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Abstract

The authors investigate the stability of a steady ideal plane flow in an arbitrary domain in
terms of the L2 norm of the vorticity. Linear stability implies nonlinear instability provided the
growth rate of the linearized system exceeds the Liapunov exponent of the flow. In contrast,
a maximizer of the entropy subject to constant energy and mass is stable. This implies the

stability of certain solutions of the mean field equation.
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¢1. Introduction

We consider solutions u = (uy(x1,x2,t), us(x1,x2,t)) of the incompressible two-dimen-
sional Euler equation in a bounded domain £ C IR? with a smooth impermeable boundary

o0 :
O+ u-Vu=—-Vpin IR; xQ, wu-7=0o0n IR; x 0.
71 denotes the outward normal to the boundary. The vorticity
w=VAu= 0z us — O0yu1
is then transported by the flow according to the equation
Ow+u-Vw=01in IR; x Q.
We define the operator curl ™! by the formula
curl 'w =V AT, with — AV =win Q, ¥ =0 on 9.
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If the domain € is simply connected, then u = curl *w. If it is not simply connected, but
uw = curl 'w at time ¢ = 0, then u = curl 'w at all times. This is the only case that we
consider and therefore the Euler equation is equivalent to the equation
dyw + curl M (w) - Vw = 0. (1.4)
If ug(z) is a stationary solution of the Euler equation (1.4), then the vorticity wo(z)
satisfies the equation
0=wup-Vwy=V¥yAVuwy , (15)
which says that the level lines of ¥ and 0 coincide. This condition is satisfied in particular
for any solution of the nonlinear elliptic equation

—AU = f(U)in Q, ¥T=0o0nddN. (1.6)

The present article is composed of two parts. The first concerns the stability of solutions
of the mean field equation which was introduced to the subject by Onsager!!l:

—AT =CeP'inQ, C>0. (1.7)
The convexity of the entropy functional
S(w) = / wlog wdx (1.8)
Q

is used in conjunction with the tools developed in [3] and [4]. In a standard normalization, the
stability is proven for 8 > —8r , extending previous results obtained by Arnold’s method!"
for B negative but small in absolute value. The case of —f large corresponds to large energy
and seems to be the relevant one in the formation of coherent structures.

Our first stability theorem is as follows.

Theorem 1.1. Consider the variational problem

S(AE) = inf/ wlogwdx (1.9)
v Ja
subject to the mass and energy constraints
1
w>0, / wdr = A, 7/ lcurl 'w|?dx = E. (1.10)
Q 2 Ja
Assume that the minimizer p, which satisfies

/ plogpdr = S(A, E) (1.11)
Q

and always exists?® | is unique. Consider the family F of initial data defined as the nonneg-
ative functions that belong to a Holder space C%® for some a > 0. Then for all € > 0 there
exists 6 > 0 such that, for the solutions w(t) of the Euler equation (1.4) with w(0) € F, the
implication
Jo0) ~ iz €8 = suplult) — plixey < (1.12)

holds.

The proof of this theorem and some variants to handle the case where the minimizer is
not unique will be given in Section 2.

In Section 3 it is shown how to deduce nonlinear instability from linearized instability. The
method follows closely the program initiated by the second and third authors of this paper
(in collaboration with others)67-19 where it was observed that the notion of instability is a
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robust property. In particular, using a perturbation method, nonlinear instabilities can be
deduced from instabilities of the linearized operator.
In the present situation the linearized equation is

(6t+u0~V)&J+ﬂ-Vw0:O. (1.13)
Solutions of (1.13) are described by the group of operators e*4° with generator
Apw = —ug - Vo — curl tw - Vg . (1.14)

This generator is the sum of an advection term which generates an isometry group in any
LP(Q) (1 < p < o), denoted by e~ *0V and a compact perturbation. It follows that the
part X(Ap) of the spectrum of Ay outside the imaginary axis is purely discrete and that if
Y (Ag) # 0, the type A of the semi group e~*4° in any LP space is given by
A= sup Rel. (1.15)
AEE(Ao)

Linear instability corresponds to the case when A > 0 (that is, 3(Ag) # ). We denote by
o the Liapunov exponent of the autonomous flow associated to ug. Our instability theorem
is as follows.

Theorem 1.2 (From Linear to Nonlinear Instability). Given a steady flow ug €
C3(Q), consider the linearized equation

0@ + ug - Vo + curl '@ - Vwy = 0. (1.16)

Assume that the type A of the semigroup and the Liapunov exponent o of the flow generated
by the vector field ug satisfy the inequality

A>o. (1.17)

Then for any p > 2 there exist positive constants C, ey, 09 and a family of solutions of the
nonlinear Euler equation {ws, 0 < § < o} which satisfy both

Jws(0) — wolwrr <0 (1.18)
and

sup  |ws(t) — wolrz > €o- (1.19)
0<t<C|logd|
In two space variables the use of the vorticity equation forces the discreteness of the
spectrum of Ag off the imaginary axis. In contrast, Friedlander and Vishik!®! consider a
different linearized operator. They linearize the Euler equation for the velocity to get the
operator

Boﬂ = 7(11,0 . V)ﬂ - (ﬁ . V)Uo - Vq
on the space {@ : 4 € L*(Q),V - @ = 0}. They provel®'8 that the essential spectral radius
of etPo is equal to the maximal growth rate of the bicharacteristic-amplitude equations
& =ug(x), €=—(0su0)"¢,
b= —(0xu0)b+ 2(& - Dpuo)b £/|€]*.
Thus the essential spectra of Ag and By are quite different.
In [6], it is proven that certain flows are nonlinearly unstable in H® for s > 2, by making
use of the point spectrum of By. In [8], Grenier proves similar results in the space {u € L?}.

Here we prove the same kind of theorem for the L? norm of the vorticity. This is the very
norm for which we obtain stability results. Furthermore, in contrast to [6] and [8], our
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results are valid (i) with no geometric hypothesis on the shape of the domain 2 and (ii) with
less regularity assumed on the steady flow.

Two basic examples are shear flow and simple rotating flow. In both cases, the exponent
o vanishes. Indeed, shear flow is

o = (“(872)> with Xo(t, z1,22) = (“(”)”xl) .

€2
Since the flow grows only linearly in time, ¢ = 0. Simple rotating flow in a disk is
_( u(r)sin@ . _ (rcos(8 — tu(r)/r)
Yo = ( —u(r) cos@) with Xo(t, 21, 22) = <7°sin(9 — tu(r)/r)
for which ¢ is also clearly equal to 0.
There exist classical examples!® of shear or rotating flows going back to Rayleigh for

which the linearized instability is proven. The previous comments imply that for these cases
the hypothesis (1.17) is satisfied.

§2. Stability of Solutions of the Mean Field Equation

The solutions of the mean field equation

Av—a
Joe BYdx

are invariant under the Euler flow. They are also closely related to the minimization of the

functional

(2.1)

S(w) = / H(w)dr with Hw) =wlhw (2.2)
subject to the constraints
1
w>0, A= /wd:)}, E= 5/ lcurl ™ w|?d. (2.3)
Q

The constants A and E are positive while 8 is the Lagrange multiplier of the energy con-

straint. More precisely, starting from the convexity of the function w — H(w) > e~ ! the

following facts are proven in [3, 4, 11] and are restated in the next two theorems.
Theorem 2.1. (i) Denote

P(E,A) = {w >0 a.e. in Q, /Qw(x)dm =1, %/ﬂ lcurl ™t w|?dx = E} . (2.4)

Then for any pair (E,A) of positive constants there is at least one wmin which solves the
Microcanonical Variation Principle
S(E,A)= inf S(w)=5wmni)- 2.5
(£, A) wGIlDI(lE,A) (w) (Wmin) (2.5)

Furthermore, any nonnegative solution w of (2.5) is strictly positive and there exists at least
one 8 such that w = =AW with U solving the corresponding S-mean field equation (2.1).

(ii) Conversely, any solution of the B-mean field equation (2.1) is a solution of (2.5) with
a given mass and energy E(B).

With appropriate scalings, the following renormalizations are assumed for the domain 2
and for the solution of the mean field equation:

| =meas @ =1and A= / w(z)dr=1. (2.6)
Q
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The set of minimizers in (2.5) is denoted by M(E, A). In particular, M(E, 1), P(E,1) and
S(FE,1) are denoted by M(FE), P(E) and S(FE).

Theorem 2.2. (i) For any > —8r there is at least one solution of (2.1); this solution
is always unique for B > 0.

(ii) This solution is also unique for 8 > —8m if the domain § is simply connected. In this
setting the mapping 8 — E(B) is well defined. It is also strictly decreasing and is onto from
the interval (—8m, 00) to the interval (0, E.), where

Ee= B>781r1,%1%787r EB(B).

(iii) For starshaped domains there exists a number 8. < —8m such that the mean field
equation has no solution for f < B.. In particular if Q is a disk, E. = co and 5. = —8.

In fact, the situation of the disk corresponds to the ideal case where for any energy
E € (0,00) any minimizer corresponds to a unique temperature § € (—8m,00). As a
consequence, the minimizer is uniquely defined. In general, the situation turns out to be
more complicated, either when the domain is not simply connected (no uniqueness of the
solution of the mean field equation for given 3), or when F,. < co and 8. < —8w in which
case several values of 8 may correspond to the same energy.

For our purposes observe that for a simply connected domain a solution of the mean field
equation

e AY
Joe Pledx

provides a minimizer of S(wg) with the constraint E(w) = E(5) € (0, E.). Furthermore if
wgr is another minimizer with the same energy,

either 3’ = B or B < —8r. (2.8)

Now we prove the stability theorem stated in the introduction.

Proof of Theorem 1.1. The hypothesis w(0) € F implies (cf. [20, 21]) that the
corresponding solution is well defined and smooth. In particular one has for w(t) and u(t) =
curl 'w(t) the invariance

= %/Q|U(I,t)|2dx = %/Q|u(x,0)|2dw = E(0), (2.9)

and for any continuous function f

/f(w(x,t))dx:/f(w(x,O))d:v. (2.10)
Q Q

By contradiction, it is easy to see that the statement of the theorem is equivalent to the
following one. For any sequence of initial data w,, (0) € F and for any sequence of times ¢, ,
the limit

—AU, = , B—8r (2.7)

limJwn(0) — pl ey = 0 (2.11)
implies the existence of a subsequence n; such that
hm ”Wn,( n;) ,LL||L2(Q) =0. (2.12)
So we assume (2.11).
We claim that
lim [ H(w,(z,0))dz = / H(u (). (2.13)
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To prove (2.13), the strict positivity of p as stated in Theorem 2.1 is used and a positive
constant 79 such that p(x) > 2no in Q is introduced. Let 0 < 1 < min(ng,e~!) and observe
the inclusion {z € Q\|w,(z,0)| < n} C {z € Q\|w,(2,0) — u(x)| > n}. Then we have

| [ H(w(@,0)de — S(u))
Q

< / | H (wn(2,0) — H(M(x))ldﬂ«“+/ ([H (wn (2, 0)] + [H (pu(x))|)dz
QN{wn (z,0)>n} 2N{wn (z,0)<n}

2
<2 [ o, 0de — el + 1wl + 1)l [ dr.(21)
n |wn (2,0)—p(z)|2n

To complete the proof of the claim, choose 1 to make n|logn| less than €/2 and then choose
n large enough to ensure, with the strong L? convergence of w,(0) to u, that the sum of
the two other terms is less than €/2.

Then there exists a subsequence n; denoted below by n such that w, (¢,) converges weakly
in L2(Q) to a function v(z). With the notation uy, (t,) = curl *w,(t,), u, = curl ‘v, the
relations (2.9), (2.10) and the “entropic convergence lemma” (Proposition 3.1 of [2]) one
has, for v € L?(Q2),v > 0, the following properties:

/ v(z)de = lim/ wn(z,ty)dx = lim/ wp(z,0)de =1, (2.15)
Q Q Q
1/ u,, (z)]2dx = lim/ [t (2, t)|2de = E (2.16)

/H dx<hm/ H(wy(x,t,)de = H(p) . (2.17)

Thus v is a minimizer. The hypothesis concerning the uniqueness of the minimizer implies
the relation v = p and the strong L?(£2) convergence because

/\ |dm<hm/\wnazt \d:v—hm/|wnx0|2dm
:/ |u(x)|2da::/ lv(x)|?dz . (2.18)
Q Q

Since the minimizer may not be unique, we consider several extensions of the above
theorem. We have the following variant.

This proves Theorem 1.1.

Theorem 2.3. No assumption is made on the uniqueness of the minimizer. On the
other hand, consider for a given energy E, a minimizer u € P(E). Let F' C F be the subset
of initial data uniformly bounded in L™ () by a fized constant k. Then for all € > 0 there
exists 6 > 0 such that, for the solutions w(t) of the Euler equation (1.4) with w(0) € F’, the
assertion

w(0) — 2 <d = su inf  Jw(t) —v;e <e€ 2.19
Jo(0) ~ plzaqey < sup inf - (t) — vz < (219)

holds.

Proof. The proof follows the preceding one and leads with no major modification to
the extraction of a subsequence such that w, (t,) converges weakly in L?(2) to a minimizer
v € M(E). Since the uniqueness of this minimizer is not assumed, the relation (2.18) is
no longer valid and the convexity of the entropy H (with the uniform boundedness) is used
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instead. In fact, by a Taylor expansion we have
/ (H (wn (@, tn) — H(v(z,1))dx
Q

1 2
= /0(1 +log v(x, 1)) (wn(z, t,) — v(a,t))dz + /Q m(wn(ac,tn) —v(z,t)) d(xzm)

with w(z, t) between wy, (z, t,) and v(z). Using the uniform boundedness of w, (z,0) and the
weak L? convergence of wy,(t,), we have for 0 < a small enough the inequality

ozlirn/Q (wn (@, tn) — V(l',t))Qd:L‘ < lim/Q (H(wn (2, t,) — H(v(z,t))dz = 0, (2.21)

which proves the strong convergence.

If the domain is simply connected, there is, as recalled above in Theorem 2.2, a one-to-
one correspondence between the solutions of the mean field equation for 5 > —87 and the
minimizers with energy E > FE.. This does not seem to exclude in general the existence of
other minimizers for the same energy which solve a mean field equation with § < —8x. In
accordance with this observation we give the following theorem.

Theorem 2.4. Assume that the open set Q is simply connected and consider a solution
U™ of the mean field equation

* e_ﬁ\ll* *
—AU* = e iy U*=0 on 0N. (2.22)
Denote by pn = —ATU* the corresponding vorticity with energy E(u) and consider the same
set of initial data F' as in Theorem 2.3. Then for all € > 0 there exists § > 0 such that, for
the solutions w(t) of the Euler equation (1.4) with w(0) € F’, the assertion

|lw(0) — plz2() <6 = ilelg lw(t) — plr2) <€ (2.23)
holds.
Proof. According to Theorem 3.2 ii) of [4], one has
M(E(p) = {ny UM, (2.24)

where any element v € M* is a solution of the mean field equation with a temperature
B(v) < —8m. Observe by contradiction that the L?(Q)-distance d between p and M* is
strictly positive. By Theorem 2.3, for all € > 0 there exists § > 0 such that the relation

lw(0) — plr2) <6 (2.25)
implies the relation

sup  inf w(t) — V|2 < €. 2.26
sup it Ju(t) — Vs (2:26)
We observe that for w(0) € F” we have w(.) € C(IR; L*()). Choosing € < £ and § < ¢
and using the triangle inequality, we conclude that
sup  inf w(t) — V|20 = sup ||lw(t) — 2(Q)- 2.27
o e MB()) Jw(®) lz2(0) teR” () = plrzo) ( )
This completes the proof.
The previous stability results involve, as in most of the contributions in the subject (cf.
for instance [1, 13, 19]), the L? norm of the vorticity. Finally we conclude this section by
proving, using the notion of entropic convergence, a weaker result under a weaker hypothesis.
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Theorem 2.5. The family of initial data F is defined as in Theorem 1.1. For some
p > 1,F, C F denotes the subset of initial data uniformly bounded in LP(Q); that is, there
exists k < oo such that

Yw(0) € F,, / |w(0, 2)|Pdx < k. (2.28)
Then for all (A, E) and € > 0 there exists 6 > 0 such that

‘/ Oxdx—A‘—i—‘ /|curl Lw(0))(z )|2dx—E)—l—‘/H(w(O,m))dx—S(A,E) <
Q
(2.29)
implies

inf 17 w(t) — curl ™ <e. 2.30

fgg VE.AI/II%A,E) Jeurl™ " w(t) — curl™ "v|p2) <€ (2.30)
Proof. By (2.25) we extract from any sequence wy(t,) a subsequence, still denoted by
wp,(ty), which converges weakly in LP(Q) to a function v € LP(Q). The inequality (2.29)
and the compactness of the Sobolev imbedding W1?(Q) C L?() imply the following limits:

—hm/wn tn,x)dx—/ v(z)da, (2.31)

1
=lim - / |(curl ™ wy, (t,)) ()2 dz = 5/ lcurl ™ty 2dz . (2.32)
Q
Then by the entropic convergence we have
/ H(v)dx < liminf/ H(wy(ty))dx = lim/ H(w,(0))de = S(A,E). (2.33)
Q Q Q

Therefore v is a minimizer, the equality (2.32) implies the L?(2) strong convergence of the
sequence curl 'w,(t,)), and the proof is complete.

§3. From Linear to Nonlinear Instability

This section is devoted to the proof of Theorem 1.2. First we recall some facts about the
Liapunov exponent. The classical Liapunov exponent o for the flow Xy (¢, ) induced by wo,
0Xo

ot = UQ(X()), Xo(o,.%') =, (31)
is defined by
0X
o= sup hm log ‘ 0 (3.2)
where 2X0 denotes the 2 x 2 matrix (0X{/ 81:7).
Proposition 3.1. The Liapunov exponent can also be defined as
.1 0Xo
o= tlglolo n Sl;p log ’W . (3.3)

This fact might exist in the theory of dynamical systems but in the absence of a reference
a short proof is given. Clearly
0Xo
Or
To prove the converse we follow the argument of [7]. By definition of o, for every pair € > 0
and z € Q, there exists a “time” T'[x] > 0 such that
aXo (t,x) ‘ < ollo+)

o1 09Xy o1
s — | > g9 — .
th_{n " blalcp log‘ o ‘ > sgp th_{n " log‘ (3.4)

t>Tlx :>‘
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By the continuity of 8, X, and the boundary condition, for all z € Q there is a neighborhood
B, C Q such that

0X
‘( 6x0>(T[x]7$)‘ < eT[m](U+€) .
We introduce a finite covering of Q by such open sets: Q = B,, UBg, U...UBgy with
N < oo0. Denote B; = B,,,T; = T[x;] for 1 < i < N. Given x € 0, choose i; such that
x € B;, and then choose the sequence

y1 = Xo(Ti,, ) € By,

yo = Xo(Ti, +T;,,x) € By,

yl:XO(Ti1+-~-+T’ikax)eBik+1 (1§]€<OO>

Now
y2 = Xo(Ti, + Ty, v) = Xo(Tiy, y1) = Xo(Thy, Xo(T3y, 7)) - (3.5)
Therefore
8:1/2 o 8X0 8XQ
o (W)(me) ) (%)(me), (3.6)
so that
‘a[XO(TilJriwx)]’ < (T +Ti) (o) (3.7)
ox -
Similarly for any x and k we have the inequality
‘5[X0(Ti18+...+m$)] ’ < Tt A Ti )0+ (3.8)
z

Now, given t and x, we choose
Sek=T, +...+0;, <t<T,, +...+T;, + T3, 41, (3.9)
and denote by X|) the derivative of
Xo(t,z) = Xo(t — Sk, Xo(Sk, z))

with respect to x. By the chain rule and estimate (3.8) we obtain, for any pair (¢t,z) €
[0,00) x Q,

XN < g X4 )] -1 ()
(9x yeﬁ
< |: sup |X(/)(S,y)|:| . 6(0'+6)Sk

yeﬁ, 0<s<max; T;
< CeloTI% < Oelotot, (3.10)

which implies (3.3).

The following key lemma states that if a velocity field v(¢,z) is close enough to ug(x)
in C', then their corresponding flows are close together in a sufficiently short time interval
where ne(*=9)# is small.

Lemma 3.1. Let ug(r) be a steady C' solution. Let Xo(t,s,x) = Xo(t — s,x) be its
classical flow with Liapunov exponent o. Let v(t,x) € C* be another vector field defined on
IR, x Q that is incompressible and tangent to the boundary

V-o=01inQ and v-7=0 on 0. (3.11)
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Denote by X (t,s,x) its flow

0X
e v(t, X), X(s,s,2)=x.
Let 0 < € and p > o+€. Then there exist positive constants C1, Co and 0y with the following
property.
For any positive constant n the estimate
lo(t, ) — uo()lor ey < mel=* (3.12)
for s <t < s+ S, with
1.0
Sy =—In— (3.13)
voon
implies for s <t < s+ S, the a priori estimates
|X(t,8,2) — Xo(t,s,2)| < Crnet =), (3.14)
8(X(t,s7x)a— Xo(t,s,x)) < Oyfpelt—5) 0+, (3.15)
x

Proof. When there is no risk of confusion, the arguments (¢, s,z) in X and X, will be
omitted. The difference X — X satisfies

w =v(t, X) —up(Xo); (X —Xo)(s,s,z)=0.
Thus
8 8u0
[a - ﬁ(Xo)} (X — Xo)
0
= [ = S5 (X0)| (X = Xo) + [uo(X) = uo(Xo)] + [v(t, X) = uo(X)] = g.
(3.16)
By the Taylor expansion and (3.12), we have
1 82’&0 S 2
< | 270 _ (t=s)p < _ 2 (t=s)n
91 < 5| = S5 (O = X0)?| +7el = < CIX = Xof + e
Let
T* =sup{t; : |X(t1) — Xo(t1)] < Cyneltr==)#} (3.17)

with C; to be determined. In the interval [s,T*], we have from (3.2) and (3.16) the estimate

t t
| X (1) — Xo(t)] < Ce/ eI peTI12dr 4 Cén/ el Tt o(r=3)ngr

t—s
< Cee("+€)(t_s)012n2 / e(”+5)”62“pdp + Cé’ne“(t_s)
0

< CROUe =P + O et
Putting ¢t = T™*, we have from (3.17)
Crlne! ™ =) = | X(T*) = Xo(T")| < CFClnet ™ =92 + O et ™" ).

Hence

. 1 C//
(T =s) > _ € -9
e SNeNeANNe:To

if we choose

1
Ci = 202’ and 0<6y< W
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By (3.13) we have
Sy <T*—s
and we deduce from (3.17) that (3.14) is valid.
Next we define Y = a%(X — Xo), where a% % or W It satisfies
oY 0 Ov 0X  Ouy 0X,
= ot X (¢ — up(Xo(t == 29720
ot = g V(X b w)) muolXolt s ) = G~ BX Ba
8u0 6[1} — Uo] BXO 8u0
—Y + —+4+Y=—Y +h. 3.18
T X % Lo TV Eaxr (3.18)
By assumption (3.12) and (3.14), for 0 <t — s < S,
v —wup] _ 9v(t, X)  Ouo(Xo)
oxX 09X 0X
du(t, X)  Ouo(X) Ouo(X)  duo(Xo)
_ _ — = 0(0y).
{ oX ox [Tl ox 0X Olo)
Therefore by (3.13) we have
|h| < COo[1 + |Y]].
By (3.18) we can now estimate
t t
Y ()] < C/ et/ D () dr < 000/ et/ |y (7)[Jdr
t
< Chpelt=9ote/2) 1 4 / e/ 1y (1) |dr}.
It thus follows, for t — s < S, and 6y sufliciently small, that
¥ ()] < Clyelt=9o+0),
Lemma 3.2. Given ug and v as in Lemma 3.1, let & solve the linear equation
(at+U‘V)@:0.
Then for any 1 < p < oo and
1 0
0<t<S,==log— (3.19)
w n

(0 <t < oo ifv=ug), we have
&) lwrs < Cee@r I o(0)[wrr -
Proof. Denoting I'(z) = @(0, ), we have
@(t,z) =T(X(¢,0,2)).
Clearly |@(t)|z» = |T'||zr and
o3 _jor ox
cl 10X  Ox

/‘ ‘dx<cpo+e)t/‘a].—"dx

or

< (o+e)t
| <oe5x

by Lemma 3.1. Hence

since the Jacobian equals one. This proves the desired estimate on the first derivatives.

Now we prove that the eigenfunctions are smooth.
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Lemma 3.3. Any eigenfunction ¢y € L*(Q) corresponding to an eigenvalue \ with
Re A > o belongs to WHP(Q) for all p < oo.
Proof. The eigenfunction satisfies

(A +ug - V) + curl ¢y - Vwy = 0, (3.20)
from which we deduce the relation
o0
o\ = / e_’\Te_T“O'v(curlflqb)\ . Vwo)dT. (3.21)
0

By assumption, ¢y is in L?(£2) so that curl 1y - Vg is in HY(Q). By Lemma 3.1 in the
simple case v = ug and 0 <t < oo, we have

e tuo V. wWhP(Q) — WhP(Q)
with norm O(el®+9)?) for any e > 0. Therefore the assumption Re A > o implies that ¢y is
in H'(Q). Now this implies that curl ‘¢, - Vwy belongs to H2(Q) ¢ W?(Q) for p < .
Using once again the estimate

le™ 0V [y < 0> and Re X > o, (3:22)

we conclude the proof of the lemma.

The main ingredient in the proof of instability is a bootstrap lemma (Theorem 3.2).
Before giving this lemma it is worthwhile to compare it with classical results on the 2D
Euler equation. It is known that for smooth initial data the solution of the Euler equation
remains as smooth as the data. For instance, for any WP norm we have the crude estimate

wo®lwrs < w(O)lws exp (C /0 [Vu(s)l () (3.23)

However due to the fact that curl ™! is not continuous from L to W1°°, time dependent
estimates on |Vu(t)|z~(q) are subtle’). The same observation applies to the difference
@(t) = w(t) — wo where wy is a stationary solution and w(t) a perturbation. The equation
for @ is

0@ +uVo + curl (@) - Vwy = 0. (3.24)
Applying the operator D (derivative with respect to the first or the second spatial variable)
to the equation (3.24), multiplying this equation by (D&)P~!, integrating over §2 and using
the Gronwall lemma, we deduce for @ the inequality

t
60w < 15O wer exp (€ [ (V)@ +1)ds). (3.25)
By the same argument involving a nonlinear Gronwall lemma,
IVa(t) L~
can be estimated, but only for a short time which depends on the initial data. More precisely,
for
e N@(O)wr» < D, (3.26)
we have
BI&(0)lw »
D — (0 lw
with convenient constants C', D and E. Combining the formulas (3.25) and (3.27), we easily
obtain the following result.

IVa(t)]| Lo ) < (3.27)
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Theorem 3.1. Given any stationary solution wgy of the 2D FEuler equation in a bounded
domain Q, there exist positive constants C,C’ and 6 which depend only on  and wy such
that for any perturbation

w(t) =w(t) —wo

we have the implication

1
t] < 610g(

[0(0)[w.r

In contrast to the sharp, but global, Wolibner estimate2%!, the above estimates are only
local in time and the constants are not “sharp”. The bootstrap lemma states that under
convenient hypotheses we can sharpen the constants in (3.28).

Theorem 3.2 (Bootstrap Lemma). Denote by ug a steady flow with classical Liapunov
exponent o as in (3.2). Let u be any real number strictly greater than o. Let T > 0 and
p > 2. Then there exist positive constants 0, C1, Ca, and Cs with the following property. Let
w(t,z) € C(Ry; WYP) be any solution of the nonlinear Euler equation which satisfies the
initial estimate

) = 1E® s < 19(0)lwrae”. (3.28)

| (0) — wolwr(@) < C10 (3.29)
and the L? estimate
Jw(t) — wolrz2(a) < C20e in [0,T). (3.30)
Let
Ts = i log g .
Then in the time interval 0 < ¢t < min{T,Ts}, the solution also satisfies the WLP estimate
Jw(t) — wolwie(a) < Csdert. (3.31)

Proof. Introduce the notation
O(t) = w(t) —wo and @(t) = u(t) — up = curl *&(t).
Given n > 0, let

1 0
S, = - log ;0 and S =sup{t: |a(t)|cr < ne}. (3.32)
Observe that (@, @) solves the equation
(O +u-V)o=—u-Vuwy (3.33)
with initial data
120w < 13 (3.34)

By the Duhamel Principle and Lemma 3.2, this implies, for 0 < ¢ < min{T, S,,, S}, the
estimate

t
|&)|wrr < Coel7Ht 4 C / eI (1) - Vg |wrpdr. (3.35)
0

The norm on the right is estimated by
la(7) - Vwolwrr < Cla|wrr < Clofr < Al@lwrr + Cylel2 < Al@lwre + Cy0eT
by (3.30), where ~y is arbitrarily small. This is placed into the integral inequality (3.35) as

t
[&(8) i < CoHe 4 CL5eM + Cry / @+ |G () rp -
0
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Multiplying by e~#!, we obtain
t
e M) wrr < C6 4 CH{ sup e*’”||d;(7)||wl,p}/ elote—m)s g
0<r<t 0
< 06+ Crf sup e T a(r) s}
0<r<t

Hence for v = 1/2C and for 0 < ¢t < min{T, S, S}, we have

e HGO(t) e < 2C0. (3.36)
Thus, since p > 2, we have for 0< ¢ < min{T, S,,, S},
i@l < Cla®lwar < Cla(®)lwr < Codel (3.37)

for some constant Cy. Now we choose n =2C6, and 6 = 6/2Cy. It follows from the definition
of S that S > S,. Hence

lo@®)|wir <208t (3.38)

for 0< t < min{T, S,}. Noticing that S, = T5, we deduce (3.31).
Proof of the Instability Theorem 1.2. We now return to the nonlinear equation

(8t + Ug - V)(L’ + (ﬂ . V)WO = —(’INL . V)(:J (339)
satisfied by the perturbation @ = w — wq. It takes the Duhamel form
t
@(t) = et o(0) — / (=40 (4. V)& (7)dr . (3.40)
0

Assuming that A > o, by compactness (see (1.15)) there is at least one eigenvalue A such
that ReA = A. If A = A is a real eigenvalue, we can choose @(0,2) = d¢x(z), where ¢ is
small and ¢, is the eigenfunction

Aodr = Aga. (3.41)

However for the sake of generality the case where A is not an eigenvalue is considered below
and then we choose for initial data the function ©(0,z) = §Zmgy(z) . Taking the L? norm
in (3.40) gives

for any A < v < 2A. Define

t
(E) — et Tmen |12 < C, / e (- V)| padr (3.42)
0

5
T = sup {s s () — setoImey| e < §||etA°Im¢,\ |2, Vte|o, s]} (3.43)
Then for 0 < ¢t < T we have
[@()]ze < Coder, (3.44)

where © = Re A = A. Hence from Theorem 3.2 with 4 = A > o, we crudely estimate the
nonlinear term as

[(@- V)& e < i< Vo] < Cl@lfyn < C{Csdet'}? (3.45)
provided ¢ < min{Ty,T}. We shall prove that Ts < T for § small. If not, notice that
let A0 Tmay |2 > coder. (3.46)
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Therefore we have for 0 < ¢ < min{7s,T} the estimate

t
() — detImepy |2 < C / eIV {8eMT V2 dr < C{dett)?
0
< {gée“t}néetAOIquAHLz < C’9||5etA°Im¢>\HL2
Co

< gﬂet“‘ol'mgb/\ |z (3.47)
by choosing 6 small. If T' < Ty, we choose t = T above to obtain
|B(T) — 8™ Tmonl = < e Tmaal e (3.45)
which contradicts the definition of T'. Therefore Ts < T and we can put t = Ts to obtain

N 3 3
|&o(Ts)| > > Z"eTaA”(SIm@\HLz > el = € > 0. (3.49)

§¢4. Conclusion and Acknowledgments

It has become increasingly apparent that the notions of stability and instability are de-
pendent on the norms. Therefore our purpose has been to analyze both of them in the same
norm.

The analysis of the stability could be also done for other types of minimizers. Consider
a convex function w — G(w) and the minimizer of the functional

/wG(w)dx

under the constraints of mass equal to 1 and energy given. Formally such a minimizer is a
solution of a generalized mean field equation

AT =C (G')(~-pD), (4.1)

which ought to be studied in the same way as the standard mean field equation. In this
direction some related stability results can be found in [19].

However it is the mean field equation itself or its generalization given in [16, 14, 12] which
seems really pertinent for the description of coherent structures. While the result of Section
2 may explain why these structures persist, it does not explain why they appear in the first
place. In fact, these stability results are time-reversible, so that in order to come close to a
solution of the mean field equation one has to start close to this solution. The stationary
solutions do not behave like attractors but like centers of a dynamical system. However,
justification of their frequent appearance could be found in one of the following possibilities.

e These solutions should be the most probable ones in terms of a convenient probability
measure to be defined on the configuration space.

e They might be produced by the conjunction of several circumstances, such as the fact
that the initial vorticity is bounded in L*® and a family of solutions converges merely weakly
to a nontrivial Young measure, the fact that in mean time the solutions are limits of solutions
of the Navier-Stokes equations with viscosity tending to zero, and the fact that only the w
limit set for ¢ — oo is important.

This contribution is part of a research program which was initiated during the visit of C.
Bardos to Brown University in the spring of 2000 and he wishes to thank Brown University
for its support and warm hospitality during this period.
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Any specialist of the field reading this paper will guess that we had the chance to benefit
from some helpful discussions with several colleagues, including S. Friedlander, G. Haller,
M. Kiessling, M. Vishik and G. Wolansky and we would like to thank all of them.

And finally we would like to thank Professor Li Ta-tsien who gave us the opportunity
to publish this article in this special issue dedicated to the memory of Jacques-Louis Lions.
He played a fundamental role in the scientific training of two of us, having been the thesis
advisor of the first author and one of the first collaborators of the third author during his
postdoctoral year in Paris.
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