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Abstract

Let P denote the tubular hypersurface of radius ¢ around a given compatible submanifold
in a symmetric space of arbitrary rank. The authors will obtain some relations between the
integrated mean curvatures of P; and their derivatives with respect to t. Moreover, the authors
will emphasize the differences between the results obtained for rank one and arbitrary rank
symmetric spaces.
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§1. Introduction

Let P be a submanifold of an n-dimensional riemannian manifold M. Expressions for
the kth integrated mean curvatures, M[ (), (i. e. the integral of the kth mean curvature,
k =0,1,---,n — 1), of a tubular hypersurface P; of radius ¢ about P, in terms of the
Riemann curvature tensor of P, are calculated when M is Euclidean or a rank one symmetric
spacel®13:7 Moreover, when P is a closed convex hypersurface of the n-dimensional space
of constant curvature A2, Santalé has obtained in [12] the following interesting relations
between M (t) and their derivatives with respect to ¢ :

d
M () = —(n = (b + )M (5) + Xk M (1), (1.1)
In this paper we study the k-th integrated mean curvatures of tubular hypersurfaces
about some compatible submanifolds in symmetric spaces M = G/K of arbitrary rank. In
particular we will extend (1.1) for geodesic balls and tubes around these submanifolds.
As it was noted in [6] and [9], where the authors obtained expressions for M (¢) (that is,

the area of the tubular hypersurface P;) by using the restricted roots of M, the theory of
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tubes in rank one symmetric spaces is simpler than this general theory in symmetric spaces
because of the transitive action of the isotropy group of rank one symmetric spaces. Along
this paper we will emphasize the differences between the relations of M, ,f (t) obtained in rank
one and arbitrary rank symmetric spaces.

The paper is structured as follows. In Section 2 we consider integrated mean curvatures
of geodesic balls in symmetric spaces. In Sections 3 and 4 we extend the results in Section
2 for tubes around some compatible submanifolds in a symmetric space. Finally, in Section
5, we relate the theorems obtained in the preceding sections, for rank one symmetric spaces,
with known comparison theorems for the mean curvature of tubular hypersurfaces (see,
for instance, [4]), and with variational problems of functions of the mean curvatures for
hypersurfaces and submanifolds in space forms!®:19..

§2. Geodesic Balls in Symmetric Spaces

Let M be a compact symmetric space of dimension n and rank ¢. Later on we will extend
the results to noncompact symmetric spaces, having taken into account the duality between
compact and noncompact symmetric spaces.

Let 0 = ai(u) = -+ = ag(u) < ag41(u) < -+ < a,(u), where u € h, maximal abelian
subspace of m, an arrangement of the set of positive restricted roots of M. The tangent
space at any point of M is canonically identified with m.

Let P; be a geodesic sphere of radius ¢ around a point p of M. Then, the eigenvalues of
the shape operator S(t) of P; (principal curvatures of P;) with respect to the vector u are
given byl

B =—7 =2 (21)

Definition 2.1. The kth integrated mean curvature, My (t), of P, (k =0,1,---n—1), is
defined by

n—1\"
M/f(f):( & ) /P{kjhka,"'  kjr}do, (2.3)

where {kj1,kjo, -+ ,kji} denotes the kth elementary symmetric function of the principal
curvatures, and do the area element of Py.

The (n — 1)-dimensional volume of P; isl”!

ME(t) = Ay (t) = et /C I sintea;()da, (2.4)

Jj=q+1

where c is a known constant and C' = S771(1) N D, where D is a Weyl chamber and S77!(1)
the unit sphere in h.

Proposition 2.1. The kth integrated mean curvature of P, can be expressed as:

M,f(t):/fk(t,u)du, k=01, n—1,
C
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where

fo(t,u) = ct?™? H sin(ta;(u)),

Jj=q+1

n—1 —1 k n
fk(t,u)=< . ) (—1)kctq’1[ZBl(t,u)] [ sin(ta;(u)), (2.5)
=0

J=q+1

_(e—1\_1 aj, (u) - - aj, (u) _
Bult,u) = (k—l)tk—lz tan(taj, (u)) - - - tan(taj,)’ E=0,000ky

where the sum is extended to g+ 1 < j; < --- < j; < n.

Note that
qg—1\1
By(t,u) = —.
ot = (") &

Proof. Immediate from (2.1), (2.2), (2.3) and (2.4).
Theorem 2.1. Let V,(t) denote the n-dimensional volume of the geodesic ball P;; then

(1) £V,() = A, (1) (2.6)

(i) £ A,(t) = —(n — M), (2.7)
k—1 (n-1 n k—m+1

() g it ) = ~(n = (e D) e (t) 4 {20 fnlt) 3 ooy (29

Proof. (i) is proved in [4] and (ii) is immediate comparing the derivative of (2.4), with
respect to ¢, and (2.5) for k = 1. In order to prove (iii) we will consider for simplicity the
following notation

a; = aoj(u), tan; =tan(te;(u)), S= H sin(toy (u)).

j=q+1
Since
d = Q.
as a ( Z tanj)S’
Jj=q+1
from (2.5) we obtain
n—1 (_l)k d q—1
- — 2.
( k o gkt u) = StTG(E ), (29)
where
g—1 k Fod - ~
B J
=0 1=0 =0 J=q+1
In order to rewrite G(t, u) we have that, for 0 <1 < k,
dp _ j1 gt 2.10
dat l( 7u) (k—l) th—1+1 tanjl ~--tanj1 ( )
g—1\ 1 aj, e, Ay Qi
B e B/ 2.11
(k‘ _ l) tkfl Z tanjl . tanjl tanjl + + tanjl ( )

g—1\ 1 Cir v s
- (k l)tkl Y LI (ay, tan;, +--- + ay, tan,).

tan;, - - - tany, (2.12)
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Note that, for k = 0, we have
d q—1\ k
= Ba(t v
i ot,u) = ( >t

Now, given [ such that 0 <[ < k, the expression B;(¢,u (

<?c:;> tk%’ [(Z taiji “tanﬂ)

tanj) (2.11) is

n
=q+

n

> )
Ju

_ Qjy - Oy ( Qi )}
tan;, ---tan;, \tanj tany,
k—1) th! Fl<<jisr tanjl “'tanjl+1

Moreover, the sum
-1
qTBl(t,u) +(2.10) + (2.13),

when, in (2.13), the corresponding term to [ — 1 is considered, can be expressed as

(e E e () - 0= (21 )
(tk +1 Z ta?ljj . .tanjl) (k: (i;-ll- 1> (k+1). (2.14)

On the other hand, (2.12) can be written as

~1\ 1 Qir oo QUi
- (q )ZH(O‘J& tan;, 4 --- 4 «a , tan;,)

k—1) th—t tan;, - - - tan,
q—l) 1 (3 ey - 2)
- — R - o’
<k —1)tht Z tan;, ---tanj, , j:%;l J
n 3
_ (Z%)( 3 i) n
tan;, ---tanj,_, P tan;
. n s n Oél» l n Oél»+1
DX (X =)+ 0 (2 )
+(=D _Z tan; _Z tant ™2 +(=1) _Z tan! ™1
j=q+1 j=q+1 J j=q+1 J (2.15)
Now, having (2.14) and (2.15) in mind, G(¢,u) can be written as
k+1

O v e
G(t,u) = (k+1 -
( ,u) ( + )Z <k l+ >tk +1 Z tanjl tanjl
k n
N~ (-1 L [( M) ( 2)
Z (k‘ - l> th=l Z tanjl o .tanjlfl Z “
=1 J=a+l
n 3
ajl . ajz—z ) ( Oéj )
_ gt dim2 +
(Z tanj1 e tanjl72 ]:;kl tanj

n n 1 n
s Qo (&%

(Y )Y ) ey (Y )]
jqa 7N 5, tan j=at1 b
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Finally, comparing (2.9) (with the above expression for G(¢,u)) and the definitions of
fe(t,u), k=0,1,--- ;n—1, in (2.5), we obtain the desired result.

Remark 2.1. If M is a noncompact symmetric space, Proposition 2.1 and Theorem 2.1
are still valid changing trigonometric functions to hyperbolic functions (see [9] for details).

For rank one symmetric spaces (space forms), the set of positive restricted roots of M
are independent of the choice of the vector u; therefore, we can substitute functions fj(t, )
for MP(t), in (2.8). Moreover, if M is a space of constant curvature A2, equation (2.8) has
the form (1.1).

§3. Tubes About Totally Geodesic
Submanifolds in Symmetric Spaces

Let P = U/L be a totally geodesic submanifold in M, of dimension p, and u = p + 1 the
canonical decomposition of u. We assume that the orthogonal complement p* of p in m
is a Lie triple system; then, P- = Exp(p™) is a totally geodesic submanifold of M and a
Riemannian global symmetric space P+ = U '/L'. We suppose that rank(P+) = r < ¢ and
a C h is a maximal Abelian subspace of p*. Then, if aj, 1 < j < n—p, denote the positive
restricted root system of p*, and 3;, 1 < < p, that of p, the principal curvature functions
of the tube P; of radius ¢ around P arel’]

ko()=—=, a=2,---,r,

Bi(t) = =i, j=r4le -, (31)
J

ky(t)=0, b=1,---,q—r,

ki(t) = Bitan;,, i=q—r+1,---,p.

Note that we have used for simplicity the notation in the preceding section and tan; =

tan(3;).

Proposition 3.1. The kth integrated mean curvature of P, can be expressed as:
:/ fe(t,w)du, k=0,1,--- ,n—1,
c

C =8""'ND (D is a Weyl chamber of the linear action Ad : L' x p* — p* and S"™1 is
the unit sphere in a), and

P
fo(t,u) = cVol(P)t" ! H sin(ta;(u H cos(tf;(u)),
Jj=r+1 i=q—r+1
kVol
fultyw) = DD [ZAltu}w
P
H sin(ta;(u)) [ cos(tBi(w) (3.2)
j=r+1 1=q—r+1
fork=1--- n—1; where c is a known constant and
l
r—1\ 1 I—s
A = (373 ) S0 At 0< 1<k

s=0
where

s e s
A (tu) = E — s JS( Biooy -+ Bi, tan; - - - tan,,, (3.3)
Js

tany, ---tan
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and the sum is extended to

r+1<i<---<js<n—p and q—r+1<441<--- <3 <p.

Note that
r—1\1

Proof. Immediate from (2.3), (2.17) and the expression of Ap(t) = M (t) given in
Theorem 3.2 of [9].

Remark 3.1. From (3.1) we have that fi(¢,u) defined in (3.2) is zero when k > n—q+r-.

Theorem 3.1. Let Vp(t) denote the n-dimensional volume of the tube P;; then

(i) £Vp(t) = Ap(t), (3.4)
) dpr() = (o= 07 ), (35
d k—1 n—l
%fk(tu) —(n = (k+1)) fret1(t,u) + Z (" fm )
m:O k
n—p ak—m—&-l p
(3 S (DR Y (T ank ).
j=r+1 tanj i=q—r+1 (3.6)

Proof. (i) is proved in [4] and (ii) is immediate. In order to prove (iii) we will consider
the following notation
p

n—p
= H sin(taj(u)) and T = H cos(t5;(u)).
j=r+1 i=q—r+1
Then we have

n—p ‘
cclltS:(,E; %)S’, —T— ( Z thanz)

J=r+1 i=q—r—1
and
1
d r—1\ k—1 .
a ) = _(k_l)tkurl 0(—1)l A a(t,u) (3.7)
!
r—1\ 1 s
* (k_l>tk_z§(—1) Asu(t,u) (3.8)
. I @,
{(ﬁ Ts41 tanzs+1 =+ - ﬂzz tan tanjl tanijs ) (39)
Bis+1 Bi,
+ (tanisﬂ +-- tan; aj, tanj, —--- — «;, tan;, )] (3.10)
From (3.2) we have
(71)]6 n—1\d _ r—1
Nol(P)\ k) arlew) = STE G ), (3.11)
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Now, similarly to (2.13), for a given ! (and assuming in (3.9) its product with (3.8)), we
obtain
n—p

Al(t,u)[ y = o Z @tanl} (3.9)
j=r+1 ] i=q—r+1
I+1
r—1\I1l+1 s
= (k_l)tklZ(_nl A (3.13)
s=0

Therefore, considering in the above expression the corresponding term to [ — 1, in order
to get the corresponding factor to ﬁv we have

r—1 )k‘+1

r—

—— ) (=1 A,,. (3.14)
_ k—1+1 ’
k—l+1) th-t41 &

On the other hand, (3.10) (considered with its product by (3.8)) can be written as

GG E I

i=q—r—+1 s=0

1Az(tn) +(3.7)+ (3.13) = (

n—p -2
(X E S ) S0 A
j=r+1 an] i=q—r+1 s=0
n— +1
+(—1)l+1( Zp S N U zp: ﬁ“ltanlfl)] (3.15)
j=r+1 tan; -y i=q—r+1 ’ '

Finally, comparing (3.2) with (3.11), having (3.14) and (3.15) in mind to develop G(t, u),
and, in particular, comparing fx11 with (3.14) (note that, because of (3.13), [ varies in (3.14)
from 0 to k + 1), we obtain the desired result.

Remark 3.2. When rank(P+) = 1, we can substitute in (3.6) functions fi(t,u) for
MF (t) and we obtain a relation between the integrated mean curvatures of P;. Example:

B SO(n) SO(n+1) B
~ SO(p) x SO(n—p) ~ SO(p) x SO(n—p+1)

For rank one symmetric spaces M (space forms) we can also substitute in (3.6) functions
fr(t,w) for M[(t). Moreover, in order to get compatible submanifolds P of M, P is not
necessary to be totally geodesic or a principal orbit; for instance, a complex submanifold
of the complex projective space @' P™ is compatible with @ P™ and any submanifold in the
sphere S™ is compatible with S™ (see [4]). On the other hand, if P is a submanifold of a
space of constant curvature A2, equation (3.6) has the form (1.1).

§¢4. Tubes About Principal Orbits in Symmetric Spaces

Now, let P denote a principal orbit of the canonical isometric action p : K x M — M
of the Lie group K on the symmetric space M = G/K. If we consider the canonical
decomposition of m,

mzh@Zma, (4.1)
acA

where A denotes the set of positive restricted roots of M and m, the root subspace of «,

it is known that the subspace p which is identified with T,,P is given by p = > m, (see
acA
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[14]). Then, in a similar way to (3.1) (see [9]),
ku (t) = -7

2
o tan; +:Z€,L'Oti

ki(t) = , t=q+1,---,n, (4.2)

«; — k; tan;
where k; are finite (in Section 3, k; = 0 because P was considered totally geodesic).
Therefore, proceeding as in [4] or [9], we have that

// t171 0, (t)du dP, (4.3)
Sa-1(1)

where

o.(0)= ] (cos(tai(u)) - sm(tozi(u))). (4.4)
1=q+1
Proposition 4.1. The k-th integrated mean curvature of P; can be expressed as

:// fe(t,w)dudP, k=0,1,---,n—1,
P Jsa-1(1)

fre(t,u) = (n; 1) _1tq_1 {i At u)} ﬁ (cos(taj) - g sin(taj)), (4.5)
1=0 J

Jj=q+1
Ay(t,u) = (q B 1) (=)™ Z (%2'1 tany, +’€j104j1) (a?l tan;, +kaaj1)
) k — l tk*l ajl _ kjl tanjl ajl o k]l tanjl )
where the sum is extended to ¢+ 1 < j; < --- < j; < n.

Proof. Immediate from (4.2), (4.3) and (4.4).

Theorem 4.1. Let V,(t) denote the n-dimensional volume of the tube Py; then

(i) £V, (1) = A, (). (4.6)
@ 4 4,(t) = —(n— M), (4.7)
iii

%fk(t,u) =—(n—(k+1))frs1(t,u)

where

k—1 /n—1 2

(nn_ll)f (t,u)(—1)Fmt Z (O‘j tan; +kjaj)k_m_l.
m=0 ( k ) Jj=q+1 A= kj tanj (48)
Proof. (i) is proved in [4] and (ii) is immediate from (4.2)-(4.4). To prove (iii) we

consider the notation
n

k; .
S = H (cos(taj) - oT]j sm(taj)).
J=aq+1
Then

2 . v
%S:—( Z ajtanj—&—k:]aj)s

o — kj tan;

Now, from (4.5) we have

(" N 1) % Foltu) = SE1G(E ),
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where

k k n 2 . v
Git,u) =3 %Al(t,u) + 3" At u) [q%l -y w} (4.9)
=0

=0 j=qt1 Olj — ]{Ij tanj
Finally, having in mind that
d sa?tan; +k;a; a?tan; +k;a;\ 2
%<J J JJ):Q?(U)+<J J JJ)’
and proceeding as in Theorems 2.1 and 3.1, we obtain the result.

Remark 4.1. For noncompact symmetric spaces the results in Sections 3 and 4 are still
valid considering hyperbolic functions instead of trigonometric functions. However, since P
will be a noncompact submanifold, it is not possible to obtain a finite value of P or a finite
integration over P (see [6]).

Moreover, as it was expected, (4.8) coincides with (3.6) when P is a totally geodesic
principal orbit of M (for instance, P = S™~1 x §"~1 C §™ x S" = M).

Oéj — kj tanj Oéj — kj tanj

§5. Related Topics: Comparison
Theorems and Variational Problems

From comparison results for tr(S(¢)) it is possible to obtain comparison theorems for
different geometric invariants as the volume, the mean exit time or the first Dirichlet eigen-
value in rank one symmetric spaces (see, for instance, [4]). In this section we only want to
note that formulas (2.7), (3.5) and (4.7), for rank one symmetric spaces, allow to obtain
comparison results for the quotient M¥ (t)/Ap(t), if the corresponding comparison results
for tr(S(t)) are known.

Indeed, from (1.7), (3.5) and (4.7) we have

d MFE(t)

—log(A(t)) = —(n — 1)=2>2.

i 08(A®) = ~(n — 1)

Moreover, from (4.3), when M is a rank one symmetric space, we obtain
log(A(t)) =logCy + (n — 1) logt + log 6,,(t),

where C is a constant; so, from [4],

d n—1 60 (¢
7 os(A(1) = "= + G = —(S(),

Therefore, comparison results for tr(S(t)) give comparison results for M (t)/Ap(t).

On the other hand, when a one-parameter family X; : P — M of immersions of P
into M is considered, related results to our theorems can be found in [10], when P is a
hypersurface and M a space form, and in [8], when P is any submanifold of the space form
M or P is a hypersurface of any riemannian manifold M.
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