient of X. Suppose also there
exists a nonempty bounded closed convexr subset E of C with the following property (P):

(P) x € E inplies wy,(z) C E,
where wy,(x) is the weak w-limit set of T at x, i.e., the set

{y e X: y=weak — lim T™x for somen; 1 oo}.
j—o0

Then T has a fized point in E.

On the other hand, let C' be a nonempty subset of a Banach space X, and S be an
unbounded subset of [0, 00) such that t+h € S for allt, he€ Sandt—h € Sforallt, he S
with t > h (e.g., S = [0,00) or S = N, the set of nonnegative integers). Then a one-
parameter family T = {T'(t) : t € S} of mapping of C into itself is said to be a Lipschitzian
semigroup on C' if T satisfies the following conditions:

(1) TO)x==xforallceC; (2) T(t+s)z=Tt)T(s)x forallt, s€ S and = € C;

(3) for each z € C, the mapping s — T'(s)x from S into C is continuous when S has
the relative topology of [0, 00); and

(4) for each t € S, there exists a constant k; > 0 such that

IT(t)x — T(t)y| < ki|lx — yl| for all z,y in C.

A Lipschitzian semigroup T'= {T'(t) : t € S} on C is called asymptotically regular on a
subset E of C if there exists some h > 0 in S such that

lim ||T(t+7r)—T{#)z|| =0forallz € C, and0<r <h, res.

teS,t—oo

For each t € S we denote

NT @I := sup{IT(t)x = T@O)yll/lz -yl : z,y € C,x # y}.
We denote by F(T) the set of common fixed points of T'(t),t € S, i.e.,
FT)={x€C:T(s)r =z for all s € S}.

Let E be a nonempty bounded closed convex subset of a Banach space X and let d(F) =
sup{|lz — y|| : x,y € E} be the diameter of E. For each z € E, let r(z, E) = sup{|lz — y|| :
y € E} and let r(E) = inf{r(z, F) : © € E}, the Chebyshev radius of E relative to itself.
The normal structure coefficient of X is defined!!” as the number

N(X) =inf{d(F)/r(F) : E bounded closed convex subset of X with d(F) > 0}.

A space X with N(X) > 1 is said to have uniformly normal structure. Recall that a Banach
space with uniformly normal structure is reflexive and that all uniformly convex or uniformly
smooth Banach spaces have uniformly normal structure (cf. e.g., [20]).

In 1993, Tan and Xul'! showed a fixed point theorem for uniformly Lipschitzian semi-
groups in a p-uniformly convex Banach space. And also Zeng!) established a fixed point
theorem for Lipschitzian semigroups without convexity in a Hilbert space. Thus, their re-
sults generalized Mizoguchi and Takahashi’s result [21,Theorem 1]. On the other hand, Tan
and Xul'!l presented a new fixed point theorem for uniformly k-Lipschitzian semigroups in
a uniformly convex Banach space. Further, Zeng!® obtained one fixed point theorem for
asymptotically regular Lipschitzian semigroups in a p-uniformly convex Banach space and
the other fixed point theorem for asymptotically regular Lipschitzian semigroups in a uni-
formly convex Banach space. Zeng’s results!®! extended the results of Gornickil®, and Tan
and Xul'" to the asymptotically regular Lipschitzian semigroup setting. In addition, see
also [10].

TTt[le ]purpose of the present paper is to prove the following result: Let C' be a nonempty
bounded subset of a p-uniformly convex Banach space X, and T = {T'(t) : ¢ € S} be
a Lipschitzian semigroup on C' with lim inf [|T(¢)|[| < /N,, where Np is the normal

t—oo tesS

structure coefficient of X. Suppose also there exists a nonempty bounded closed convex
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subset F of C' with the following properties: (P1) € E implies w,,(z) C E; (P3) T is
asymptotically regular on E. Then F(T) is nonempty. Further, under the similar condition,
we discuss the existence of fixed points of Lipschitzian semigroups in a uniformly convex
Banach space. Our results extend the above theorem of Lim and Xul'¥ to the case of
Lipschitzian semigroups, and improve and generalize the theorems of Zengl® by removing
the restriction, the asymptotic regularity of 7" on C.

We shall need the following lemmas in the sequel.

Lemma 1.1.1 Suppose X is a Banach space with uniformly normal structure. Then for
every bounded sequence {x,}52, in X, there exists y in co({z, : n > 1}) such that

nl;rr;o sup ||z, — y|| < N(X)A({zn}),

where N(X) = N(X)~', (D) is the closure of the convex hull of D C X, and
A{wa}) = lim (sup{a — o ¢ i, j > n})

is the asymptotic diameter of {x,}22 ;.
Recall that the modulus of convexity of a Banach space X is the function 4, defined on

0.2] by 8, (=) = inf {1 - H%(x +y)
unit ball of X. X is said to be uniformly convex if §,(¢) > 0 for all € € (0,2], Also recall

that X is said to have the modulus of convexity of power type p > 2 (and X is said to be
p-uniformly convex ) if there exists a constant d > 0 such that

0:(e) > de? for e € (0,2].
The Hilbert space H is 2-uniformly convex (indeed, 6y (g) =1 — (1 — (3¢)?)!/2 > £&2) and
an LP space (1 < p < 00) is max (2, p)-uniformly convex.

Lemma 1.2.1'%' Let X be a p-uniformly convexr Banach space. Then there ezists a
constant d, > 0 such that

[tz + (1 = yll” < tllz]|” + 1 = )l[yll" = dpWp(t)[lz — g
forallz,y in X and 0 <t <1, where Wy(t) =t(1 —t)? +tP(1 —¢).
When X is particularly an LP space, we have the following lemma.
Lemma 1.3.[7121516] Syppose that X is an LP space, 1 < p < co. Then

lt + (1= Oyll? < 2l + (1= O)lyl? — dyWy(B)]lz — g1

forallz,y in X and 0 <t <1, where ¢ = max(2,p), Wy(t) =t1(1—1t)+t(1 —t)? and

g — { (T4+271 ) A+ )P~ if 2 <p < oo,

p—1 if1<p<2,

with t, being the unique solution of the equation

(p—2)tr '+ (p—1)tr 2 —-1=0, t€(0,1).

Remark 1.1. Casini and Malutal? proved that the normal structure coefficient N, of

an LP space (1 < p < 2) satisfies N, > |/p.

Let C be a nonempty bounded subset of a Banach space X, and the Lipschitzian semi-
group T = {T(t) : t € S} on C be asymptotically regular at some u € C and satisfy

Jim inf ||T@)[]| = &

: x,y € B, with ||z —y|| > 5}, where B, is the closed

Let {t,} C S be a positive sequence that increases monotonously to +oo and satisfies
Jim inf [T = lm [[[7(E)]] = k.

Now we define a function r(.) : C — [0, 0] as follows:

r(z) = lim sup|lz — T'(t,)u|| for each z € C.
n—oo
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Lemma 1.4. If r(z) =0, then x € F(T).
Finally, we remind the readers of the following fact: the notation w,(x) stands for the
weak w-limit set of T' at x, i.e., the set

{ye X : y=weak — . lim T(tn)z for some subset {t,} C S}.

e hmde el

§2. Fixed Point Theorem for Lipschitzian
Semigroups in p-Uniformly Convex Banach Spaces

Theorem 2.1. Let C be a nonempty bounded subset of a p-uniformly convexr Banach space
X, and T ={T(t): t € S} be a Lipschitzian semigroup on C with tlim gang T < +/Nps
—00 tE

where N, is the normal structure coefficient of X. Suppose also there exists a nonempty
bounded closed convex subset E of C' with the following properties:

(P1) =z € E implies wy(x) C E;

(P2) T is asymptotically regqular on E.
Then there exists a z € E such that T(s)z = z for all s € S.

Proof. Let {t,} be a positive sequence which increases monotonously to +oo and satisfies

Jiminf 7)) = T [T ()]] =k < /. (2.1)

Without loss of generality, let £k > 1. Take any z( in E and consider, for each integer
n > 1, the sequence {T'(t;)x0};>n. According to Lemma 1.1, for every bounded sequence
{T'(tj)x0}j>n we have a y,, € CO{T(t;)xo : j > n} (here Co denotes the closed convex hull)
such that

. 1
lim sup [|T'(;)z0 — y|| < 5 - AUT(t5)z0}s20), (2.2)
j—oo P

where A(z,) denotes the asymptotic diameter of the sequence {z,}, i.e., the number
. L iis ).
nh_)rrolo(sup{zl zj: 4, >n})

Since X is reflexive, {y,} admits a subsequence {y, } converging weakly to some z; € X.
Form (2.2) and the w-l.s.c. of the functional lim sup |[|T(¢,)zo — y||, it follows that
n— oo

lim sup || T(tn)zo — 21| < NL A{T(tn)xo}). (2.3)
P

n— oo

oo
It is also easily seen that x; belongs to the set () co{T'(t;)zo: j > n} and that

n=1

|z — z1|| < lim sup||z — T'(tn)xzo|| for all z € X. (2.4)
n— oo

o0
Observing the property (P1) and the fact that [ €o{T'(¢;)zo : j > n} = cow,,(zo), which
n=1
is easy to be proven by using the Separation Theorem!?2!, we know that z1 actually lies in
E, where w), (xo) is the weak w-limit set of the sequence {T'(¢,)zo}, i.e., the set

{y € X : y=weak — lim T'(ty,;)xo for some n; T co}.
‘]*)OO
So, we can repeat the above process and obtain a sequence {52, in F with the properties:
for all integer m > 1,

. 1
nlgrolo sup | T'(tn)Tm—1 — Tml| < Fp CA{T (tn)Tm-1}), (2.5)

Iz — || < lim sup |z — T (tn)Tm—1]| for all z € X. (2.6)
n— oo
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For each integer m > 0, we write
D, = lim sup ||@y, — T(tn)Zml|, 7m = lm sup||zmi1 — T(En)Tm]|.
n— oo n—oo
By the property (P3) it is easy to prove
lim sup ||T(t; + tj)xm — T(tj)zm|| =0  forall i>1.
j—o0

By choosing two appropriate subsequences {p;}, {g;} of {n}>2,, we obtain from (2.1) and
(2.5),

1
Ty = lim sup || a1 — T(t)xm| < A lim (sup(||T(t:)zm — T(t;)zm] : 1,7 > n))
p n—oo

1—00

1 T
< — 1 i i
< lim sup(qjhm sup([[|T'(¢p,)

p Pi—00

[ lzm = Tt )zmll + 1T (tp; + tg;)zm = T(tg;)zmll))

< ]\]Z)Dm form=0,1, 2, ---. (2.7)
On the other hand, by Lemma 1.4 we have for each integer i, j > 1,
11 = Ny + AT (t5)z1 — T(ts)zoll” + dpWp(M)llwy — T(t5)z1 [P
S AT (t5)wr = T(t; + ta)zoll + 1T(¢; + ti)zo — T'(ti)wol])?
+ (1 = Mllwr = T(t:)ol|”- (2.8)
Using (2.4) and the asymptotic regularity of 7' on E, we derive
A1 = T(t5) )P + dpWp(N) |y — T(t5)a [P < AT E) NP+ (1= A)] -,
and hence NP DY + d,W,(A\) D} < [AkP + (1 — \)] - rfy. Now letting A — 17, we get Dy < krg.
It follows from (2.7) that D; < ﬁ,—i - Dg. By induction, we obtain D,, 1 < Ag”l - Dy, where

A, = 1’% < 1. By the triangle inequality we infer

k
[@mt1 = @l < Dy 47 < (14 ) - Ap' - Do = 0

P
as m — oo. Therefore, {z,,} is a Cauchy sequence in E. Let z = lim z,,. Obviously, we
m—o0
deduce
lim sup||z = T(t;)z]| < lim sup| ||z = wyull + | T(t:)z = T(t)zll + | T(t:)wm — |
i—00 1—>00

<A+ k)2 —znl+ Ay - Do — 0 as m — oo.

Finally, by Lemma 1.4, we have T'(s)z = z for all s € S.
Corollary 2.1. Let C be a nonempty bounded subset of a p-uniformly convexr Banach
space X, and T be a Lipschitzian mapping of C into itself with lim inf|||T"]| < \/Np,
n—oo

where N is the normal stricture coefficient of X. Suppose also there exists a nonempty
bounded closed convex subset E of C' with the following properties:

(Py) z € E implies wy,(z) C E;

(Py) T: C — C is asymptotically regular on E.
Then the set of fized points of T is nonempty.

Corollary 2.2. Let C' be a nonempty bounded subset of an LP space (1 < p < +00), and

T ={(T(t): t €S} be a Lipschitzian semigroup on C with tliglo %gg T @) < +/Np, where

N, is the normal structure coefficient of space LP. Suppose also there exists a nonempty
bounded closed convex subset E of C' with the following properties:

(P1) =« € E implies wy(x) C E;

(P2) T is asymptotically regular on E.
Then there exists a z € E such that T(s)z = z for all s € S.
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§3. Fixed Point Theorem for Lipschitzian
Semigroups in Uniformly Convex Banach Spaces

Recall that a Banach space X is strictly convex if its unit sphere does not contain any
line segment, that is, X is strictly convex if the following implication holds:

[zl =1, Iyl =1, and [S@+y)|=152=4]

In order to measure the degree of strict convexity (rotundity) of X, we define its modulus
of convexity 4, : [0,2] — [0,1] by

. 1
6a() = inf {1 Sllz—gll ol < 1, [yl <1 and Jlz —y| > &}

The characteristic of convexity ¢ of X is also defined by €9 = €¢(z) = sup{e : () = 0}.
It is well-known (see [13]) that the modulus of convexity 4, satisfies the following properties:
(a) 0, is increasing on [0,2], and moreover strictly increasing on [g,, 2];
(b) 95 is continuous on [0,2) (but not necessarily at € = 2);
(¢c) 0,(2) =1 if and only if X is strictly convex;
(d) 6,(0) =0 and l_lgl 6z(e) =1 — Leo;
el

() la—al <7, la=yl <rand |lz —yl| > &= [la—z(x+y)| <r(l—du(e/r)).

A Banach space X is said to be uniformly convex if 4, (¢) > 0 for all positive €; equivalently
eo = 0. Obviously, any uniformly convex Banach space is both strictly convex and reflexive.
By properties above, we can see that if X is uniformly convex, then d, is strictly increasing
and continuous on [0,2]. In addition, Bynum!'” and Malutal'® have proven that if X
is uniformly convex then N(X) > ﬁw(l). Further, Xul'" has also proven that if X is

uniformly convex and v > 1 is the unique solution of the equation ~[1 — 655(%)] = 1, then
N(X) > . We note that for a Hilbert space H, we have N(H) = /2, and v = ?

Now we give the main result in this section.

Theorem 3.1. Let C be a nonempty bounded subset of a uniformly convex Banach space
X, and T ={T(t): t € S} be a Lipschitzian semigroup on C with

Jim inf [I7(0)]] < PN (X)), (3.1)

where o = inf{y : y(1 — 51(%)) > 1}. Suppose also there exists a nonempty bounded closed
convez subset E of C' with the following properties:

(P1) z € E implies wy,(x) C E;

(P2) T is asymptotically regular on E.
Then the fized point set F(T) of T is nonempty.

Proof. Let {t,} be a positive sequence which increases monotonously to +oco and satisfies

Jim inf [IT@)]] = lim [[|T(a)l] = &. (3-2)
Take any zy in E. Recall the proof of Theorem 2.1. By exploiting exactly the same method

as that in Theorem 2.1, we obtain the sequence {x,,}22 ; in E with properties: for all integers
m>1,

nlggo sup [|T'(tn)Tm—1 — Tl < N(X)A({T(tn)zm—l})a (3:3)
|z — || < lim sup|lz — T(tn)xm-1| forall ze X. (3.4)
n— oo

For each integer m > 0, we write

D,, = lim sup||zm —T(tn)Zm|, 7m = Um sup||@mi1 — T (En)Tm]|.
n— oo n—oo
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By the property (Ps) it is easy to prove
|| T(t; + tj)xm — T(t;)zm|| =0 for i=1,2, ---.
j

By choosing two appropriate subsequences {p;}, {¢;} of {n}>%,, we obtain from (3.3),

T = lim sup || T(tn)Tm — Tmt ||
n—oo

< N(X) Jim (sup(|T () — T(t)ml + 0,5 = n))
n—oo
< N(X) T (T () -l = Tl + 1T, + o) = Tty Janl]))

< N0 T [Tl - T o - Tty Jaml

lim
qj~>oo
< N(X)kD,, for m=0,1,2, ---. (3.5)

We may assume D,, > 0 for all integers m > 0. Let m > 0 be fixed and let £ > 0 be small
enough. First choose an integer j > 1 such that

I7()@me1 — Tmss] > Dpr =&, [T < b+,
and then choose an integer ng > 1 so large that
1T (tn)Tm — Tmt1l] <Tm+e, | T(En)Tm — T(tn +t)zm| <&,
1T (tn)zm — T(t))zmer || < (T (En + 1) @m — T(t)Tmarll + | T(En)2m — T(tn + t5)Tm||
S NTEDN - T E)2m = Tme || + [T () m — T(tn + t5)@m|
<(k+eé)(rm+e)te
for all integer n > ng. It then follows that

HT(tn)fEm _ %(merl + T(tj)me)H

<[k +o)rm+e) +e]- (1-0 +f>7r+$+§> )

for n > ny and hence by using (3.4) we have
1

i(Dm-kl —e) < “%(T(tj)xm+1 - a?m+1)H

1
< lim sup HT(tn)xm (st + T(tj)me)H

n—roo 2

< [(k+)(rm +¢) +el - (1‘5w(<k+gﬁ;;;+€))'

Taking the limit as ¢ — 0 we obtain %Dm+1 < krm(l — §I(D’”+1)), which together with

kro

2 .
(3.5) leads to Dyqq < %rm < %J’f,i(X)Dm, where v = inf{y : (1 — 51(%)) > 1}. Hence
Dy, < AD,, 1 < A"Dy, where A = k?[yoN(X)]~! < 1 by assumption. Noticing

[Tms1 — Tl < nh_g)lo sup (|1 (tn)xm — oml| + nll)n;o sup [|T'(tn)&m — Tm1]|
< Dy +7m < (1 +kN(X)) Dy, (3.6)
we see from (3.6) that {z,,} is norm Cauchy and hence strongly convergent. Let z =

lim =z,,. Then we have
m—00

lim sup ||z = T(t)z|| < (1 4+ k)||z — zm|| + A™ - Do — 0 as m — oc.
1— 00

Finally, be Lemma 1.4, we deduce T'(s)z = z for all s € S.
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Corollary 3.1. Let C be a nonempty bounded subset of a uniformly convexr Banach space
X, and T be a Lipschitzian mapping of C into itself with lim inf || T"]|| < [yoN(X)]2, where
n—oo

Yo = inf{y: (1 —535(%)) > %} Suppose also there exists a nonempty bounded closed convex
subset E of C with the following properties:

(Py) z € E implies wy,(z) C E;

(P2) T is asymptotically reqular on E.
Then the fized point set F(T) of T is nonempty.

Acknowledgement. The authors express their heartfelt gratitude to the referee for his
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