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§1. Introduction

In 1935, Landau-Lifshitz[1] proposed the following coupled system of the nonlinear evo-
lution equation

Z⃗T = −α1Z⃗ × (Z⃗ × (△Z⃗ + H⃗)) + α2Z⃗ × (△Z⃗ + H⃗), (1.1)

∇× H⃗ =
∂E⃗

∂t
+ σE⃗, (1.2)

∇× E⃗ = −∂H⃗

∂t
− β

∂Z⃗

∂t
, (1.3)

∇ · H⃗ + β∇ · Z⃗ = 0, ∇ · E⃗ = 0, (1.4)

where α1, α2, σ, β are constants, α1 ≥ 0, σ ≥ 0, Z⃗(x, t) = (Z1(x, t), Z2(x, t), Z3(x, t))

denotes the microscopic magnetization field, H⃗ = (H1(x, t), H2(x, t), H3(x, t)) the magnetic

field, E⃗(x, t) = (E1(x, t), E2(x, t), E3(x, t)) the electric field, H⃗e = △Z⃗ + H the effective

magnetic field, △ =
n∑

i=1

∂2

∂x2
i
, ∇ = ( ∂

∂x1
, ∂

∂x2
, · · · , ∂

∂xn
), “×” the cross product of the

vector in R3.
If H⃗ = 0, E⃗ = 0, we obtain the Landau-Lifshitz system with Gilbert term

Z⃗t = −α1Z⃗ × (Z⃗ ×△Z⃗) + α2Z⃗ ×△Z⃗, (1.5)
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where α1 is the Gilbert damping coefficient. In [2–4], the properties of the solution for
system (1.5) and the links between the solution and the harmonic map on the compact
Riemann manifold have been studied extensively. When α1 = 0, the system (1.5) becomes

Z⃗t = α2Z⃗ ×△Z⃗. (1.6)

In the case of n = 1, it is an integral system and has soliton solution. In [5–13], the
authors have studied in detail the solutions for (1.6), the interaction among solitons, the
infinite conservative laws, the inverse scattering method, and the relation with the nonlinear
Schrödinger equations. As pointed out in [20], the system (1.6) is strongly coupled degener-
ate quasilinear parabolic system. In [14–22], the authors have investigated extensively the
classical and generalized solutions to the initial value problem and other kinds of boundary
value problem for the system (1.6). Some properties of the solutions and the existence of
global generalized solutions for n ≥ 2 were obtained.

In [23], the authors considered the following problem
1

2
Z⃗t −

1

2
Z⃗ × Z⃗t = △Z⃗ + Z⃗|∇Z⃗|2 + Z⃗ × (Z⃗ × f(Z⃗, x, t)) (1.7)

with the conditions

Z⃗(x, 0) = Z⃗0(x), Z⃗|∂Ω = Z0(x)|∂Ω, |Z⃗0(x)| = 1, (1.8)

and proved that if Z⃗0(x) ∈ C2,α(Ω̄), then problem (1.7)–(1.8) admits unique solution in

C
2+α, 1+α/2
loc (Ω̄× [0,∞) \A), where A is a set consisting of only countably many lines under

some assumptions on f(p, x, t). If f(p, x, t) ≡ 0, then A consists of only finitely many
points [24].

In [25,26] the existence and uniqueness of the global smooth solution for the periodic initial
value problem and initial value problem of the Landau-Lifshitz-Maxwell system (1.1)–(1.4)
(with or without dissipation) in one and two space dimensions are proved (when N = 2, the
initial data is assumed small).

In [27], Guo and Su studied the existence of the global generalized solutions for the
3-dimensional Landau-Lifshitz-Maxwell system (1.1)–(1.4) with the periodic initial value
condition or the initial value condition.

However, there has been little discussion of the boundary value problem so far.
In this paper, we shall study the two dimensional Landau-Lifshitz-Maxwell system (1.1)–

(1.4) with the initial value condition:

Z⃗(x, 0) = Z⃗0(x), H⃗(x, 0) = H⃗0(x), E⃗(x, 0) = E⃗0(x) (x ∈ Ω ⊂ R2) (1.9)

and Neumann boundary conditions:

∂Z⃗

∂ν
|∂Ω = 0, H⃗ · ν|∂Ω = 0, E⃗ × ν|∂Ω = 0, (1.10)

which indicates that the energy current vanishes on the boundary, where Ω ⊂ R2 is a bound-

ary smooth domain, ν is the unit outer normal vector to ∂Ω, and Z⃗0 ∈ H⃗1(Ω; S2), E⃗0 ∈
L2(Ω), H⃗0 ∈ L2(Ω) satisfy

∇ · H⃗0 + β∇ · Z⃗0, ∇ · E⃗0 = 0,
∂Z⃗0

∂ν

∣∣∣
∂Ω

= 0,

so that (1.4) is automatically satisfied since we have from (1.2) and (1.3) that

0 = ∇ · (∇× H⃗) =
∂

∂t
(∇ · E⃗) + σ∇ · E⃗ = e−σt ∂

∂t
(eσt∇ · E⃗),

0 = ∇ · (∇× E⃗) =
∂

∂t
(∇ · H⃗ + β∇ · Z⃗).

Throughout this paper, we let α1 = α2 = 1.
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Similarly to [2], for |Z⃗0| = 1, we have the following equivalent form of (1.1)–(1.4) in the
classical sense

1

2
Z⃗t =

1

2
Z⃗ × Z⃗t = △Z⃗ + |∇Z⃗|2Z⃗ − Z⃗ × (Z⃗ × H⃗), (1.11)

∇× H⃗ =
∂E⃗

∂t
+ σE⃗, (1.12)

∇× E⃗ = −∂H⃗

∂t
− β

∂Z⃗

∂t
. (1.13)

Therefore, it is natural to consider the following penalty system

1

2
Z⃗εt −

1

2
Z⃗ε × Z⃗εt = △Z⃗ε +

1

ε2
Z⃗ε(1− |Z⃗ε|2)− Z⃗ε × (Z⃗ε × ρσ ∗ H⃗ε), (1.14)

∇× H⃗ε =
∂E⃗ε

∂t
+ σE⃗ε, (1.15)

∇× E⃗ε = −∂H⃗ε

∂t
− β

∂Z⃗ε

∂t
(1.16)

with the initial and boundary conditions (1.9)–(1.10) in which ρδ is the usual mollifier. Here

and in the following we assume that H⃗ε is identically zero outside Ω.
We shall prove that the weak solution of (1.14)–(1.16) approximates the solution of (1.11)–

(1.13). Besides the existence of the weak solution, we also obtain the higher (partial) regu-
larity for the spin vector Z(x, t) than that in [25].

A key estimate in [23, 24] is the gradient estimate sup
Ω̄×[0,∞)

|∇Z⃗ε| ≤ Cε−1 under the

assumption that |f(p, x, t)| ≤ g(x, t) in {p ∈ R3 : |p| ≤ 1} × Ω̄ × [0,∞) with g(x, t) ∈
L∞(Ω× [0,∞)). This is the reason we mollify H⃗ε in (1.14) so that for H⃗ε ∈ L∞(0, T ;L2(Ω))

we have ∥u× (u× ρδ ∗ H⃗ε)∥L∞(Ω×[0,T ]) ≤ C∥H⃗ε∥L∞(0,T ;T 2(Ω)).

In the sequel, we denote ΩT = {(x, t), x ∈ Ω̄, 0 ≤ t ≤ T}, Br(x) = B(x, r) a disk
centered at x with radius r, ΩT = Ω× [0, T ] and Ω(T ) = Ω× {T}. We also denote

VT =
{
(Z⃗, H⃗, E⃗) : ΩT −→ R3 ×R3 ×R3

∣∣∣∫ T

0

∫
Ω

|Z⃗t|2 + sup
[0,T ]

∫
Ω

(|∇Z⃗|2 + |H⃗|2 + |E⃗|2) < ∞
}
,

V 1
T =

{
(Z⃗, H⃗, E⃗) : ΩT −→ S3 ×R3 ×R3

∣∣∣∫ T

0

∫
Ω

|Z⃗t|2 + sup
[0,T ]

∫
Ω

(|∇Z⃗|2 + |H⃗|2 + |E⃗|2) < ∞
}
,

Our main results are the following

Main Theorem. Let (Z⃗0, E⃗0, H⃗0) ∈ (H1(Ω;S2), L2(Ω), L2(Ω)). Then the prob-

lem (1.9)–(1.13) admits at least one solution (Z⃗, E⃗, H⃗) in V 1
T . Moreover, for any α ∈

(0, 1), Z⃗(x, t) ∈ C
1+α,(1+α)/2
loc (Ω̄ × (0, T ] \ A) where A consists of at most countably many

lines in ΩT .

§2. Weak Solution to (1.9)–(1.13)

In this section, we shall prove the existence of weak solution for the problem (1.9)–(1.13),
and derive some uniform estimates for the problem (1.14)–(1.16), (1.9)–(1.10) for the need
in the next section.
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By Galerkin method, it is not difficult to prove as in [23] the following lemmas.

Lemma 2.1. Assume Z⃗0(x) ∈ H1(Ω;S2), f⃗ ∈ L2(QT ). For any given δ > 0 and ε > 0,

there exists Z⃗ε(x, t) ∈ L∞(0, T : H1(Ω)), Z⃗εt ∈ L2(QT ) solves the following problem

1

2
Z⃗εt −

1

2
Z⃗ε × Z⃗εt = △Z⃗ε +

1

ε2
Z⃗ε(1− |Z⃗ε|2)− Z⃗ε × (Z⃗ε × ρσ ∗ f⃗), (2.1)

Z⃗ε(x, 0) = Z⃗0,
∂Z⃗ε

∂ν
|∂Ω = 0, (2.2)

and the following estimates hold

|Z⃗ε(x, t) ≤ 1, ∀t > 0, (2.3)∫ t

0

∫
Ω

|Z⃗εt|2 +
∫
Ω

|∇Z⃗ε|2 +
1

ε2

∫
Ω

(1− |Z⃗ε|2)2 ≤ C

(
1 +

∫ t

1

∫
Ω

|f⃗ |2
)
, (2.4)

where C is independent of δ and ε

Moreover, for any given δ > 0 and ε > 0, Z⃗ε is smooth on Ω⃗× (0,∞).

Sending δ → 0 and εn → 0 for some subsequence of ε > 0, noting that lim
δ→0

ρδ ∗ f⃗ = f

strongly in L2(QT ), we obtain

Lemma 2.2. Assume Z⃗0(x) ∈ H1(Ω; S2), f⃗ ∈ L2(QT ). There exists Z⃗(x, t) ∈
L∞(0, T ;H1(Ω;S2)), Z⃗t ∈ L2(QT ) solves the following problem

1

2
Z⃗t −

1

2
Z⃗ × Z⃗t = △Z⃗ + Z⃗|∇Z⃗|2 − Z⃗ × (Z⃗ × f⃗), (2.5)

Z⃗(x, 0) = Z⃗0,
∂Z⃗

∂ν
|∂Ω = 0, (2.6)

and the following estimate holds∫ t

0

∫
Ω

|Z⃗t|2 +
∫
Ω

|∇Z⃗|2 ≤ C

(
1 +

∫ t

0

∫
Ω

|f⃗ |2
)
. (2.7)

Lemma 2.3.[28] Let g⃗(x, t) ∈ L2(QT ), H⃗0(x) ∈ L2(Ω), and E⃗0(x) ∈ L2(Ω). There exists

(H⃗(x, t), E⃗(x, t)) ∈ L∞(0, T ;L2(Ω))× L∞(0, T ;L2(Ω)) satisfying

∇× H⃗ =
∂E⃗

∂t
+ σE⃗, (2.8)

∇× E⃗ = −∂H⃗

∂t
+ g⃗, (2.9)

E⃗(x, 0) = E⃗0(x), H⃗(x, 0) = H⃗0(x), E⃗ × ν|∂Ω = 0, H⃗ · ν|∂Ω = 0.
(2.10)

Combining Lemma 2.1–Lemma2.3, we obtain the following two lemmas.
Lemma 2.4. For every T > 0 the problem (1.14)–(1.16) and (1.9)–(1.10) admits a

solution (Z⃗ε, E⃗ε.H⃗ε) ∈ VT and there holds∫ T

0

∫
Ω

|Z⃗εt|2 +
∫
Ω

|∇Z⃗ε|2 +
1

ε2

∫
Ω

(1− |Z⃗ε|2)2 + σ

∫ T

0

∫
Ω

|E⃗ε|2 +
∫
Ω

|E⃗ε|2 +
∫
Ω

|H⃗ε|2 ≤ M,

(2.11)
where M > 0 depends only on the data and T .

Proof. The existence follows from Lemma 2.1 and Lemma 2.3 with f⃗ and g⃗ replaced by

H⃗ε and Z⃗εt respectively. We only need to prove (2.11).
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Multiplying (1.14) by Z⃗εt and integrating it over Ω we obtain

1

2

∫
Ω

|Z⃗εt|2 +
1

2

d

dt

∫
Ω

(
|∇Z⃗ε|2 +

1

2ε2
(1− |Z⃗ε|2)2

)
=

∫
Ω

(Z⃗ε × (Z⃗ε × ρδ ∗ H⃗ε))Z⃗εt. (2.12)

Integrate (2.12) over (0, T ) to give

1

2

∫ T

0

∫
Ω

|Z⃗εt|2 +
1

2

∫
Ω

|∇Z⃗ε|2 +
1

4ε2

∫
Ω

(1− |Z⃗ε|2)2

=
1

2

∫
Ω

|∇Z⃗0|2 +
∫ T

0

∫
Ω

(Z⃗ε × (Z⃗ε × ρδ ∗ H⃗ε))Z⃗εt, (2.13)

1

4

∫ T

0

∫
Ω

|Z⃗εt|2 +
1

2

∫
Ω

|∇Z⃗ε|2 +
1

4ε2

∫
Ω

(1− |Z⃗ε|2)2 ≤ C0 + C

∫ T

0

∫
Ω

|H⃗ε|2. (2.14)

Multiplying (1.15) by E⃗, (1.16) by H⃗ and integrating over Ω and noting that from (1.10)

(E⃗ε × ν|∂Ω = 0)∫
Ω

∇ · (H⃗ε × E⃗ε) =

∫
∂Ω

(H⃗ε × E⃗ε) · ν = −
∫
∂Ω

(E⃗ε × ν) · H⃗ = 0,

we have

0 =

∫
Ω

∇ · (H⃗ε × E⃗ε) =

∫
Ω

[(∇× H⃗) · E⃗ −∇× E⃗) · H⃗]

=
1

2

d

dt

∫
Ω

|E⃗ε|2 +
1

2

d

dt

∫
Ω

|H⃗ε|2 + σ

∫
Ω

|E⃗ε|2 + β

∫
Ω

Z⃗εtH⃗ε;

this combined with (2.12) yields

1

2

d

dt

∫
Ω

[|E⃗ε|2 + |H⃗ε|2 + |∇Z⃗ε|2 +
1

2ε2
(1− |Z⃗ε|2)2] +

1

4

∫
Ω

|Z⃗εt|2 + σ

∫
Ω

|Z⃗ε|2 ≤ C

∫
Ω

H⃗ε|2.

Then (2.11) following from Gronwall inequality. This competes the proof.

Lemma 2.5. The problem (1.9)–(1.13) admits a solution (Z⃗, E⃗, H⃗) ∈ V 1
T for every given

T > 0 and there holds∫ T

0

∫
Ω

|Z⃗t|2 +
∫
Ω

|∇Z⃗|2 + σ

∫ T

0

∫
Ω

|E⃗|2 +
∫
Ω

|E⃗|2 +
∫
Ω

|H⃗|2 ≤ M, (2.15)

where M > 0 depends only on the data and T . Moreover, there holds

1

2

∫ T

0

∫
Ω

|Z⃗t|2 +
1

2

∫
Ω

|∇Z⃗|2 =
1

2

∫
Ω

|∇Z⃗0|2 +
∫ T

0

∫
Ω

(Z⃗ × (Z⃗ × H⃗))Z⃗t. (2.16)

Proof. The existence follows from the estimate (2.11) and the fact that if H⃗ε → H⃗
weakly in L2(ΩT ) then

ρδ ∗ H⃗ε → H⃗ strongly in L2(ΩT ). (2.17)

The proof of (2.15) and (2.16) is similar to that of (2.11).

Lemma 2.6. Let Z⃗ε and Z⃗ be as above. Then we have a subsequence denoted by Z⃗εn
such that

Z⃗εnt → Z⃗t strongly in L2(0, T ;L2(Ω)), (2.18)

∇Z⃗εn(·, t) → ∇Z⃗(·, t) strongly in L2(Ω), ∀t ≥ 0. (2.19)

Proof. Since we have from Lemma 2.4 that there is some sequence of Z⃗ε, denoted by
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Z⃗εn , such that

Z⃗εn → Z⃗ strongly in L2(0, T ;L2(Ω)),

Z⃗εnt → Z⃗t weakly in L2(0, T ;L2(Ω)),

∇Z⃗εn → ∇Z⃗ weakly ∗ in L2(0, T ;L2(Ω)),

letting ωεn = Z⃗εn − Z⃗ we obtain from these relations, (2.13), (2.16) that as εn → 0,∫ T

0

∫
Ω

|ωεnt|2 +
∫
Ω

|∇ωεn |2

=

∫ T

0

∫
Ω

[|Z⃗t|2 + |Z⃗εnt|2] +
∫
Ω

[∇Z⃗|2 + |∇Z⃗εn |2]− 2

∫ T

0

∫
Ω

Z⃗εntZ⃗t − 2

∫
Ω

∇Z⃗εn · ∇Z⃗

≤ 2

∫ T

0

∫
Ω

|Z⃗t|2 + 2

∫
Ω

|∇Z⃗|2 − 2

∫ T

0

∫
Ω

Z⃗εntZ⃗t − 2

∫
Ω

∇Z⃗εn · ∇Z⃗

+ 2

∫ T

0

∫
Ω

[Z⃗εnt(Z⃗εn × (Z⃗εn × ρδ ∗ H⃗εn))− Z⃗t(Z⃗ × (Z⃗ × H⃗))]

= 2

∫ T

0

∫
Ω

(Z⃗t − Z⃗εnt)Z⃗t + 2

∫
Ω

∇Z⃗ · (∇Z⃗ −∇Z⃗εn)

+ 2

∫ T

0

∫
Ω

[Z⃗εnt(Z⃗εn × (Z⃗εn × ρδ ∗ H⃗εn))− Z⃗t(Z⃗ × (Z⃗ × H⃗))]

= o(1) + 2

∫ T

0

∫
Ω

[Z⃗εnt(Z⃗εn × (Z⃗εn × ρδ ∗ H⃗εn))− Z⃗t(Z⃗ × (Z⃗ × H⃗))].

Therefore, (2.18) and (2.19) can be proved if we have∫ T

0

∫
Ω

[Z⃗εnt(Z⃗εn × (Z⃗εn × ρδ ∗ H⃗εn))− Z⃗t(Z⃗ × (Z⃗ × H⃗))] = o(1). (2.20)

Now we prove (2.20). In fact, the left-hand side of (2.20) equals to∫ T

0

∫
Ω

(Z⃗εnt − Z⃗t)(Z⃗εn × (Z⃗εn × ρδ ∗ H⃗εn))

+

∫ T

0

∫
Ω

Z⃗t[Z⃗εn × (Z⃗εn × ρδ ∗ H⃗εn)− Z⃗ × (Z⃗ × H⃗)]

=

∫ T

0

∫
Ω

(Z⃗εnt − Z⃗t)[Z⃗εn × (Z⃗εn × ρδ ∗ H⃗εn)− Z⃗ × (Zεn × ρδ ∗ H⃗εn)]

+

∫ T

0

∫
Ω

(Z⃗εnt − Z⃗t)[Z⃗ × (Z⃗εn × ρδ ∗ H⃗εn)− Z⃗ × (Z × ρδ ∗ H⃗εn)]

+

∫ T

0

∫
Ω

(Z⃗εnt − Z⃗t)[Z⃗ × (Z⃗ × ρδ ∗ H⃗εn)− Z⃗ × (Z⃗ × H⃗)]

+

∫ T

0

∫
Ω

(Z⃗εnt − Z⃗t)(Z⃗ × (Z⃗ × H⃗))

+

∫ T

0

∫
Ω

Z⃗t[Z⃗εn × (Z⃗εn × ρδ ∗ H⃗εn)− Z⃗ × (Z⃗ × H⃗)]

=: I1 + I2 + I3 + I4 + I5.
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For I1, we have from (2.11) that

|I1| ≤ ∥ρδ ∗ H⃗εn∥L∞(ΩT ) ·
{∫ T

0

∫
Ω

(|Z⃗εnt|2 + |Z⃗t|2)
} 1

2
{∫ T

0

∫
Ω

|Z⃗εn − Z⃗|2
} 1

2

= o(1).

The estimates for the other terms cas be done in the similar manner. In the proof, we have

used (2.17) and the fact that if H⃗ε is uniformly bounded in L2(QT ) then

∥ρδ ∗ H⃗ε∥L∞(QT ) ≤ C∥H⃗ε∥L∞(0,T ;L2(Ω)) ≤ C. (2.21)

§3. The a Priori Estimates for the Penalty Problem

In this section we shall give some uniform estimate for the solution of the penalty problem.

In the following we denote by (Z⃗ε, E⃗ε, H⃗ε) the solution of (1.14)–(1.16) and (1.9)–(1.10)

obtained in Lemma 2.4. Our aim is to obtain higher regularity for the spin vector Z⃗(x, t),

where (Z⃗, E⃗, H⃗) is the solution obtained in Lemma 2.5.
In view of (2.21), by the same method in [23,24] we have the following two lemmas.
Lemma 3.1. There exists a constant C > 0 independent of ε and δ such that

|Z⃗ε| ≤ 1, |∇Z⃗ε| ≤ Cε−1, ∀(x, t) ∈ Ω̄× [0,∞). (3.1)

Lemma 3.2. There exist constant λ0 > 0, µ0 > 0 independent of ε and t such that if

1

ε2

∫
Ω

∩
B2l

(1− |Z⃗ε|2)2 ≤ µ0, (3.2)

provided that l/s ≥ λ0, 0 < l ≤ 1, then

|Z⃗ε| ≥
1

2
, ∀x ∈ Ω

∩
Bl, (3.3)

where Bl is any sphere in R2 with radius l.
According to Lemma IV.1 of [29], we have a family of disks {B(xi, λ0ε)}i∈I such that

xi ∈ Ω, B(xi, λ0ε/4)
∩
B(xj , λ0ε/4) = ϕ (i ̸= j) and Ω ⊂

∪
i∈I

B(xi, λ0ε). We call B(xi, λ0ε)

“good disk” if 1
ε2

∫
Ω

∩
B(x0,2λ0ε)

(1− |Z⃗ε|2)2 ≤ µ0. Otherwise, we call it “bad disk”. Denote

J = {j ∈ I, B(xj , λ0ε) is a bad disk}. Then we can prove the following version of Lemma
IV.2 of [29].

Lemma 3.3. There exists a positive integer N independent of ε and t such that CardJ ≤
N and

|Z⃗ε| ≥
1

2
on Ω \

∪
j∈J

B(xj , λ0)ε). (3.4)

Moreover, we can choose (see [29, Section IV.2]) J ′ : J ′ ⊂ J and λ ≥ λ0 such that

|xi − xj | ≥ 8λε, i ̸= j, i, j ∈ J ′,∪
j∈J

B(xj , λ0ε) ⊂
∪
j∈J ′

B(xj , λε),

|Z⃗ε| ≥
1

2
on Ω \

∪
j∈J ′

B(xj , λε).

(3.6)

In the following of this section, we want to derive some estimates uniformly in ε for Z⃗ε
determined in Lemma 2.4.

Lemma 3.4. Let x0 ∈ Ω̄, P2r = B2r(x0)×[t0, t0+4r2] for x0 ∈ Ω, P2r = (B2r(x0)
∩
Ω)×

[t0, t0 + 4r2] for x0 ∈ ∂Ω. If |Z⃗ε| ≥ α0 > 0 on P2r, then there exists a constant C > 0

independent of ε such that
∫
Pr

|D2Z⃗ε|2 ≤ C.
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Proof. Let ξ be the standard cut-off function of B2r(x0). Multiplying (1.14) by △Z⃗ε

and integrating over P2r by part, we get (dropping the footnote ε for simplicity)∫
P2r

ξ2|△Z⃗|2 ≤
∫
P2r

ξ2|△Z⃗| |ut|+
∫
P2r

ξ2|△Z⃗||ρδ ∗ H⃗|

+

∫
P2r

1

ε2
ξ2|△Z⃗|2(1− |Z⃗|2) + 2

∫
P2r

1

ε2
ξ(△Z⃗ · ∇ξ)(1− |Z⃗|2).

Replacing 1
ε2 (1− |Z⃗|2) by |Z⃗|−1| 12 Z⃗t − 1

2 Z⃗t × Z⃗t −△Z⃗ + Z⃗(Z⃗ × ρδ ∗ H⃗)| and using Hölder
inequality we have

1

2

∫
P2r

ξ2|△Z⃗|2 ≤ C

∫
P2r

ξ2|ut|2 +
∫
P2r

ξ2|ρδ ∗ H⃗|2 +
∫
P2r

ξ2|△Z⃗|4.

This combined with (2.11) and the theorem of parabolic equations implies that

1

2

∫
P2r

ξ2|D2Z⃗|2 ≤ C + C

∫
P2r

ξ2|∇Z⃗|4. (3.7)

We have from embedding theorem that∫
P2r

|DZ⃗|4ξ2 ≤ C + C

∫
P2r

|∇Z⃗|2
∫
P2r

ξ2|D2Z⃗|2.

It following from (3.7) that∫
P2r

ξ2|D2Z⃗|2 ≤ C + C

∫
P2r

|∇Z⃗|2
∫
P2r

ξ2|D2Z⃗|2.

Note that from (2.11), C
∫
P2r

|∇Z⃗|2 ≤ 1/2 if r is small enough. The Lemma is proved.

Lemma 3.5. Let Qr,s = Br(x0) × [t0 − s, t0 + s] for x0 ∈ Ω, Qr,s = (Br(x0)
∩

Ω) ×
[t0 − s, t0 + s] for x0 ∈ ∂Ω. If |Z⃗ε| ≥ α0 > 0 on Qr,s, then for any q > 2 there is a constant
Cq > 0 independent of ε such that

∥Z⃗ε∥W 2,1
q (Qr/2, s/2)

≤ Cq. (3.8)

Proof. First of all, we have from Lemma 3.4 that ∥Z⃗ε∥Lq
(Qr,s)

≤ Cq. Moreover we have

for Ψ = 1
ε2 (1− |Z⃗ε|2) that

1

2
ε2Ψt − ε2△Ψ+ 2α2

0Ψ ≤ 2|△Z⃗ε|2 in Qr,s. (3.9)

Take cut-off function ξ(x) ∈ C∞
0 (Br(x0)), ξ ≡ 1 in Br/2(x0), η(t) ∈ C∞

0 ([t0 − s, t0 +
s]), η ≡ 1 in [t0 − s/2, t0 + s/2], |∇ξ| ≤ C/r, |ηt| ≤ C/s, 0 ≤ ξ ≤ 0, 0 ≤ η ≤ 1. Multiply
(3.9) by ξ2(x)η2(t)Ψq−1 and integrate it over Qr,s to give

ε2

2q

∫
Br

ξ2(x)η2(t)Ψq|t0+s
t0−s − ε2

∫
Qr,s

ξ2η2Ψq−1△Ψ+ 2α0

∫
Qr,s

ξ2η2Ψq

≤ 2

∫
Qr,s

ξ2η2|∇Z⃗ε|2Ψq−1 +
ε2

q

∫
Qr,s

ξ2η|ηt|Ψq,
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i.e.

1

2
ε2(q − 1)

∫
Qr,s

ξ2η2Ψq−2|∇Ψ|2 + 2α2
0

∫
Qr,s

ξ2η2Ψq

≤ σ

∫
Qr,s

ξ2η2Ψq + Cσ

∫
Qr,s

ξ2η2|∇Z⃗ε|2q

+
ε2

q

∫
Qr,s

ξ2η|ηt|Ψq +
2ε2

q − 1

∫
Qr,s

η2|∇ξ|2Ψq.

Set σ = α2
0 in above inequality. We have

α2
0

∫
Qr,s

ξ2η2Ψq ≤ C

∫
Qr,s

ξ2η2|∇Z⃗ε|2q +
2ε2

q − 1

∫
Qr,s

η2|∇ξ|2Ψq +
ε2

q

∫
Qr,s

ξ2η|ηt|Ψq.

Hence

α2
0

∫
Qr,s

ξ2η2Ψq ≤ Cq + Cε2
∫
Qr,s\Qr/2,s/2

(
1

r2
Ψq +

1

s
Ψq

)
.

Fixing r, s and taking ε small enough such that Cε2

r2 ≤ 1
4α

2
0,

Cε2

s ≤ 1
4α

2
0, we obtain

α2
0

∫
Qr,s

ξ2η2Ψq ≤ Cq +
α2
0

2

∫
Qr,s\Qr/2,s/2

Ψq.

It follows from hole-filling method that∫
Qr/2,s/2

Ψq ≤ Cq ∀q > 2. (3.10)

It is concluded from (3.10) and Lq theory of parabolic system that (3.8) holds.
Corollary 3.1. Under the assumption of Lemma 3.5, we have for any γ ∈ (0, 1)

∥∇Z⃗ε∥L∞(Qr,s) ≤ C, (3.11)

∥Z⃗ε∥C1+γ, (1+γ)/2(Qr,s) ≤ C (3.12)

with C independent of ε.

§4. The Partial Regularity

It is easy to see that the main theorem is a consequence of the following
Theorem 4.1. There exists 0 < T1 < T2 < · · · and aij ∈ Ω̄, j = 1, · · · , Ni, i =

1, 2, · · · , Ni ≤ N , such that, ∀γ ∈ (0, 1), we have for some sequence {Z⃗εn} that

Z⃗εn → Z⃗ in C
1+γ,(1+γ)/2
loc (Ω̄× (0, T ] \A),

where A =
∪
i

Ni∪
j=1

({aij} × [Ti, T ]), Z⃗ is determined by Lemma 2.5.

According to Section 3, it suffices to give C1+γ,(1+γ)/2-estimates (∀γ ∈ (0, 1)) uniformly

in ε for Z⃗ε on any compact subset of (Ω̄× (0, T ] \A).
Lemma 4.1. There exists T̃1 > 0 independent of ε such that

|Z⃗ε| ≤
1

2
on Ω̄× [0, T̃1]. (4.1)

Proof. ∀x0 ∈ Ω̄, let ξ be the standard cut-off function on B2R(x0) such that 0 ≤ ξ ≤
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1, ξ ≡ 1 on BR(x0), |∇ξ| ≤ 1
R . Test (1.14) by ξ2Z⃗εt to give for any β > 0,

1

2

∫ t

0

∫
Ω

ξ2|Z⃗εt|2 + sup
0≤τ≤t

[1
2

∫
Ω(τ)

ξ2|∇Z⃗ε|2 +
1

4ε2

∫
Ω(τ)

ξ2(1− |Z⃗ε|2)2
]

≤ 1

2

∫
Ω

ξ2|∇φ|2 + β

∫ t

0

∫
Ω

ξ2|Z⃗εt|2 + Cβ

∫ T

0

∫
Ω

|∇ξ|2|∇Z⃗ε|2 + Cβ

∫ T

0

∫
Ω

ξ2|ρδ ∗ H⃗ε|2.

Taking β = 1
4 in above inequality, we have from (2.11) and (2.21) that

1

4

∫ t

0

∫
Ω

ξ2|Z⃗εt|2 + sup
0≤τ≤t

[1
2

∫
Ω(τ)

ξ2|∇Z⃗ε|2 +
1

4ε2

∫
Ω(τ)

ξ2(1− |Z⃗ε|2)2
]

≤ 1

2

∫
Ω

ξ2|∇φ|2 + C

∫ t

0

∫
Ω

|∇ξ|2|∇Z⃗ε|2 + C

∫ T

0

∫
Ω

ξ2|ρδ ∗ H⃗ε|2

≤ 1

2

∫
Ω

ξ2|∇φ|2 + 4Ct

R2

∫
Ω

|∇φ|2 + CR2t. (4.2)

Fixing R = R0 > 0, t = T̃1 > 0 in (4.2) so that

1

2

∫
B2R0

|∇φ|2 ≤ µ0/8, CR2
0T̃1 +

4CT̃1

R0

∫
Ω

|∇φ|2 ≤ µ0/8,

we deduce

sup
0≤t≤T̃1

1

ε2

∫
BR0 (x0)

(1− |Z⃗ε|2)2 ≤ µ0.

It following from this and Lemma 3.2 that |Z⃗ε| ≥ 1
2 on BR0(x0)× [0, T̃1]. This implies the

desired result.

Now we define T1 ≥ T̃1 by

T1 = inf{T |T > 0, there is x0 ∈ Ω such that lim
ε→0

inf |Z⃗ε(x0, T )| = 0}. (4.3)

From the definition of T1 we know that there is no bad disk on Ω(t) if 0 ≤ t < T1 and for

any 0 < T < T1 there holds ∥Z⃗ε∥C1+γ,(1+γ)/2
loc (Ω̄×(0,T ])

≤ C.

Denote the bad disks on Ω(T1) by {B(xε
i , λε)×{T1}}, i = 1, · · · , Ñ1, whereÑ1 ≤ N , N

is determined by Lemma 3.3. Passing to a subsequence, we assume

xεn
i → a1j , j = 1, · · · , N1, N1 ≤ Ñ1, a1l ̸= a1k (l ̸= k).

At this time, on any compact subset of Ω̄× (0, T1]\
N1∪
j=1

({a1j}×{T1}), we have |Z⃗εn | ≥ 1/2

if n is large enough. Therefore the conclusion of Corollary 3.1 holds on such compact subset.

Now we work starting from t = T1. We first prove

Lemma 4.2. For the function Ψ defined in (3.9) we have

Ψ ∈ L∞
loc(Ω̄× [0, T1] \

N1∪
j=1

({a1j} × {T1})). (4.4)

Proof. The interior estimates and the estimates near the boundary are done in the
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following one step. Denote

K = B2r(x0)× [0, T1] ⊂ Ω× [0, T1] \
N1∪
j=1

({a1j} × {T1}), x0 ∈ Ω,

K̃ = (B2r(x0)
∩

Ω)× [0, T1] \
N1∪
j=1

({a!j} × {T1}), x0 ∈ ∂Ω.

Again denote by ξ the standard cut-off function of B2r(x0). We get

ε2n
∂

∂t
(ξΨ)− 2ε2n△(ξΨ) + ξΨ ≤ 4ξ|∇Z⃗εn |2 − 4ε2n∇ξ · ∇Ψ− 2ε2nΨ△ξ. (4.5)

It following from Section 3 that on the compact subsets K and K̃, the right-hand side of
(4.5) is bounded uniformly in n. Then Lemma 4.3 follows from the maximum principle (see
also [24]).

Lemma 4.3. There exists T̃2 > T1 independent of εn such that on any compact subset

M of Ω̄× [T1, T̃2] \
N1∪
j=1

({a1j} × [T1, T̃2]),

|Z⃗εn | ≥
1

2
on M. (4.6)

Proof. For any x0 ∈ Ω̄ \
N1∪
j=1

{a1j}, take R > 0 so small that B2R(x0) does not contain

a1j (1 ≤ j ≤ N1). Let ξ(x) be the cut-off function of B2R(x0) and define

Eξ(Z⃗) =
1

2

∫
Ω

ξ2|Z⃗|2 + 1

4ε2

∫
Ω

ξ2(1− |Z⃗|2)2.

It following from simple computations that for t > T1,

Eξ(Z⃗εn(x, t)) ≤ Eξ(Z⃗εn(x, T1)) + C

∫ t

T1

∫
Ω

|∇ξ|2|∇Z⃗εn |2 + CR2(t− T1)

≤ 1

2

∫
B2R(x0)×{T1}

ξ2|∇Z⃗εn |2 +
1

4ε2n

∫
B2R(x0)×{T1}

ξ2(1− |Z⃗εn |2)2

+
C

R2

∫ t

T1

∫
B2R(x0)

|∇Z⃗εn |2 + CR2(t− T1).

Hence we have from this inequality, (2.11), Lemma 2.6 and Lemma 4.3 that

Eξ(Z⃗εn(x, t)) ≤ o(1) + CR2 +
C(t− T1)

R2
+ CR2(t− T1).

Now the desired conclusion follows from Lemma 3.2 if one fixes R = R0, t = T̃2 > T1 so
that

o(1) + CR2
0 +

C(T̃2 − T1)

R2
0

+ CR2
0(T̃2 − T1) ≤

µ0

4
.

As before, we define T2 > T1 by

T2 = inf{T |T > T1, there is x0 ∈ Ω \
N1∪
j=1

{a1j} such that lim
ε→0

inf |Z⃗ε(x0, T )| = 0}. (4.7)

Denote the bad disks on Ω(T2) by B(xε
k, λε), k = 1, · · · , Ñ2, Ñ2 ≤ N . Passing to a

further subsequence, still denoted by Z⃗εn , we assume xεn
k → a2l , l = 1, · · · , N2 ≤ Ñ2 with
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a2l different from each other. On the compact subset of

Ω̄× [T1, T2] \
( N1∪

j=1

{a1j} × [T1, T2]

N2∪
l=1

{a2l } × {T2}
)
,

repeating above proof, we obtain
Lemma 4.4. For any γ ∈ (0, 1) and any compact subset M of

Ω̄× [T1, T2] \
( N1∪

j=1

{a1j} × [T1, T2]
∪ N2∪

l=1

{a2l } × {T2}
)

we have for some constant C > 0 independent of n that

∥Z⃗εn∥C1+γ,(1+γ )/2(M) ≤ C.

Summing up, we have proved Theorem 4.1 by virtue of Lemma 4.4.

Remark. It is clear that the energy Eε(Z⃗ε(x, ·)) need not be non-increasing. Therefore,

we can only get the same smoothness for Z⃗(x, t) as in [22].
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