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A NOTE ON THE CONSISTENCY OF
LS ESTIMATES IN LINEAR MODELS**

Chen Xiru*

Abstract

It is well known that when the random errors are iid. with finite variance, the week and

the strong consistency of LS estimate of multiple regression coefficients are equivalent. This
note, by constructing a counter-example, shows that this equivalence no longer holds true in
case that the random errors possess only the r-th moment with 1 ≤ r < 2.
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Consider the linear regression model

yi = x′
iβ + ei, 1 ≤ i ≤ n, n ≥ 1, (1)

where x1, x2, · · · are known p-vectors, β is the unknown p-dimensional vector of regression
coefficients, e1, e2, · · · is a sequence of iid. random errors, and y1, y2, · · · are known obser-
vations of the dependent variable. Denote by F the common distribution of e1, e2, · · · , and
write

ℑr =
{
F :

∫ ∞

∞
xdF = 0, 0 <

∫ ∞

∞
|x|rdF < ∞

}
, 1 ≤ r ≤ 2.

The Least Squares (LS) estimate of β is

β̂n =
n∑

i=1

S−1
n xiyi, Sn =

n∑
i=1

xix
′
i.

Here we tacitly assume that S−1
n exists for large n. For simplicity of wording we write

β̂n ∼ WC(F )

if β̂ is a weakly consistent estimate of β for some specified F . If β̂n ∼ WC(F ) for all F ∈ ℑr,
we write

β̂n ∼ WCr.

The meaning of the symbols SC(F ) and SCr are defined similarly, only that weak consis-
tency is replaced by strong consistency.
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A peculiar and somewhat unexpected property of β̂n in the case r = 2 is that for any
F ∈ ℑ2, WC(F ) and SC(F ) are equivalent (see [1, 2]). A question naturally arises whether

this still holds true for r < 2. This note, by constructing a counter-example, gives the answer
‘no’ to this question.

We construct the counter-example for the case of p = 1. Let a be the largest integer not
exceeding a . Define a function

G(T ) = [T 2−r] +

[T 2−r]∑
i=1

[T r/i], T = 1, 2, · · · , 1 ≤ r < 2.

Find a subsequence m1 < m2 < · · · of positive integers such that

[mr
j ] ≥ G(mj−1), j ≥ 2, (2)

j−1∑
i=1

mr
i < mζ

j for some ζ ∈ (0, 2− r), j ≥ 2. (3)

Since 0 < 2− r ≤ 1, from (3) we have

j−1∑
i=1

m2−r
i ≤

j−1∑
i=1

mi ≤
j−1∑
i=1

mr
i ≤ mζ

j < m2−r
j ≤ mj . (4)

For any given positive integer j, define a G(mj)-dimensional vector λj as follows

λj = (λj(1), · · · , λj(G(mj)))

= (m−1
j , · · · ,m−1

j , 1, · · · , km−1
j , · · · , km−1

j ,

1, · · · , [m2−r
j ]m−1

j , · · · , [m2−r
j ]m−1

j , 1).

There are [mr
j/k] components equal to km−1

j , followed by number 1, so there are

[m2−r
j ]∑

k=1

[mr
j/k] +m2−r

j ] = G(mj)

components in the vector λj . Define

xi = λj(i), G(mj−1) < i ≤ G(mj), j ≥ 1 (G(m0) = 0) (5)

and consider the model (1) in which xi is defined by (5). We proceed to show that for this

model, β̂n isWCr but not SCr. This means that there exists F ∈ ℑr such that β̂n ∼ WC(F )

but β̂n ∼ SC(F ) is not true.

For convenience of reference we denote by {j, k} the set of the subscripts of the consecutive
components km−1

j , · · · , km−1
j , 1 in λj . It is easy to verify that

(i) ∑
i∈{j,k}

λr
j(i) ≈ kr−1;

k∑
t=1

∑
i∈{j,t}

λr
j(i) ≈ kr.

Here and in the following ak ≈ bk means ak = O(bk), bk = O(ak) as k → ∞.
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(ii)

1 ≤
∑

i∈{j,k}

λr
j(i) ≤ 2.

(iii) The first section {m−1
j , · · · ,m−1

j , 1} of λj has a length greater than the length of the
whole λj−1.

Take a positive integer n. Assume that n ∈ {j, k}. From (4) and (i),(iii), noticing that

(2− r)r ≤ r, (2− r)r ≥ 2− r > ζ,

we have
n∑

i=1

xr
i ≈ m

(2−r)r
1 + · · ·+m

(2−r)r
j−1 + kr ≈ m

(2−r)r
j−1 + kr,

Sn =
n∑

i=1

x2
i ≥ m2−r

1 + · · ·+m
(2−r)r
j−1 + k ≈ m

(2−r)r
j−1 + k,

and
n∑

i=1

xr
i /S

r
n +O(1).

According to Theorem 1 of [3], we have β̂n ∼ WCr.

On the other hand, from (4) and (ii), we have

Sn ≤ 2(m2−r
1 + · · ·+m2−r

j−1) + 2k < 2mζ
j + 2k.

Therefore

#{n : G(mj−1) < n ≤ G(mj) : xn/Sn > (4mj)1}

≥
[m 2−r

j ]∑
k=1

[mr
j/k]I(km

−1
j /(2mζ

j + 2k) > (4mj)
−1)

≥ mr
j

[m 2−r
j ]∑

k=[m ζ
j ]+1

k−1

≈ (2− r − ζ)mr
j logmj .

Since 2− r − ζ > 0 and mj → ∞, we have

#{n : xn/Sn > (4mj)
−1}/(4mj)

r

≥ #{n : G(mj−1) < n < G(mj), xn/Sn > (4mj)
−1}

≥ (2− r − ζ)mr
j logmj/(4mj)

r → ∞.

For general p a counter-example can be constructed on the basis of the above result. We

only need to put

xip+j = (0, · · · , 0, ai+1, 0, · · · , 0)′,
1 ≤ j ≤ p, i = 0, 1, · · · ,

where ai equals xi defined by (5).
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The above counter-example shows that there exists F ∈ ℑr(1 ≤ r < 2) such that for some
specially chosen {xi},

β̂n ∼ WC(F )

but β̂n ∼ SC(F ) is false. Of course, this does not mean that for any F ∈ ℑr, ‘β̂n ∼ WC(F )’

and ‘β̂n ∼ SC(F )’ must not be equivalent. Indeed, since ℑ2 ⊂ ℑr, such an F (for which

β̂ ∼ WC(F ) and β̂n ∼ SC(F ) are equivalent ) certainly exists. An unsolved question is

whether we can find such a distribution F that F ∈ ℑr but F ̸∈ ℑr for any r′ > r.
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