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Abstract

By means of the theory of harmonic maps into the unitary group U(N), the authors study
harmonic maps into the symplectic group Sp(N). The symplectic uniton and symplectic ex-
tended uniton are introduced. The method of the symplectic Bécklund transformation and the
Darboux transformation is used to construct new symplectic unitons from a known one.
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§0. Introduction

The construction and the factorization of harmonic maps from R? (or its simply-connected
domain) into the unitary group U(N) were firstly solved by K.Uhlenbeck in [1], where
the conception of unitons was introduced. Since then various developments have been
contributed>=%. Recently, by introducing (singular) Darboux transformations, a purely
algebraic method to construct harmonic maps and unitons into U(N) has been shown
in [6,7]. This method can be also applied to the case of harmonic maps into complex
Grassmannians!®!.

The purpose of this paper is to study harmonic maps from R? into the symplectic group
Sp(N) which is a totally geodesic subgroup of U(2N). It is different from the case of the
unitary group that there is no nontrivial single factor of simplest type acting on harmonic
maps into Sp(N) (Proposition 2.1). We introduce the factor of symplectic simplest type
which consists of double factors of simplest type (§2). The conception of symplectic unitons
and symplectic extended unitons is defined naturally. A theorem for the description of the
action on the space M of symplectic extended unitons is proved (Theorem 2.2). Then,
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the symplectic Bécklund transformation as well as the singular Bécklund transformation
for harmonic maps into Sp(N) is given (Propositions 3.1 and 3.3). Finally, the Darboux
transformation method described as in [6,7] is used to construct new symplectic unitons
from a known one via a purely algebraic algorithm (Theorem 4.2).

Throughout this paper we are going to work on a simply-connected domain @ C@'N{co}.
All results also hold on S?. The notations used here will follow those in [1, §].

§1. Preliminaries

Let @2V be endowed with the usual Hermitian metric and {e1,+-,ean} the canonical
basis of @2V. The complex structure J in @2V may be expressed as

(0 —Iy
with respect to the canonical basis, where Iy is the identity matrix of degree N. For the
sake of simplicity, we introduce the following notation of the algabraic operation:

A, :=J YAJ] = —-JAJ for Acgl(2N,Q). (1.1)
Thus, the symplectic group Sp(N) is defined as
Sp(N)={A €U(2N) | A, = A}, (1.2)

which is a totally geodesic closed subgroup of the unitary group U(2N). The Lie algebra of
Sp(N) is then
sp(N) ={X € u(2N) | X, = X}, (1.3)

where u(2N) is the Lie algebra of U(2N).

By direct verfication, the operator defined by (1.1) satisfies the following propertities.

Lemma 1.1. For A, B € gl(2N,@') and A € @, we have (1) (A.)« = A; (2) (A+ B), =
A, + B,; (3) (AB), = A.B,; (4) (M), = M,; (5) (A"t = (A1), for A € GL(2N,@);
(6) Jo = J, I, = I (7) (A*), = (A,)*, where A* = A"

Let © C @ U {0} be a simmly-connected domain and z the complex coordinate on €.
Consider a smooth map ¢ : @ — Sp(N) and set A = T ~'dyp which is a 1-form valued in
sp(N) and can be decomposed as A = A,dz + Azdz satistying the following conditions:

=07 o=y (1.4)
A; = _Aza (AE)* = Az;

0A, — 0Az +2[Az,A.] =0, (1.6)
where § = 9/0z and 0 = §/0%. It is known that ¢ is harmonic if and only if
OA, + 04z =0. (1.7)
The Lax pair of the harmonic maps is
0Py = (1 - \)PrAz, 0Py = (1-A"1D\A,, (1.8)

whose integrability condition is just (1.6) and (1.7). Thus, if ¢ is harmonic and ¢(p) = T
for a fixed point p € Q, then there exists a unique @) satisfying the equations (1.8) with
Oy =1, &_1 = ¢; Dr(p) = I. From (1.5) and (1.8) it follows that

d(@kcb;(k)) —0 and d(@;l(tﬁam)*) —0,
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where o(\) = (A\)~1. Thus, ®, can be normalized so that
Ory =@y and  (D,(n)). = P (1.9)

Conversely, if @, is a solution to (1.8) satisfying (1.9), then ®_; : Q — Sp(N) is harmonic.
Such @) :@* x Q@ — GL(2N,@), @* =@\{0}, will be called a symplectic extended solution,
or a symplectic extended harmonic map.
Clearly, a harmonic map into Sp(N) can be viewed as a harmonic map into U (2N ), while
the inversion is not true, in general.
Lemma 1.2. If ® is an extended solution of a harmonic map ¢’ : Q — U(N), then
@/, 0
oy=( * ) 1.10
A ( 0 P, (1.10)

is a symplectic extended solution of the harmonic map ¢ = ®_1 : Q@ — Sp(N).
Proof. Let A’ = 3¢/~ 1dy’ = Aldz + ALdz. 1t follows that

11T AL 0
(1) 1<I>A16<1>A=( Lo A,t)

is independent of \, as well as (1 —A~1)71®1'9®,. By virtue of Theorem 2.3 in [1], ®_; is
harmonic. It is easy to check that @ defined by (1.10) satisfies the condition (1.9). Hence,
®_; maps © into Sp(N).

This lemma provides a way to construct harmonic maps into Sp(NN) via harmonic maps
into U(N).

If the Laurent series of @y is &) = > ToA* where T, : Q@ — ¢l(2N,@), then the

symplectic condition (1.9) is equivalent to
(oo}
ot = T* 2 (To)s =T q. (1.11)

§2. Dressing Actions on Symplectic Extended Unitons

Definition 2.1. A symplectic n-uniton is a harmonic map ¢ : Q@ — Sp(N) which has a
symplectic extended solution @y :C* x Q — GL(2N,Q") with

(a) @y = >, T\ for Ty : Q — gl2N,@), (b) &1 =1,

(c) _1 = Z)(p for Q € Sp(N) constant, (d) @y satisfies (1.9).

In such a case, ® is also called the symplectic extended uniton. Clearly, a symplectic
n-uniton is a 2n-uniton for U(2N).

Let

Ar(8%,G) = {f : S*\{p1,--- ,p} = G meromorphic with no zeros
or poles at (0,00) and f(1) =1, f(\)~'= f(a(N)*},
B(S%,G) = {f € An(S%,G) | F(N) = Flo(V).}, (2.1)
where G = GL(2N,'). Define

M"™(G) = {all of the symplectic extended n-unitons}, M(G) = U M™(G).
n=0

We write f#®, = f(\) @y Ry for f € Ar(S?,G), R: Q — Ar(S?,G). f# is the so-called
dressing action by f. By [1], Ry is determined uniquely by f(A) and ®).
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Theorem 2.1. Given f € B(S?,G), then we have f# : M™(G) — M™(G), and there is
a unique R : Q — B(S?%,G).

Proof. It is known in [1] that there exists a unique Ry : Q — Agr(S? G) such that
f#(Ib\ = f(A)®AR) is still an extended 2n-uniton when ®) is an extended 2n-uniton. We
now assume that ®, is a symplectic extended n-uniton. From (1.9) we see that f#®, is still
a symplectic extended n-uniton if and only if

FN®AR = (FEN) @y Fo)) = F(E(N)@x(Roa)) (2:2)

Since the representation of f(\)®y = (f#®,)Ry" is unique (cf. [1, Lemma 5.1]), (2.2)
holds if only f(X) = f(o()))«. Moreover, from (2.2) it follows that Ry = (Ry(»))«, namely,
R:Q — B(S?%,G).

On putting P(2N) = {r € L(@?N,@*") | 7% = 7 and 7* = 7}, we let f(A\) = 1+& (V)7
where
A—a) (@-1)
(@-1)(1-a)
Such f(X) is called the factor of simplest type in [1]. As distingushed from the case of
unitary groups, we have

Proposition 2.1. Let 1 € P(2N) and &4(N\) be defined by (2.3). Then m + Eo(N)7t
belongs to B(S%,G) if and only if |a| = 1, i.e., £4(N) = 1. In other words, there is no
nontrivial factor of simplest type in B(S?,G).

Proof. Assume that f(\) = 7 + &, (A7t € B(S?,G) and rankm = k. We can choose
Q@ € U(2N) such that

Ea(N) = for ae@”. (2.3)

Q f()\)Q = ( g fa()\)IQN—k) , @ f(O'()\))Q = ( g ga(/\)IIZN—k> :

By writting Q' JQ = ( jl §2 ) , where J; and J; are respectively kxk and (2N —k) x (2N —
3 Ja

k) matrices, we see that the condition f(A) = (f(c())))« yields that &, (A)J2 = Jo, J3 =

€a(N) 713 and (€4(N))?Jy = Jy4. Noting that Jp, J3 and Jy can not vanish simultaneously,

we have either £,(\) = 1 or (£,(N\)? = 1. In the latter case, from (2.3) it follows that

|a| = 1, which implies that &,(\) = 1.

Example 2.1. Let G’ = GL(N,@) and f’ € Ar(S? G’). By Lemma 1.2, we then have
fW:(fm 0>eswﬂn G = GL(2N,@) (2.4)
0 file(N) T ’
If f/(\) € Ag(S?,G") is the factor of simplest type, i.e., f'(\) = 7' +&,(\) 7'+ for 7/ € P(N),
then from (2.4) we see that

_ (7 &N
f()\) a ( 0 T +€a( )
:W+%QWWM+&()W)E @), (2.5)
where 7 = (75/ I?v) € P(2N), i = (71). = (ma) L.

In general, we have the following
Lemma 2.1. Let w1, m € P(2N), and f(\) = (m1 + Ea(N) 71 ) (72 + €0 (N) "tms). Then,
f(X\) € B(S?,G) if and only if mmy = (71 m2)x.
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Proof. By (2.1), we have f(\) = f(o()))«, from which it follows that

1L 11 1 L L 1
1T + M) Ty = M1sTox + T, Ty, T1Ty = W1, T2, T Mo = 1475, .

By Lemma 1.1, these are equivalent to the condition that m1m5 = (7{72)s.

Lemma 2.2. Let m; € P(2N), i = 1.2. If myms- = (7{ 72)«, then rank m; = rank mo.
Proof. Let rankw; = k;, i = 1,2. Since

null(my m) = null(my 7y ) = null(my 75 ), = null(rm),
ker(my 1) = kerm; @ (Im 7 Nker g ) = kerm; @ (Im 7y N Im 7ry),
ker(miimy) = ker mo @ (ker i N Im my) = ker mo @ (Im 7y N Im 7ry),
we have
2N — ky +dim(Im 7 NIm7e) = 2N — ko + dim(Im 7y N Im o), (2.6)
ie., ki = ko.

The factor f()\) in Lemma 2.1 with (7{ 7). = 7175 will be called the factor of symplectic
simplest type. By Lemma 2.2, rank 7y (= rank m3) will be called the rank of the factor f(\).
In particular, for 7 € P(2N), if 717 = 0 (or 77w, = 0), then it is easy to verify that the
factor (m 4 &4 (N)7H) (1 + €0 (M) 71mi) is of symplectic simplest type, where £, ()) is defined
by (2.3).

Theorem 2.2. Let m; : @*N — V; C @?N (i = 1,2) be Hermitian projections with
o = (m3m1)s. Let f(A) = (m2 + Ea(N)ma)(m1 + Ea(N) ") with |af # 1. Then, for
D, € M™(G), there exist T, : Q@ — P(2N), i = 1,2, such that

fE®N = FOA(T1 + Ea VT (T2 + £a(N)'77) (2.7)
with 71Ty = (T172)«. Moreover, we have 7; : Q@ x @*N — n;, i = 1,2, where
m=0 Vi, mp=0%Va, Dy =DuF + i P + B aT (2.8)
with B=(1—|a/2)(1—a)/(1 —a) and Do = (dPy/dN) |r—a-

Proof. Set
Oy = (m1 + Ea(N) ) BA(FL + Ea(NFT)
= (71 + &o(a)N)TD)PA(TL + Eo () (V) 17T, (2.9)

By Theorem 6.1 and Corollary 6.2 in [1], one can see that ®, is an extended 2n-uniton and
m=e = O, V1. Then, by (2.9), f#®y = (ma + £a( M) 73 )@ (T2 + £0(V) 175 ). By

o(a v
the same reason, f#®, is an extended 2n-uniton and 7y = ®* V5. Noting that 7{ ®,71 = 0
(see [1, (20)]), from (2.4) and (2.9) we have

D, = lim By = m @71 + 7L AL + lim oy (\) L ri @27
A—a A—a

= o, T + ﬂf@a + Eﬂf( lim 2} )%1 = P,m + Wll‘l)a + Ewll(i)a?rl.
A—=a A — «

Since momi = (73 71)+, we have, by Lemma 2.1 and Theorem 2.1, f#®, € M"(G) and
Ry = (71 + £EaN)TE) (T2 + Ea(N) 71 75) - Q — B(S?,G), so that ™17 = (T 72)«-

Corollary 2.1. Let &\ € M™(G) satisfy the initial condition that ®x(p) = I for a fixed
point p € Q. Then 7;,m; (i = 1,2) described as in Theorem 2.2 satisfy w;(p) = m;, i = 1, 2.
Thus, if Ry = (71 + Ea(NTE) (T2 + Ea(V\)T17S) is of symplectic simplest type at a point
p € Q, then so is it everywhere on ).

Now consider actions of S* on M"(G).
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Proposition 2.2. If y € S and &) € M"™(G), then y/#®y = &5, 21 € M"™(G), i.e.,
Y M (G) — MM(G).

Proof. By Theorem 7.1 of [1], v#®, is an extended 2n-uniton. It is easy to see that
(P @o()x = (Po(n)y)+(®51)s = Pay @t = v# ). Hence, %@, € M™(G).

Theorem 2.2 and Proposition 2.2 give two ways to construct new symplectic extended
unitons from known ones.

§3. Symplectic Backlund Transformations

Proposition 3.1. Let ¢ : Q@ — Sp(N) be a harmonic map, and A = %cp_ldcp as usual.
Let m; € P(2N), i = 1,2, satisfying mi7m3 = (7172)+. Then a family of new harmonic maps
into Sp(N) parametrized by o € @* can be found by solving the following system of ordinary
differential equations for 7; : Q@ — P(2N) with 7;(p) = m; for a point p € Q:

71 = (1 — o(a)) T A7t — (1 — )7t A7,

07y = (1 — )T (Az 4 BOT) Ty — (1 — 0())7y (Az + BOT) ) 7o, (3.1)
where § = % The new harmonic maps can be written as
7 = Qo( — 77 ) (T2 — 773, (3:2)
where v = % € St and @ € Sp(N).

Proof. Let @) be the symplectic extended solution of ¢, so that ®_; = Q¢ for some
Q € Sp(N). By using Theorem 6.3 of [1] and noting that &, = 5;(2)7 we know that

Uy = (m 4+ &) 7)) a1 + Ea(N)7T)
is a new extended solution if and only if 7; satisfies the first equation in (3.1), i.e., Bz :=
(1- )\)’1\11;15\11 a is independent of A. A straightforward computation gives By = Az +

— 2
BOm with g = % By the same reason, we see that

Oy, = (T2 + Ea(N) T3 ) U (T + Ea(N) 175

= (m2 + & (W3 ) (M1 + Ea(N) I ) @A (T1 + €T ) (T2 + €a(V) '7y) 53
3.3

is also a new extended solution if and only if 75 satisfies the second equation in (3.1).

On the other hand, by Corollary 2.2, we have 775 = (71 72)« on § everywhere. So,
@, € M(G). Now, (3.2) follows directly from taking A = —1 in ®,.

Proposition 3.1 gives a description of a Backlund transformation for harmonic maps into
Sp(N). The factor (71 + £o (A7) (T2 + €0 (A) "7 ) of symplectic simplest type where 7;
satisfy (3.1) will be called the symplectic Bécklund factor. Clearly, the factor of symplectic
simplest type constructed by 7; (i = 1,2) described as in Theorem 2.2 is just a symplectic
Backlund factor.

It is known in Lemma 4.1 of [7] that every extended n-uniton can be written as a product
of n factors of the form (m + Art). Thus, every symplectic extended n-uniton may be
expressed as a product of n factors of the form (7 + A7{)(ma + A" 175). We now consider
the symplectic one-uniton.

Proposition 3.2. ¢ :— Sp(N) is a symplectic one-uniton if and only if ¢ = Q(m —
i) (my — m5) for Q € Sp(N), where m; : Q — P(2N), i = 1,2, satisfy the following: (1)
i = (T3 )s;  (2) m2(Oma — (Omy)ms) = 0;  (3) momi(Om1) = 0;  (4) 7 (Omy)ma =
0; (5) mymi(9m)m2 = 0.
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Proof. By Theorem 2.3 of [1], &\ = (m + i) (ma 4+ A"y ) is an extended solution of
®_; if and only if (1 — X\)7'®,'9®, is independent of }, i.e.,

(m2 + Ay ) ((m + A7 ) Om (me + A ) + )\_157#) (3.4)
is independent of A. Hence, by (3.4), it is necessary and sufficient that
7y w1 (O )y = 0, mori (Om) Ty = 0,
To0my 4 momy (Omy )Ty + momis (Omy )y + Ty (O ) = 0. (3.5)

By multiplying (3.5)2 on the left by 75 and on the right by 75, we can get respectively
Ty i (Om)my =0, momi (Om)me =0, mdmy + momi (Om )1y = 0.

It is easy to verify that these conditions is equivalent to (2)—(5) in the proposition. By the
proof of Lemma 2.1, we can see that the extended solution ®, is symplectic if and only if
the condition (1) in the proposition holds.

Corollary 3.1. If 7 : Q — P(2N) satisfies that m L7+ =0, then o = Q(7rf7ri)(7r* —l)
for some Q € Sp(N) is a symplectic one-uniton if and only if 707 =0 and 707 = 0.

Example 3.1. Let 7' : Q x @Y — 7/ where 7 is a holomorphic subbundle of Q x @,

— !/
namely, 7/+0n’ = 0. Consider 7 :  — P(2N) defined by © = <7(r) IO ) and 7w} =
N

(8 ﬁ(,)J_ ) . Clearly, such a 7 satisfies the conditions in Corollary 3.1. Hence, for Q € Sp(N),

P ,n_/J_ 0
=== (" L 0 (36)
is a symplectic one-uniton with the symplectic extended solution
Oy = (74 M) (m, + X7 rh).
More general, by Lemma 1.2, any extended n-uniton ®) = (7} + Ar'{) -+ (7], + Anl, L)

can be used to construct a symplectic extended n-uniton

n n

o) = 1_[(7TZ + M) (e + AT Mh) = H(m + M)

i=1 =1 ]

(ﬂ-i* + Ailﬂ-vﬁ)a

=.

1

w0 .
where m; = (O IN) fori=1,---,n.

It is known that the symplectic Bécklund transformations described as in Theorem 3.1 is
degenerate as &« — 0. By Theorem 12.1 of [1], we can get the following singular Backlund
transformations.

Proposition 3.3. Let &y € M(G) and A= 1®"1d®_;. Form; : Q@ — P(2N), i = 1.2,
satisfying i me = (T173 s, if

77114;7r1L =0, wll(gm + Azmy) = 0;
7y (Az + 0my)ma =0, mo(Omy — Azmy — (Omy)my) = 0, (3.7)
then
By = By (m + M) (m2 + Ay ) € M(G). (3.8)

The proof is similar to that of Proposition 3.1. So, we omit it here.

Clearly, (3.7) is the limit of (3.1) as & — 0. The factor (71 + Ay (72 + A~ 1ms-) satisfying
(3.7) will be called the symplectic flag factor. For example, let @ be the symplectic extended
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solution given by (1.10), and (7’ + Ax’+) be the flag factor of ®) in (1.10). Then (7 +

/!
Arh) (7. + A7) is a symplectic flag factor of @y, where m = (76 IO )
N

¢4. Darboux Transformations

In [6,7] the Darboux transformation and the renormalization procedure are used to con-
struct new unitons from a known one via a purely algebraic algorithm. We now will apply
this method to the construction of symplectic Backlund factors and symplectic flag factors
via double Darboux transformations.

Let ¢ : Q — Sp(N) be a symplectic uniton which has the extended solution of the form
o, = znj ToA* with (T,)« = T—4 (see (1.11)). Let € € @* satisty | € |# 1, and let Ly, Lo

a=—n

be k x 2N and (2N — k) x 2N constant matrices respectively such that

(£1> € GL2N,@), L,L5=0, L,JL}=0. (4.1)
2

. o qu)g _ LU1Ik 0 — 1 _ -1 —
We set H, = <L2¢0(8)> , A= ( 0 W212N—k> for wi=1—-¢, wy=1-0(e),

S. = H-'A_'H.. It has been proved in [6,7] that

&\ (e) = a1 — (1 - N)S-) (4.2)
is a new extended solution and
1 1
Sezwflﬂ'j—i-wfﬂ'(g, (43)
where
1 /(0 0
7o =H! <0 Isz>H€’ at=I—m, (4.4)

are Hermitian projections satisfying the first equation of (3.1) with @ = o(g). Substituting
(4.3) into (4.2) yields

B (e) = @a(me + ENTH)G(N), (4.5)
where
A —oE-1) a—o(e)
(N = E—1)(1—2) C(\) = T o(e) (4.6)

Following [7], 7. and 72 can be expressed explicitly as

Te = O Ly (Lo® (o @2 L3) " Lo®,y o),

mt = ®LY(L1®.PELY) Ly .. (4.7)
It follows from (4.5) and (4.6) that @E\l)(s) is degenerate as A = ¢ or A = o(¢). So, we put
2r(0) = (N o+ oM TR (e), (48)
where
p=1L5(Lals) 'Ly, p~=Li(L1L})"" Ly (4.9)

Clearly, @, (¢) is still an extended solution. From (4.1)s, (4.7) and (4.9) we know that
ptd . =0, pq)g(g)ﬁj =0. (4.10)
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Thus, we have

pl‘i)Eﬂ-Ea

B.(6) = lim @y () = @ 4 pte 4 U (—;}i);(zge))

(1=8)(e=0a(e)
g(l—¢)
where ég(s) = (d®x/d)) |x=c(c)- One then can verify directly that 665:‘(8) = I, which
implies that @y () defined by (4.8) is nondegenerate for A € @*. Here and from now on, we

denote simply ®.(¢) and ®,(.(¢) by ®. and @, ().

Do) (8) = pPy(e) + ooy + p® ooy, (4.11)

7 zlJ(I)a(e) T [ waly 0 S _ mg-1x-1717
Set H. = < ng&)g , A= 0 wilon i ) Se = H7'AZ"H.. Then, by the
same reason as above,
O (c) = Ba(e)(I — (1 - N)5%) (4.12)
is a new extended solution and
~ 1 1
S, = —7t+ —7., (4.13)
w2 w1
where
~ ~ /(0 0 ~ ~ ~
F.=H! <0 Isz)HE’ = (4.14)

are Hermitian projections satisfying the second equation of (3.1) with a = ¢ related to ®,.
Moreover, they can be expressed explicitly as

To = O JLY(LyJ B BF JLY) 'Ly J @,

7t = T ILN (LI ® o TLY) T LT B, . (4.15)
By inserting (4.5), (4.8) and (4.13) into (4.12), we obtain finally
20() = (P Coioy M) ARV, (4.16)
where
Re(A) = (e + & (N7 (7 + E(N)7172) (4.17)

is just the symplectic Béacklund factor described as in Theorem 2.2. In fact, it follows from
(4.7) and (4.15) that

range . = span {®_'L}}, range7. = span {®*JL}},
range p = span {L3}, rangep, = span{JL5},

which imply that 7. and 7. are respectively 71 and 7y described as in Theorem 2.2, where
71 = p and Ty = p,. On the other hand, (4.1)3 yields that p*p+ = 0. So, by Theorem 2.2,
we have 717, = (7.7 )., which implies that R.(\) defined by (4.17) is symplectic. Hence,
we have proved the following

Theorem 4.1. Let &)\ € M"(G), and 7. and 7. be defined by (4.7) and (4.15) respec-
tively. Then, R.()\) defined by (4.17) is a symplectic Bicklund factor, so that ((-(\)~1pt+ +

Cg(s)()\)_lp*)q)g\z) (e) € M"™(QG), where @&2) () is defined by (4.16).
We now consider singular Darboux transformations. Since &y = > T,A*, by a renor-

ax=—"n

malization procedure for e"®7 L3 as in [7], we can show m. — m as ¢ — 0. Moreover,
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rank 7 = rank (lir% 7.) = 2N — k as in (4.4). Similarly, 7= — 7 as ¢ — 0. It follows from
E—r
(4.10) that

ptT_,m =0, pTrt =0. (4.18)
Thus, (4.11) together with (4.18) yields
lim e"1®, =0, lLm &1, = 0. (4.19)
e—0 e—0

(4.19) implies that we have the Laurent expression ®. = 3. Toe® for £(s 0) small enough.
Similarly, by a renormalization procedure for én(i):J LY, we can show 7. — 7 as € — 0
and rank 7 = 2N — k. Hence, from (4.16) and (4.17) we have

lim 2 (e) = (p* + Ap)®a (7 + Ar D) (F + A7) (4.20)

with 77 = (771).. Thus, we have proved the following

Theorem 4.2. Let @\ € M™(G), and 7 and T be Darbouz limits of m. and 7., repectively,
as e — 0. Then R()\) = (7 + M1)(F + A7171) is a symplectic flag factor of ®y, so that

The constant matrices L1, Lo as above always exist. In fact, the condition (4.1)s implies
that p~p; = 0 so that k < N. On putting L; = (C' D) where C and D are k x N matrices,
we see that LiJLY = 0 only if CD? is a symmetric k¥ x k matrix. For example, we may
take C' = D. On the other hand, the condition (4.1)3 can be replaced by Lo JL, = 0. In
such a case, we have pp, = 0 so that k& > N. Therefore, by choosing L; and Ly suitably,
we can construct symplectic flag factors of arbitrary rank via a purely algebraic algorithm.
We think that such symplectic flag factors may be used to factorize the symplectic extended
unitons. This problem will be studied in a forthcoming paper.
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