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Abstract

Iterative algorithms for solving the data assimilation problems are considered, based on the
main and adjoint equations. Spectral properties of the control operators of the problem are
studied, the iterative algorithms are justified.
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§0. Introduction

The investigation of global changes has increased the interest to the observation data
assimilation and data processing problems, which are applied to the modeling, retrospective
analysis, and forecasting various physical and geophysical processes. From the mathematical
standpoint, these problems may be formulated as the optimal control problems. Starting
with the studies of Bellman and Pontryagin, these problems attract the attention of many
researchers. New essential ideas were contributed to the optimization theory and methods
by French mathematical school. In this connection, we must mention the works by J.-
L.Lions and his disciples, which became fundamental, dedicated to investigation of problems
on insensitive optimal control, nonlinear sentinels for distributed systems. The general
approach (Hilbert Uniqueness Method) developed by J.-L.Lions makes it possible to prove
the existence of insensitive controls in linear and nonlinear systems.

In this study, we consider numerical algorithms for the data assimilation problems based
on the iterative algorithms using the main and adjoint equations. Properties of the control
operators studied are used to justify the iterative algorithms.
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§1. Statement of the Problem

Consider mathematical model of a physical process that is described by the evolution

problem
{ff;;’+A(t)¢=f, te(0,T), (L)
¢li=o0 = u,

where ¢ = (t) is an unknown function, A(t) is an operator (generally, nonlinear) acting for
each ¢ in the Hilbert space X with the definition domain D(A) C X, uw € X, and f = f(¢)
is a prescribed function.

Introduce the functional

1

o) =5 [ (Cle=rp=xd+ Slela— ¢ choo = ¢)x. (12)

where « = const. > 0, C is a linear operator, and (-,-)x is an inner product in X. The
function ¢ = ¢(t), as a rule, is determined by a priori observation data, $° € X. We assume
hereinafter that all spaces and functions under consideration are real.

Consider problem (1.1) with an unknown function w € X in the initial condition. The
data assimilation problem can be formulated as follows: find ¢ and u such that they satisfy
(1.1) and, on the set of solutions to equation (1.1), functional (1.2) takes the minimum value.
Write this problem as
d
L v AWe =1, te(),

©(0) = u,
—inf J(G
J(p) = inf J(9),
where ¢ is a solution of (1.1) when ¢(0) = 4.
Problems in the form (1.3) were analyzed by Pontryagin[?!, Lions! (see also [5-14], etc.).

To solve (1.3) a number of approaches may be used (see e.g. [14]). We will consider iterative
algorithms for solving (1.3), assuming for simplicity that A(t) is a linear operator.

(1.3)

The necessary optimality condition®! reduces problem (1.3) to the system for finding the
functions ¢, ¢*, u:

C(liff +AR)p=f, t€(0,T); ©(0)=u, (1.4)
_djt* +AW) P =C(p—), t€(0,T); ¢ (T)=0, (1.5)
a(u - 950) - (p*(()) =0, (16)

where A(t)* is the operator adjoint to A(t).

§2. Control Operator and Its Properties

Let Y = L5(0,T; X) be a space of abstract functions u(t) with values in X, with the
inner product and the norm

T T 9 1/2
(u,v):/ (u, 0) xdt, ||u|\=(/ lul3dt) ", wvey.
0 0

In the forthcoming, we suppose that the original model satisfies the following conditions:
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(1) the solution to the problem

d
{;f"’A(t)d}_fa te (O,T), (2'1)
1p't:O =,
meets the inequality
[¥lly <er(lflly +llvllx), e = const. > 0; (2.2)

(ii) the solution of the adjoint problem

_dy” * *
{ LA =p, te(O.T) (2.3)
(G |t:T: 0,
satisfies
[0 lly + 19*],_olx < eilplly, ¢ = const. > 0. (2.4)

Remark 2.1. The solutions of the problems (2.1) and (2.3) are supposed to exist such
that 1, ¢¥* € Y, treated in a classical or a weak sense. The conditions (i), (ii) are satisfied
if, for example, the operator A(t) is positive definite:

(A(t)yw,w)y > 7|w||%, v = const. >0, Yw € Y.
Indeed, from (2.1) we get

d
(%) +(ABv,D)x = (),
whence
1 d

T T T
3| G [ aovsi= [ (g,

and by virtue of positive definiteness of A(t),

1 1 1
Sl i + IS < (F)y + 51| _ol% < Ml llly + 5lvl%

or
1 v 1
Wl < S5+ Gl + 5 ol

The last inequality gives (2.2) with ¢; = max(y~',y~/2). Similarly, the inequality (2.4)
is obtained. In the finite-dimensional case, when X = R™ ,n € N, the inequalities (2.2),
(2.4) are valid without positive definiteness requirement if the n x n-matrix A(¢) is regular
enough (for instance, having the elements continuous in t).

Let us introduce the operator L : X — X defined through the successive solutions of the
following problems:

@+ Aty =0, te(0,7),
{ﬁt—o =1 7
{ — WL Ayt = Oy, te(0,T), (2.6)
w*|t:T7 0,
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We define also F' € X as the successive solutions of the following problems:

© AW =f, te(0,T),
{ £|t:() = 07 (28)
{—d;*;* + AR ()¢ = C(p—¢), te(0,T), 29)
¢ |er=0,
F = ag® +¢*(0), (2.10)

where f,¢ € Y, ¢° € X are introduced in (1.4)—(1.6). We suppose that C : ¥ - Y is a
linear bounded self-adjoint positive semi-definite operator.
Then, the system (1.4)—(1.6) is reduced to the equation for the control u:

Lu=F, (2.11)

and the operator L : X — X is called the control operator*3.

Under the hypotheses (i), (ii) the following statement is valid.

Lemma 2.1. The operator L acts in X with domain of definition D(L) = X, it is
bounded, self-adjoint, and positive semi-definite. If o > 0, the operator L is positive definite.

Proof. Let v € X, and ¢ be the solution to (2.5). By (2.2), |||y < e1]jv]|x. For the
solution ¢* of (2.6) the inequality (2.4) holds:

1"y + 19" [ llx < T ICYly-
Hence, from (2.7),

Lol x = llav — "], _llx < allollx +19*],_yllx
< afvllx +cil|CYlly < allvllx + ciaCllvllx,
and, therefore, L is bounded. Further, we have for v,w € X,
(Lv,w)x = (av — w*’tzo,w)x =a(v,w)x — (w*‘tzo,w)x
= OZ(’U,’U))X + (C¢>¢1)Y = Ol(’l),’U.))X + (1/)7 Cwl)Y = (U,Lw)Xv
where 1 is the solution to (2.5) with v = w. Hence, L is self-adjoint, and
(Lv,v)x = a(v,v)x + (CY, )y >0,

that is, L is positive semi-definite. Moreover, L is positive definite if a > 0.
Corollary 2.1. The following estimate is valid:

(Lv,v)x > pimin(v,0)x, Yv € X, (2.12)

where pmin s the lower spectrum bound of the operator L, and piymim > «.

The following solvability result holds.

Lemma 2.2. Under the hypotheses (i), (ii), for a > 0, the control equation (2.11) has a
unique solution u € X, and

O e ct ~
I2°llx + ——IICally +

Mmin min mi

x
C1Cq

Ljcli - 2.13)

Jullx <

Proof. If o > 0, from Corollary 2.1, there exist a unique solution u of the control
equation (2.11), and

1

lullx < 1F]x- (2.14)

min
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The solution ¢* of (2.9) satisfies the inequality (2.4), and
1Fllx = allg®llx + 10" (0)lx < al@®llx + TC(@ = o)y
where ¢ is the solution to (2.8). Due to (2.2), ||¢]ly < c1]|f|ly, then
IFlx < allg®llx + el Colly + cieallClll] flly- (2.15)

From (2.14)—(2.15) we obtain (2.13). This ends the proof.

Remark 2.2. For a = 0, the last lemma holds true also if g, > 0. It is true, for
instance, in the case that X = R",n € N, C = E (the identity operator). The weight
coefficient « is usually called a regularization parameter(4.

§3. Spectrum Bounds of the Control Operator

In the general case, from Corollary 2.1, for the lower spectrum bound of the operator L
we have pipi, > a. Moreover, from the proof of Lemma 2.1, we get

(L’U,’U)X = a(U7U)X + (C¢,¢)Y, (S X7
where ¢ is the solution of (2.5). Hence, due to (2.2),
(Lv,v)x < a(v,0)x + [ClIIW]5 < alvlk +allClllvll,
and for the upper spectrum bound p,.x of the operator L we get

Hmax < a+ 1] C]. (3.1)

In the case that C' = E (the identity operator), sharper estimates may be derived. The
following result is valid.

Theorem 3.1. The spectrum o(L) of the operator L defined by (2.5)—(2.7) for C = E
satisfies the estimates

m<o(L) <M, (3.2)

where
T t T t
m=a«a+ / e Jo ’\““"(T)det, M=o+ / e Jo A“‘*“(T)dfdt,
0 0

and Amin, Amax are the lower and the upper spectrum bounds of the operator A+ A*, respec-
tively.

Proof. For the operator L defined by (2.5)-(2.7) for C' = E the following representation
is valid:

(Lu,u) = a(u,u) +/() (p(t), (t))dt, ue X, (3.3)

where ¢(t) is the solution to (2.5) for v = u. From (2.5),

d .

Sl + (A + 4%)p,0) =0,
then

d
—Amax(t) [l < %IIsOIIQ < =Amin () [l2lI?,
where Apax and Ay, are the lower and the upper spectrum bounds of the operator A + A*,
respectively. Therefore, the function F(t) = In ||||? meets the inequality
dF

_)\maxt Sig)\mint-
(1) < S < dinl)
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By integrating this inequality with respect to ¢ from 0 to ¢, we get

- /t Amax(T)dT < F(t) - F(O) < - /t Amill(T)dTv
0 0

t t 2 t
_/ AmaX(T)dT < ”w( )2|| < _/ Al’nin(T)dT.
0 [l 0

Hence

2
e~ fot Amax (7)dT < H(p(t)2|| <e” fot )\min(T)dT.
[l
Integrating the last inequality with respect to ¢ from 0 to 7" and taking into account (3.3),
we obtain

/T - i N ()7 gy < (Lu,u) < /T o I Amm(f)dfdt,
0 (u,u) 0

where L is the operator L for & = 0. Thus, the spectrum bounds of the operator L are
defined by (3.2). This ends the proof.

If A(t) = A: X — X is alinear closed operator independent of time and being unbounded
self-adjoint positive definite operator in X with the compact inverse, then the eigenvalues
i of the operator L are defined by the formulal'?!

1— e—2MT
HE = N )
where A are the eigenvalues of the operator A. Then in (3.2) Apin = 21, Amax = 00, and
m, M are given in the explicit form

1 — e=2MT

22

where Ap is the least eigenvalue of the operator A. By this is meant that the estimates (3.2)

m=«a, M=a+ (3.4)

are exact.

¢4. Iterative Algorithms

To solve (1.4)—(1.6) we consider a class of iterative algorithms:

dp* - Ry ok
B dw*k A sk __ A~k . *k _

g TA T =00 -9"), te(0,T); ¢(T) =0, (4.2)
Tt = uf — gy B (a(u® — $°)p*F o) T Bri1Cr(u® —uF=1), (4.3)

where By, C}y : H — H are some operators, and a1, Brr1 the iterative parameters. Let
m and M be the spectral bounds of the control operator L defined by (3.2). We introduce
the following notations:
Topt = 2(M +m)™, 0 = (M +m)(M —m)™*,
e =2(M +m — (M —m)coswpm) ™, k=1,2,...,s,
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{2(M+m)17 k:(),
O+l = ~1_Ti(0)
AM —m) " 5, k>0,
B {O’ . (4.6)
k1= 4§ Te_1(0) _
ﬁ, k>0,
0 k=0
%=\ p - ’ 4.7
* {Pkllﬁ’“lﬁ/lf’“ Wi k>0, (4.7)
per1 = a+ 050" /IE1H —er, k=0,1,---, (4.8)

where wy, = (2¢ — 1)/2s, T}, is the k-th degree Chebyshev polynomial of the first kind,
fk = auk - (p*k(o)7
and n* is the solution of the problem

dnk k k k
o AN =0,te€(0,7); n°(0)=¢"

Theorem 4.1. (i) If ayo1 = 7, By = E, Br+1 = 0, then the condition 0 < 7 <
2/(M + m) is a sufficient condition for the convergence of the iterative process (4.1)—(4.3).
For T = 1oy defined by (4.4) the following convergence rate estimates are valid:

le — o"llw < crar, ll¢* — @™ lw < caqr, llu— |l < csan, (4.9)

where qr = 1/0%,0 is given by (4.4), and the constants ci,co,c3,cq do not depend on the
number of iterations and on the functions @, p*, ©*, ** u,u¥ k> 0.

(ii) If B, = E, Br+1 = 0, and ag+1 = Tk, where the parameters 1, are defined by (4.5)
and repeated cyclically with the period s, then the error in the iterative process (4.1)—(4.3) is
suppressed after each cycle of the length s. After k = ls iterations the error estimates (4.9)
are valid with g, = (T5(0))~".

(iii) If By = Cy, = E and agt1, Br+1 are defined by (4.6), then the error in the algorithm
(4.1)—(4.3) is suppressed for each k > 1, and the estimates (4.9) hold for qi = (Tx(0))~*.

(iv) If By = C, = E and ag11 = 1/prt1, Br+1 = €k/Pr+1, where e, pry1 are defined
by (4.7), (4.8), then the iterative process (4.1)—(4.3) is convergent, and the convergence rate
estimates (4.9) are valid with g, = (T(0)) .

Proof. It is not difficult to show that the iterative process (4.1)—(4.3) is equivalent to
the following iterative algorithm

uF = uP — a1 Br(Lu® — F) + By Cp(u® — uF71) (4.10)

for solving the control equation (2.11) with the right-hand side F' defined by (2.8)—(2.10).

The bounds m and M of the spectrum of the control operator L are given by (3.2). Thus,
for o > 0 for solving the equation Lu = F we may use the well-known iterative algorithms
with optimal choice of parameters. The theory of these methods is well developed[!5!. Taking
into account the explicit form of the bounds for m and M and applying for the equation
Lu = F the simple iterative method, the Chebyshev acceleration methods (s-cyclic and two-
step ones), and the conjugate gradient method in the form (4.10), we arrive at the conclusions
of the Theorem, using the well-known convergence results [/ for these methods.

Remark 4.1. In case a, = 1/a, By = E, f; = 0, the iterative algorithm (4.1)—(4.3)

coincides with the Krylov-Chernousko method™®!.
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The numerical analysis of the above-formulated algorithms has been done in [17] for the
data assimilation problem with a linear parabolic state equation. The numerical experiments
are in good agreement with theoretical results on the convergence of the iterative algorithms.
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