
Chin. Ann. of Math.
23B:2(2002),165-180.

REGULARITY THEORY FOR SYSTEMS OF
PARTIAL DIFFERENTIAL EQUATIONS WITH

NEUMANN BOUNDARY CONDITIONS

A. BENSOUSSAN* J. FREHSE**

(Dedicated to the memory of Jacques-Louis Lions)

Abstract

The objective of this paper is to consider the theory of regularity of systems of partial
differential equations with Neumann boundary conditions. It complements previous works of
the authors for the Dirichlet case. This type of problem is motivated by stochastic differential

games. The Neumann case corresponds to stochastic differential equations with reflection on
boundary of the domain.
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§1. Introduction

We consider here a system of nonlinear P.D.E. with Neumann boundary conditions. It is
the counterpart of the Dirichlet problem considered by the authors in several publications
(see in particular the book [1]). Although a natural counterpart of the Dirichlet case, the
results of this paper are presented here in a simplified and self-contained manner.

§2. Setting of the Problem

2.1. Notation and Assumptions
We consider a smooth, bounded domain Ω of Rn. In particular, the boundary will be

representable by local charts, so that in a sense the Neumann problem can be reduced to
the Dirichlet problem. We consider the operator

A = − div aD, (2.1)

where a(x) ≡ aij(x) satisfies

aij(x) = aji(x) is Lipschitz continuous on Ω̄,

aji(x)ξiξj ≥ α0|ξ|2, ∀ξ ∈ Rn, α0 > 0. (2.2)
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We now consider “Hamiltonians”, namely functions Hν(x, p), ν = 1, · · · , N, p = p1, · · · , pN ,
with pν ∈ Rn, with the following properties

Hν(x, p) are Caratheodory functions, (2.3)∑
ν

Hν(x, p) ≥ −λ− λ0
∣∣∣∑
ν

pν

∣∣∣2, (2.4)

Hν(x, p) ≤ λν + λ0ν |pν |2, (2.5)

Hν(x, p) = Q(x, p)pν +H0
ν (x, p), (2.6)

with

|Q(x, p)| ≤ k +K|p|, (2.7)

|H0
ν (x, p)| ≤ kν +Kν

∑
µ≤ν

|pµ|2. (2.8)

Let α be a positive constant, we are interested in the system

Auν + αuν = Hν(x,Du),

∂uν
∂nA

∣∣∣∣
∂Ω

= 0, (2.9)

which is written in the variational form∫
Ω

aDuνDvdx+ α

∫
Ω

uνvdx =

∫
Ω

Hν(x,Du)vdx, ∀v ∈ H1(Ω) ∩ L∞(Ω). (2.10)

2.2. Statement of the Main Result
Theorem 2.1. We assume (2.2) to (2.8). Then there exists a solution of (2.10) which

belongs to
(
W 2,s(Ω)

)N
, ∀2 ≤ s <∞.

Remark 2.1. The assumptions are subject to some flexibility, in the sense that we
can combine in a linear manner the equations, to achieve the desired structure (see [1] for
details).

Remark 2.2. The assumptions (2.6), (2.7) and (2.8) are restrictive only for ν =
1, · · · , N − 1. A general quadratic growth can be assumed by HN (x, p), and it is always
possible to define H0

N (x, p) by the relation

H0
N (x, p) = HN (x, p)−Q(x, p)pN

and (2.8) will be verified.

§3. The H1(Ω) ∩ L∞(Ω) Theory

3.1. Approximation
The problem (2.10) makes sense for solutions in H1(Ω) ∩ L∞(Ω). This is what we are

looking for to begin with. We consider as an approximation the problem with Hamiltonians

Hε
ν(x, p) =

Hν(x, p)

1 + ε|H(x, p)|
, (3.1)

where H(x, p) stands for the vector H1, · · · ,HN . Note that all the assumptions (2.3)–(2.8)
are satisfied for the hamiltonian Hε

ν(x, p) with the same constants, provided we define

Qε(x, p) =
Q(x, p)

1 + ε|H(x, p)|
, (3.2)

H0,ε
ν (x, p) =

H0
ν (x, p)

1 + ε|H(x, p)|
. (3.3)
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Morevover one has

|Hε(x, p)| ≤ 1

ε
, ∀x, p. (3.4)

Therefore, by application of Schauder’s fixed point theorem, one can obtain the existence of

a solution uε = (uεν) in
(
W 2,s(Ω)

)N
of the problem∫

Ω

aDuενDvdx+ α

∫
Ω

uενvdx =

∫
Ω

Hε
ν(x,Du

ε)vdx, ∀v ∈ H1(Ω) ∩ L∞(Ω). (3.5)

3.2. L∞ Estimate
Since the estimate are exactly the same for (3.5) and (2.10), we shall to simplify the

notation consider only (2.10), with a priori estimates, assuming a solution in
(
W 2,s(Ω)

)
exists. Let us write

ũ =
∑
ν

uν ,

and summing up (2.10), we get∫
Ω

aDũνDvdx+ α

∫
Ω

ũνvdx =

∫
Ω

∑
ν

Hν(x,Du)vdx. (3.6)

Consider the function

E = exp γ(ũ+ L)−, (3.7)

where γ, L > 0 will be defined later. We test (3.6) with v = 1 − E, which is a negative
function in H1 ∩ L∞. We get

γ

∫
Ω

aDũ.DũE1{ũ+L<0}dx+ α

∫
Ω

ũ(1− E)dx =

∫
Ω

∑
ν

Hν(x, u)(1− E)dx

and using the assumption (2.4), together with the fact that 1− E < 0, yields

≤
∫
Ω

(−λ− λ0|Dũ|2)(1− E)dx.

Therefore, also using (2.2) we get

α0γ

∫
Ω

|Dũ|2E1{ũ+L<0}dx+ α

∫
Ω

(ũ+ L)(1− E)dx

≤
∫
Ω

(αL− λ)(1− E)dx+ λ0
∫
Ω

|Dũ|2E1{ũ+L<0}dx.

Choosing

γ =
λ0

α0
, L =

λ

α

yields ∫
Ω

(ũ+ L)(1− E)dx ≤ 0.

Since clearly (ũ+ L)(1− E) ≥ 0, we deduce

(ũ+ L)(1− E) = 0 a.e., hence ũ+ L ≥ 0 a.e.

Therefore we have shown

ũ ≥ −λ
α

a.e. (3.8)
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We next consider in (2.10) the test function Eν − 1, with

Eν = exp γν(uν − lν)
+

for convenient positve constants γν , lν . Note that Eν−1 ≥ 0. Making use of the assumption
(2.5), it follows that

γν

∫
Ω

aDuνEν1{uν>lν}dx+ α

∫
Ω

uν(Eν − 1)dx

≤
∫
Ω

λν(Eν − 1)dx+ λ0ν

∫
Ω

|Duν |2Eν1{uν>lν}dx.

Thus taking

γν =
λ0ν
α0
, lν =

λν
α
,

we deduce again

(uν − lν)(Eν − 1) = 0 a.e.

which implies

uν ≤ λν
α
. (3.9)

Continuing (3.8) and (3.9) we obtain

uν ≥
−
(
λ+

∑
µ̸=ν

λµ

)
α

. (3.10)

So we have proven

∥ uν ∥∞≤ ζν
α

=
1

α
Max

(
λν , λ+

∑
µ̸=ν

λµ

)
. (3.11)

Remark 3.1. The estimate (3.11) is the same as for the solution of the Dirichlet problem.
This is due to the presence of the zero order term αuν , and to the fact that for the Dirichlet
as well as for the Neumann problem, the maximum and the minimum of the function uν do
not take place at the boundary of the domain.

3.3. H1 Estimate

The H1 estimate is done by using the special structure (2.6), (2.7), (2.8). Recall that

|uν(x)| ≤
ζν
α
. (3.12)

We introduce the function

β(s) = es − s− 1, F =

N∏
ν=1

expβ(γνuν),

where γν is a positive constant to be defined later. We test (2.10) with v = Fγνβ
′(γνuν) ∈

H1 ∩ L∞. So we get (as in the Dirichlet case)∑
ν

∫
Ω

γ2νaDuν .Duνe
γνuνFdx+

∫
Ω

a
DF.DF

F
dx

=

∫
Ω

QDFdx+

∫
Ω

∑
ν

γν(H
0
ν (Du)− αuν)F (e

γνuν − 1)dx,
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hence also ∑
ν

∫
Ω

γ2νaDuν .Duνe
γνuνFdx

≤
∫
Ω

F
a−1Q.Q

4
dx+

∫
Ω

∑
ν

γν(H
0
ν (Du)− αuν)F (e

γνuν − 1)dx. (3.13)

Introduce next the function

X =

N∏
ν=1

(expβ(γνuν) + expβ(−γνuν)) (3.14)

and the related quantities

Xν = X
eγνuν expβ(γνuν) + e−γνuν expβ(−γνuν)

expβ(γνuν) + expβ(−γνuν)
,

X̃ν = X
(eγνuν − 1) expβ(γνuν)− (e−γνuν − 1) expβ(−γνuν)

expβ(γνuν) + expβ(−γνuν)
(3.15)

and we have the inequalities

2N ≤ X ≤ Xν ≤ Xe
γνζν

α , |X̃ν | ≤ Xν .

Applying the relation (3.13) with γν changed into −γν , and summing up the 2N relations
obtained in this way, we get the inequality∑

ν

∫
Ω

γ2νaDuνDuνXνdx ≤
∫
Ω

X
a−1Q.Q

4
dx+

∫
Ω

∑
ν

γν(H
0
ν (Du)− αuν)X̃νdx (3.16)

and using the assumption (2.8) yields

≤
∫
Ω

X
a−1Q.Q

4
dx+

∑
ν

∫
Ω

γν(kν + ζν +Kν |Duν |2)Xνdx

+
∑
ν

∫
Ω

|Duν |2
∑
µ>ν

γµKµXµdx.

Use (2.7) to note that

a−1Q.Q

4
≤ 1

2α0
(k2 +K2|Du|2),

hence it follows from (3.16) also

α0

∑
ν

∫
Ω

γ2ν |Duν|2Xνdx ≤
∫
Ω

(
1

2α0
k2X +

∑
ν

γν(kν + ζν)Xν

)
dx

+

∫
Ω

∑
ν

|Duν |2
(
K2

2α0
Xν + γνKνXν +

∑
µ>ν

γµKµXµ

)
dx,

but also

Xµ ≤ Xνe
γµζµ

α , ∀µ, ν,
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hence ∑
ν

∫
Ω

|Duν |2Xν

(
α0γ

2
ν −

K2

2α0
− γνKν −

∑
µ>ν

γµKµe
γµζµ

α

)
dx

≤
∫
Ω

(
1

2α0
k2X +

∑
ν

γν(kν + ζν)Xν

)
dx. (3.17)

Choosing the constants γν so that

α0γ
2
ν −

K2

2α0
− γνKν −

∑
µ>ν

γµKµe
γµζµ

α > 0, ∀ν (3.18)

and recalling that Xν ≥ 2N , we obtain∫
Ω

|Du|2dx ≤ K0. (3.19)

3.4. Convergence
Since the preceding estimates hold for uε, we have also

∥ uε ∥∞ ≤ ζ, (3.20)

∥ uε ∥(H1(Ω))N ≤ K1. (3.21)

So we can extract a subsequence, still denoted by uε, such that

uεν → uν in H1(Ω) weakly and L∞(Ω) weak star, also a.e. (3.22)

We want to prove that

uεν → uν in H1(Ω) strongly. (3.23)

We perform a calculation close to that of Section 3.3, with this time

F =
N∏
ν=1

expβ(γν(u
ε
ν − uν)),

and test (3.5) with v = Fγνβ
′(γν(u

ε
ν − uν)). We obtain∑

ν

∫
Ω

γ2νaD(uεν − uν).D(uεν − uν)e
γν(u

ε
ν−uν)Fdx+

∫
Ω

a
DF.DF

F
dx

=

∫
Ω

(
Qε − γνaDuν(e

γν(u
ε
ν−uν) − 1)

)
DFdx

+

∫
Ω

F
(
H0,ε
ν − cuεν +QεDuν

)
γν(e

γν(u
ε
ν−uν) − 1)dx

−
∫
Ω

FaDuν .D(uεν − uν)γ
2
νe
γν(u

ε
ν−uν)dx

= I + II + III. (3.24)

Introduce the function

h(s) =
∑
ν

γ2ν(e
|γνsν | − 1)2, (3.25)

where s represents the vector (s1, · · · , sN ). Note

|a(x)| ≤M, |Qε| ≤ k +K|Du|+K|Duε −Du|.
Moreover

DF = F
N∑
ν=1

γν(e
γν(u

ε
ν−uν) − 1)D(uεν − uν),
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hence

|DF | ≤ F |D(uε − u)|h1/2(uε − u). (3.26)

Therefore considering the integrals on the right hand side of (3.24), we have

|I| ≤
∫
Ω

(K|Duε −Du|+M |Du|h1/2(uε − u))|DF |dx

+

∫
Ω

F (k +K|Du|)|D(uε − u)|h1/2(uε − u)dx, (3.27)

so ∫
Ω

a
DF.DF

F
dx

≥ I−
∫
Ω

F
[(K2

2α0
+

1

2

)
|D(uε − u)|2 + h(uε − u)

(
k2 +K2 +

M2

2α0

)
|Du|2

]
dx,

(3.28)∑
ν

∫
Ω

γ2νaD(uεν − uν)e
γν(u

ε
ν−uν)Fdx

≤
∫
Ω

F
[(K2

2α0
+

1

2

)
|D(uε − u)|2

+ h(uε − u)
(
k2 +

(
K2 +

M2

2α0

)
|Du|2

)]
dx+ II + III. (3.29)

Introducing the quantities analogous to (3.14), (3.15), namely

Xε =
N∏
ν=1

(expβ(γν(u
ε
ν − uν)) + expβ(−γν(uεν − uν))) , (3.30)

Xε
ν = X

eγν(u
ε
ν−uν) expβ(γν(u

ε
ν − uν)) + e−γν(u

ε
ν−uν) expβ(−γν(uεν − uν))

expβ(γν(uεν − uν)) + expβ(−γν(uεν − uν))
,

X̃ε
ν = X

(eγν(u
ε
ν−uν) − 1) expβ(γν(u

ε
ν − uν))− (e−γν(u

ε
ν−uν) − 1) expβ(−γν(uεν − uν))

expβ(γν(uεν − uν)) + expβ(−γν(uεν − uν))
,

(3.31)

we have of course

2N ≤ Xε ≤ Xε
ν ≤ Xεe2

γνζν
α , |X̃ε

ν | ≤ Xν (3.32)

and also

|X̃ε
ν | ≤ (e|γν(u

ε
ν−uν)| − 1)Xε. (3.33)

From (3.30), we deduce, writing the 2N inequalities corresponding to all changes of γν into
−γν , ∑

ν

∫
Ω

γ2νaD(uεν − uν)D(uεν − uν)X
ε
νdx

≤
∫
Ω

Xε
[(K2

2α0
+

1

2

)
|D(uε − u)|2 + h(uε − u)

(
k2 +

(
K2 +

M2

2α0

)
|Du|2

)]
dx

+
∑
ν

∫
Ω

(H0,ε
ν − cuεν +QεDuν)γνX̃

ε
νdx−

∑
ν

∫
Ω

γ2νX
ε
νD(uεν − uν)Duνdx

= I′ + II′ + III′. (3.34)
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We first check that

|H0,ε
ν − cuεν | ≤ kν + ζν + 2Kν |Du|2 + 2Kν

∑
µ≤ν

|D(uεµ − uµ)|2,

hence using (3.33) and (3.34) we have∣∣∣∑
ν

(H0,ε
ν − cuεν)γνX̃

ε
ν

∣∣∣
≤ Xεγν(kν + ζν + 2Kν |Du|2)(e|γν(u

ε
ν−uν)| − 1) + 2KνγνX

ε
ν

∑
µ≤ν

|D(uεµ − uµ)|2

≤ Xεh1/2(uε − u)
((∑

ν

(kν + ζν)
2
)1/2

+ 2
(∑

ν

K2
ν

)1/2
|Du|2

)
+ 2

∑
ν

kνγνX
ε
ν |D(uεν − uν)|2 + 2

∑
ν

|D(uεν − uν)|2
∑
µ>ν

γµKµXµ
ε

and ∣∣∣∑
ν

QεDuνγνX̃
ε
ν

∣∣∣ ≤ Xε(k +K|Duε|)|Du|h1/2(uε − u).

Collecting results, we deduce from (3.36)∑
ν

∫
Ω

|D(uεν − uν)|2
(
α0γ

2
ν −

K2

2α0
− 1

2
− 2Kνγν − 2

∑
µ>ν

γµKµe
2ζµγµ

α

)
Xε
νdx

≤
∫
Ω

Xεh(uε − u)
(
k2 +

(
K2 +

M

2α0

)
|Du|2

)
dx

+

∫
Ω

Xεh1/2(uε − u)
((∑

ν

(kν + ζν)
2
)1/2

+ 2
(∑

ν

K2
ν

)1/2
|Du|2

)
dx

+

∫
Ω

Xεh1/2(uε − u)|Du|(k +K|Duε|)dx−
∑
ν

∫
Ω

γ2νX
2
νD(uεν − uν)Duνdx

(3.35)

as ε → 0, h(uε − u) → 0 pointwise, Xε → 2N , Xε
ν → 2N . In view of the weak convergence

in L2 of Duεν to Duν , and the L∞ bounds, it is easy to convince oneself that the right hand
side of (3.37) tends to 0. Choosing the γν so that

α0γ
2
ν −

K2

2α0
− 1

2
− 2Kνγν − 2

∑
µ>ν

γµKµe
2ζµγµ

α > 0

and recalling the Xε
ν ≥ 2N , we deduce immediately from (3.37) that∫

Ω

|D(uε − u)|2dx→ 0.

Hence we have proven (3.23). We may assume that

Duε → Du a.e.,

thus

Hε
ν(x,Du

ε) → Hν(x,Du) a.e.

Moreover since

|Hε(x,Duε)| ≤ C(1 + |Duε|2),
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the convergence of Duε in L2 implies the equi-integrability of Hε
ν(x,Du

ε). Hence from
Vitali’s theorem

Hε
ν(x,Du

ε) → Hν(x,Du) in L1.

Therefore we can pass to the limit in (3.5), showing that u is an H1(Ω) ∩ L∞(Ω) solution
of (2.10).

§4. Regularity

4.1. An Inequality
We associate to uν a constant cν which is arbitrary, provided that

|cν | ≤
ζν
α
, (4.1)

and consider as in Section 3.3, the function

F =
N∏
ν=1

expβ(γν(uν − cν)).

Let ψ be in C1(Ω̄), ψ ≥ 0, and test (2.10) with

v = Fγνβ
′(γν(uν − cν))ψ.

We obtain ∑
ν

∫
Ω

γ2νaDuνDuνe
γν(uν−cν)Fψdx+

∫
Ω

a
DF.DF

F
ψdx+

∫
Ω

aDF.Dψdx

=

∫
Ω

Q.DFψdx+
∑
ν

∫
Ω

γν(H
0
ν (Du)− αuν)F (e

γν(uν−cν) − 1)ψdx,

hence instead of (3.13)∑
ν

∫
Ω

γ2νaDuνDuνe
γν(uν−cν)Fψdx+

∫
Ω

aDF.Dψdx

≤
∫
Ω

F
a−1Q.Q

4
ψdx+

∑
ν

∫
Ω

γν(H
0
ν (Du)− αuν)F (e

γν(uν−cν) − 1)ψdx. (4.2)

Introduce the function

X =
N∏
ν=1

(expβ(γν(uν − cν)) + expβ(−γν(uν − cν))) (4.3)

and the related quantities

Xν = X
eγν(uν−cν) expβ(γν(uν − cν)) + e−γν(uν−cν) expβ(−γν(uν − cν))

expβ(γν(uν − cν)) + expβ(−γν(uν − cν))
,

X̃ν = X
(eγν(uν−cν) − 1) expβ(γν(uν − cν))− (e−γν(uν−cν) − 1) expβ(−γν(uν − cν))

expβ(γν(uν − cν)) + expβ(−γν(uν − cν)) (4.4)

again with 2N relations with the possible choices of γν and −γν , and adding up, we get∑
ν

∫
Ω

γ2νaDuνDuνXνψdx+

∫
Ω

aDX.Dψdx

≤
∫
Ω

X
a−1Q.Q

4
ψdx+

∑
ν

∫
Ω

γν(H
0
ν (Du)− αuν))X̃νψdx.
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Performing as in Section 3.3 for all terms where ψ arises, and picking the constants γν as
there, we obtain

k0

∫
Ω

|Du|2ψdx+

∫
Ω

aDX.Dψdx ≤ K0

∫
Ω

ψdx. (4.5)

Note that

DX =
∑
ν

γνX̃νDuν (4.6)

and thus

|DX| ≤ C|u− c||Du|, (4.7)

where c stands for the vector of constants (c1, · · · , cN ).
4.2. W 1,p Regularity for 2 ≤ p<p+ε
Consider balls BR(x0) of center x0 and radius R, such that |Ω ∩ BR(x0)| > 0. By the

smoothness of the boundary, we have (denote Γ = ∂Ω)

|Ω ∩BR(x0)| ≥ c0R
n |(Rn − Ω) ∩BR(x0)| ≥ c1R

n, if x0 ∈ Γ. (4.8)

To the function uν and to a ball B −R(x0) we associate the constant

cRν =


1

|B2R|
∫
B2R(x0)

uνdx, if B2R(x0) ⊂ Ω,
1

|B4R(x′
0)∩Ω|

∫
B4R(x′

0)∩Ω
uνdx, if B2R(x0) ∩ (Rn − Ω) ̸= ∅,

where x′0 ∈ Γ ∩B2R(x0).

(4.9)

We shall use the Poincaré’s inequality(∫
Ω∩B2R(x0)

|uν − uRν |λdx
) 1

λ ≤ cR
n

(
1
λ− 1

µ

)
+1
(∫

Ω∩B6R(x0)

|Duν |µdx
) 1

µ

(4.10)

with λ, µ ≥ 1, n
(

1
λ − 1

µ

)
+ 1 ≥ 0. Let τ be a cut off function

τ =

{
1 on B1(0),
0 outside B2(0)

and 0 ≤ τ ≤ 1, τ ∈ C∞. We denote

τR(x) = τ
(x− x0

R

)
.

We take in (4.5) ψ = τ2R, and cν = cRν . So from (4.7) we have

|DX| ≤ C|u− cR||Du|
and thus we deduce from (4.7) the inequality∫

BR(x0)∩Ω

|Du|2dx ≤ C

∫
B2R(x0)∩Ω

|Du| |u− cR|
R

dx+ CRn. (4.11)

From Hölder’s inequality and Poincaré’s inequality, we have∫
B2R∩Ω

|Du| |u− cR|
R

dx ≤ C

R

(∫
B2R∩Ω

|Du|
2n

n+1 dx
)n+1

2n
(∫

B2R∩Ω

|u− cR|
2n

n−1 dx
)n−1

2n

≤ C

R

(∫
B6R∩Ω

|Du|
2n

n+1 dx
)n+1

2n

.

So set z = |Du|
2n

n+11Ω, then we have the inequality∫
BR

�z
n+1
n dx ≤ C

(∫
B6R

�zdx
)n+1

n

+ C, (4.12)
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where ∫
BR

� =
1

|BR|

∫
BR

.

This is the reverse Hölder’s inequality, implying Gehring’s result, namely z
n+1
n + ε is inte-

grable for some positive ε, hence u ∈W 1,p(Ω), for 2 ≤ p < p+ ε′.

4.3. Interior Cδ Regularity
Let Ω1 be an open subdomain of Ω, with Ω̄1 ⊂ Ω. We want first to prove the following

estimate ∫
Ω1

|Du|2|x− x0|2−ndx ≤ CΩ1 , ∀x0 ∈ Ω̄1. (4.13)

We consider the Green function G = Gx0 , solution of

−div(a(x)DGx0) = δ(x− x0),

Gx0
∣∣
∂Ω

= 0. (4.14)

Note that

Gx0 ∈ Lq(Ω) ∩W 1,r
0 (Ω), 1 ≤ q <

n

n− 2
, 1 ≤ r <

n

n− 1
. (4.15)

Moreover

c0|x− x0|2−n ≤ Gx0 ≤ c1|x− x0|2−n, ∀x ∈ Ω1, (4.16)

where the constants c0, c1 depend only on Ω1. We just take in (4.5) ψ = Gx01, and from the
definition of the Green function, one has∫

Ω

aDX.DGx0dx = X(x0) > 0,

hence

k0

∫
Ω

|Du|2Gx0dx ≤ K0

∫
Ω

Gx0dx ≤ C.

Using (4.16), the estimate (4.13) follows immediately. We want to prove Cδ regularity in
Ω1. We shall use Morrey’s result, namely

sup
x,y∈Ω1
x ̸=y

|u(x)− u(y)|
|x− y|δ

≤ C

 sup
x0∈Ω1

BR(x0)⊂Ω1

∫
BR(x0)

|Du|2dx
Rn−2+2δ


1/2

. (4.17)

So we want to show that∫
BR(x0)

|Du|2dx ≤ KRn−2+2δ, ∀x0 ∈ Ω1, BR(x0) ⊂ Ω1; (4.18)

of course, the constant K will depend on Ω. To check (4.18), we shall prove the inequality∫
BR(x0)

|Du|2|x− x0|2−ndx ≤ C

∫
BσR(x0)−BR(x0)

|Du|2|x− x0|2−ndx+ CRβ (4.19)

with σ > 2, β > 0, BσR(x0) ⊂ Ω1. If (4.19) holds, then we can rely on the hole filling
technique of Widman[2]. Filling the hole, we deduce from (4.19)∫

BR(x0)

|Du|2|x− x0|2−ndx ≤ θ

∫
BσR(x0)

|Du|2|x− x0|2−ndx+ CRβ (4.20)

1This is formal, since Gx0 is not in C1. One proceeds first with an approximation of the Green function.

We skip this step
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with θ < 1. Set (x0 being fixed in Ω1), choosing 2δ < β,

φ(R) =

∫
BR(x0)

|Du|2|x− x0|2−ndx
R2δ

, R ≤ R0,

where

R0 = sup{R | BR(x0) ⊂ Ω1},
we may write from (4.20)

φ(R) ≤ µφ(σR) + C, R ≤ R0

σ
,

with µ = θσ2δ < 1. Since φ(R0) <∞, as a consequence of (4.13), we get φ(R) ≤ C, ∀R ≤ R0.
So we have shown that∫

BR(x0)

|Du|2|x− x0|2−ndx ≤ KR2δ, ∀x0 ∈ Ω1, BR(x0) ⊂ Ω1,

which implies (4.18).
Proof of (4.13). We apply (4.5) with

ψ = Gx0τ2R, x0 ∈ Ω1, B2R(x0) ⊂ Ω1, (4.21)

cν = cRν =
1

|B2R −BR/2|

∫
B2R(x0)−BR/2(x0)

uνdx. (4.22)

We obtain first

k0

∫
Ω

|Du|2Gx0τ2R ≥ C

∫
BR(x0)

|Du|2|x− x0|2−ndx, (4.23)

K

∫
Ω

Gx0τ2R ≤ CR
n
q . (4.24)

Next

Dψ = DGx0τ2R + 2Gx0τRDτR.

Consider

I = 2

∫
Ω

aDXDτRG
x0τRdx,

we have from (4.7)

|I| ≤
∫
B2R−BR

|Du| |u− cR|
R

Gx0dx

≤ C

∫
B2R−BR

|Du|2|x− x0|2−ndx+ C

∫
B2R−BR

|u− cR|2

R2
|x− x0|2−ndx.

But, using Poincaré’s inequality we have∫
B2R−BR

|u− cR|2

R2
|x− x0|2−ndx ≤ C

Rn

∫
B2R−BR

|u− cR|2dx

≤ C

Rn−2

∫
B2R−BR/2

|Du|2dx

≤ C

∫
B2R−BR/2

|Du|2|x− x0|2−ndx,

hence

|I| ≤ C

∫
B2R−BR/2

|Du|2|x− x0|2−ndx. (4.25)
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Consider next the term

II =

∫
Ω

aDXDGx0τ2Rdx

=

∫
Ω

aDGx0D((X − 2N )τ2R)dx− 2

∫
Ω

aDGx0DτR(X − 2N )τRdx

≥ −2

∫
Ω

aDGx0DτR(X − 2N )τRdx

≥ −C
∫
B2R−BR

|DG| |u− cR|2

R
τRdx,

where we have used the estimate

|X − 2N | ≤ C|u− cR|2. (4.26)

We estimate II from below as follows

II ≥ −C
∫
B2R−BR

G
|u− cR|2

R2
dx− C

∫
B2R−BR

G−1|DG|2|u− cR|2τ2Rdx. (4.27)

The first term on the right hand side is estimated by the right hand side of (4.21). So there
remains to estimate the term

III =

∫
B2R−BR

G−1|DG|2|u− cR|2τ2Rdx.

Now, we introduce a new cut off function ξ, satisfying

ξ =

{
0 for |x| ≤ 1

2 ,
τ for |x| > 1,

and we set

ξR(x) = ξ
(x− x0

R

)
,

thus

ξR = τR on B2R −BR.

We first test the Green function equation (4.14) with G−1/2|u − cR|2ξ2R which vanishes on
the boundary of Ω, since B2R ⊂ Ω1. It also vanishes on x0, hence

1

2

∫
Ω

aDGDGG−3/2|u− cR|2ξ2Rdx =

∫
Ω

aD(|u− cR|2ξ2R).DGG−1/2dx. (4.28)

On the other hand, taking in (2.10) v = (uν − cRν )G
1/2ξ2R yields, summing up in ν,∑

ν

∫
Ω

aDuνDνG
1/2ξ2Rdx+

1

4

∫
Ω

aD(|u− cR|2ξ2R)DGG−1/2dx

− 1

2

∫
Ω

aDG.DξR|u− cR|2G−1/2ξRdx+

∫
Ω

aD|u− cR|2.DξRG1/2ξRdx

=

∫
Ω

(Hν(x,Du)− αuν)(uν − cRν )G
1/2ξ2rdx.

So we deduce, taking into account the quadratic growth of Hν ,∫
Ω

aD(|u− cR|2ξ2R)DGG−1/2dx ≤ 2

∫
Ω

aDG.DξR|u− cR|2G−1/2ξRdx

+ CR
2−n
2

∫
B2R−BR/2

|Du|2dx+ CRn(1−
1
2q ) + CR

2−n
2

∫
B2R−BR/2

|u− cR|2

R2
dx.

(4.29)
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Furthermore∫
Ω

aDG.DξR|u− cR|2G−1/2ξRdx

≤ Cδ

∫
Ω

aDG.DGG−3/2|u− cR|2ξ2Rdx+
C

δ
R

2−n
2

∫
B2R−BR/2

|u− cR|2

R2
dx, ∀δ,

and combining this estimate in (4.29), (4.28) for δ sufficiently small yields∫
Ω

aDGDGG−3/2|u− cR|2ξ2Rdx

≤ CRn(1−
1
2q ) + CR

2−n
2

∫
B2R−BR/2

|Du|2dx+ CR
2−n
2

∫
B2R−BR/2

|u− cR|2

R2
dx,

and using Poincaré’s inequality, we obtain∫
Ω

aDGDGG−3/2|u− cR|2ξ2Rdx ≤ CRn(1−
1
2q ) + CR

2−n
2

∫
B2R−BR/2

|Du|2dx. (4.30)

Going back to the definition of III, and recalling that ξR = τR on B2R −BR, we get

III ≤ CR
2−n
n

∫
Ω

G−3/2aDGDG|u− cR|2ξ2Rdx,

and from (4.30) it follows that

III ≤ CR2−n
∫
B2R−BR/2

|Du|2dx+ CR
1+ n

2q′

≤ C

∫
B2R−BR/2

|Du|2|x− x0|2−ndx+ CR
1+ n

2q′ .

Finally from (4.27) we obtain

II ≥ −C
∫
B2R−BR/2

|Du|2|x− x0|2−ndx− CR
1+ n

2q′ .

Collecting results in the application of (4.5) and changing R into 2R, we obtain (4.19) with
σ = 4, and β = n

q′ since n
q′ < 1 + n

2q′ and β < 2.

4.4. Cδ Regularity on the Boundary
By local maps representation of the boundary, the problem amounts to the following.

Consider a sufficiently small ball B centered on the boundary, and a diffeomorphism ψ from
B onto D ⊂ Rn, such that

Ω+ = ψ(B ∩ Ω) ⊂ {y ∈ Rn | yn > 0},
Γ′ = ψ(B ∩ Γ) ⊂ {y ∈ Rn | yn = 0},

ψ, ψ−1 sufficiently smooth. Define next

Ω− = {y | yn < 0, (y1, · · · , yn−1,−yn) ∈ Ω+},
Ω′ = Ω+ ∪ Ω− ∪ Γ′.

If z is defined on Ω, set

z′(y) = z(ψ−1(y)), y ∈ Ω+ ∪ Γ′

and define z′ on Ω− by reflection, namely

z′(y1, · · · , yn−1, yn) = z′(y1, · · · , yn−1,−yn) if yn < 0.
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Applying the procedure to the function uν , we have to prove

u′ν(y) ∈ Cδ(Ω′). (4.31)

We begin to reduce the variational problem (2.10) to a problem on B∩Ω. Consider in (2.10)
functions which vanish in Ω− Ω ∩B, we obtain∫

Ω∩B
aDuνDvdx+ α

∫
Ω∩B

uνvdx =

∫
Ω∩B

Hν(x,Du)vdx,

∀v ∈ H1(Ω ∩B) ∩ L∞(Ω ∩B), v|∂B∩Ω = 0. (4.32)

We then perform the change of coordinates x = ψ−1(y), denote

Jψ(x) = matrix
(∂ψi
∂xj

)
,

and set

a′(y) =
Jψ(ψ

−1(y))a(ψ−1(y))J∗
ψ(ψ

−1(y))

| detJψ(ψ−1(y))|
,

H ′
ν(y, p) =

Hν(ψ
−1(y), J∗

ψ(ψ
−1(y))p)

| det Jψ(ψ−1(y))|
,

a′0(y) =
α

|det Jψ(ψ−1(y))|
.

The variational problem (4.32) reads∫
Ω+

a′(y)Du′νDv
′dy +

∫
Ω+

a′0(y)u
′
νv

′dy =

∫
Ω+

H ′
ν(y,Du

′)v′dy,

∀v′ ∈ H1(Ω+) ∩ L∞(Ω+), v′|∂Ω+−Γ′ = 0,

u′ν ∈ H1(Ω+) ∩ L∞(Ω+), (4.33)

a′(y)ξ.ξ ≥ α′
0|ξ|2, a0(y) ≥ ā0. (4.34)

Moreover the Hamiltonian H ′
ν(y, p) verify the special structure assumption, namely

H ′
ν(y, p) = Q′(y, p)pν +H

′0
ν (y, p) (4.35)

with

Q′(y, p) =
Jψ(ψ

−1(y))Q(ψ−1(y), p)

| det Jψ(ψ−1(y))|
, H

′0
ν (y, p) =

H0
ν (ψ

−1(y), p)

|det Jψ(ψ−1(y))|
and we have

|Q′(y, p)| ≤ k +K|p|, (4.36)

|H
′0
ν (y, p) ≤ kν +Kν

∑
µ≤ν

|pν |2. (4.37)

We now proceed with the reflection procedure.
Write y = (y′, yn) where y

′ = (y1, · · · , yn−1) and define for yn < 0,

a′ii(y
′, yn) = a′ii(y

′,−yn), ∀i,
a′ij(y

′, yn) = a′ij(y
′,−yn), ∀i, j i ̸= j, i, j ̸= n,

a′in(y
′, yn) = −a′in(y′,−yn), ∀i ̸= n,

a′0(y
′, yn) = a0(y

′,−yn).
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Let also pν = (p′ν , pνn), where p
′
ν stands for the components pν1, · · · , pν(n−1). Then, we

write for yn < 0,

H ′
ν(y

′, yn; p
′
1, p1n; · · · ; p′N , pNn) = H ′

ν(y
′,−yn; p′1,−p1n; · · · ; p′N ,−pNn).

Therefore the functions u′ν extended by reflection appear to be solutions of the problem∫
Ω′
a′(y)Du′νDv

′dy +

∫
Ω′
a′0(y)u

′
νv

′dy =

∫ ′

Ω

H ′
ν(y,Du

′)v′dy,

∀v′ ∈ H1
0 (Ω

′) ∩ L∞(Ω′), u′ν ∈ H1(Ω′) ∩ L∞(Ω′) (4.38)

and our objective is to prove (4.31).
If we drop the prime symbol, and use x instead of y, our problem amounts to the following.

Consider the variational problem∫
Ω

aDuνDvdx+

∫
Ω

a0uνvdx =

∫
Ω

Hν(x,Du)vdx,

∀v ∈ H1
0 (Ω) ∩ L∞(Ω), uν ∈ H1(Ω) ∩ L∞(Ω).

We know that the solution is Cδ(Ω).
It is similar to the interior Cδ regularity of (2.10) considered in §4. However we have to be

careful to consider only test functions, which vanish on the boundary. Nevertheless, thanks
to the special structure on Hν we derive again (4.5), for any ψ in C1(Ω̄), ψ ≥ 0, ψ|∂Ω = 0. In
the proof of interior Cδ regularity, we use only test functions which vanish on the boundary
of Ω, hence the proof carries over, and the result follows.

4.5. End of Proof of Theorem 2.1
We know that we have a solution of (2.10) which belongs to W 1,p(Ω) ∩ Cδ(Ω̄), 2 ≤ p <

2+ε. We can now rely on the linear theory and Miranda-Nirenberg interpolation theorem[3].
Indeed Hν(x,Du) belongs to L

p0
2 with p0 > 2. Hence from the linear theory uν ∈ W 2

p0
2

and since uν ∈ Cδ, we have also

uν ∈W 1,p1 with
1

p1
=

1

p0
− δ

2n
,

provided p0 <
2n
δ , and thus p1 > p0. After a finite number of steps we get pi ≥ 2n

δ , and it

follows that uν ∈W 1,p(Ω), p > 2n, and from the linear theory again uν ∈W 2,s(Ω), s >
n. From Sobolev embedding theorem, uν ∈ W 1,r(Ω), ∀s and thus from the linear theory
again uν ∈W 2,s(Ω),∀s.
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