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Abstract

This paper presents new results for strong solutions and their coincidence sets of the obstacle
problem for linear hyperbolic operators of first order. An inequality similar to the Lewy—
Stampacchia ones for elliptic and parabolic problems is shown. Under nondegeneracy conditions
the stability of the coincidence set is shown with respect to the variation of the data and with
respect to approximation by semilinear hyperbolic problems. These results are applied to the
asymptotic stability of the evolution problem with respect to the stationary coercive problem
with obstacle.
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¢1. Introduction

The classical obstacle problem can be formulated as the problem of finding the equilibrium
position of an elastic membrane constrained to lie above an obstacle. Although, in the words
of J. L. Lions, this “simple, beautiful and deep” problem is naturally associated with partial
differential equations of elliptic type, it arises in many other frameworks and in different
kinds of free boundary problems (see [3] or [10], and their references) and it is related to
variational inequalities (see [6,7]).

Variational inequalities of first order hyperbolic type were introduced in 1973 by Bensous-
san and Lions[? for the study of deterministic cases in problems of optimal stopping time,
in which their solutions can be interpreted as optimal cost functions. More recently, mo-
tivated by physical problems in petroleum engineering, some unilateral problems for scalar
conservation laws have been considered by L. Lévi in [4] (see also [5]), where the existence
and uniqueness of weak entropy solutions are proven for quasilinear hyperbolic operators.
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In this work we are concerned with the problem of finding a function u defined in an open
smooth domain @ C RY, such that, for a given function v (the obstacle)

u>1  ae in Q (1.1)

and, in the a priori unknown region where the solution u does not coincide with the obstacle

¥,

Hu=f ae. in {u>1y} (1.2)
with a Dirichlet boundary condition in a known part of the boundary of the domain
u=h ae.on X_ CoQ (1.3)

for given functions f and h. Here H is a linear first order operator, whose principal parts
determines the subset ¥_, where the boundary condition can be imposed.

The first systematic study of the obstacle problem (1.1),(1.2),(1.3) was done by Mignot
and Puel in 1976/8) in the framework of strong and weak solutions of variational inequalities of
first order. Their approach, which will be followed here, is based on the general linear theory
of boundary value problems for first order partial differential equations of Bardos!!. For
linear operators the boundary condition (1.3) and the definition of ¥_ are well-known and
their functional spaces are recalled in Section 2, where we introduce and show the continuous
dependence of strong solutions for the hyperbolic obstacle problem (1.1),(1.2),(1.3).

Always in the framework of strong solutions, in Section 3, we extend the Lewy-
Stampacchia inequalities to linear first order operators by considering the approximation
by solutions of semilinear hyperbolic problems. In Section 4, we show the stability of the
set where the solution coincides with the obstacle, under a natural nondegeneracy condition
on the obstacle and the nonhomogeneous term.

In Section 5 we extend to this case an estimate on the variation of the coincidence sets
associated with the dependence on the data, including the variation of the (nondegenerating)
obstacles. These results extend to first order obstacle problems the previous theory for
second order linear operators (see [10], for instance) and can be applied to show the stability
of the solution and coincidence set to the evolution first order obstacle problem with respect
to the respective stationary one, as time goes to infinity. This is done in the final section.

§2. The Obstacle Problem of First Order

Let Q@ € RY be an open domain and H be the linear first order operator defined on @Q by
Hu =b -Vu+byu = Bu+by, u (2.1)

where by = bo(x) € L>®(Q) and the vector field B=b -V = ]ZV: bi(x) % has coefficients
b; € CHQ) N W1>(Q) and the boundary ¥ = 9Q is C! piece;v_i;e in the sense of [1], i.e.,
admits a decomposition where

Y. ={x€dQ:b-n>0} and X_={z€dQ: b-n<0}
have a finite number of C! piecewise subboundaries of dimension N — 2. Here n = n(z)

is the outer normal vector at z € ¥ = 0Q), defined almost everywhere. We define ¢(x) =
|b(z) - n(x)| on ¥ and we introduce the Hilbert spaces associated with the vector field B:

L3(Q) = {v e L*(Q): Bve L*(Q)} and L%(Q) = {ve L%(Q): v|sy € L}(X)}, (2.2)
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where L7 (X) = {v: ¥ = R| [ v?£d% < co}. We recall from [1] that the graph norm in
ZQB(Q) is equivalent to

llZ = 1Bvll72q) + vl 725 ) (2.3)

that C1(Q) is dense in EQB(Q) and the following integration by parts formula holds in this
space

/Q(b-Vu)vdx +/qu.(ub)dx /E+U2(b~n)uvd2. (2.4)

This framework allowed Bardos!!! to show the existence and uniqueness of the solution w in
L%(Q) of the linear first order problem

Ho=f in@Q, w=h onX_ (2.5)
under the coercivity assumption
bo(x) — %(Vb)(x) >B>0, Vreq@, (2.6)
for any given data
fel*Q) and helLi(X.). (2.7)
Consider now an obstacle 1) = 1(x) such that
Y€ LRQ), $<h on¥_, (2.8)
and introduce the non-empty convex subsets
Ky={vel?Q):v>v¢ ae inQ} and K, =K,NL%(Q). (2.9)

Following Mignot and Puell®, we consider the strong formulation of the obstacle problem
for the first order operator (2.1)

ue Ky, uly_=h: /(Hu—f) (v—u)dx >0, YveKy,. (2.10)
Q

Under the assumptions (2.7) and (2.8) the existence and uniqueness of a strong solution
to the hyperbolic variational inequality (2.10) are shown in [8]. Actually the conditions on
in (2.8) can be taken in a weaker sense, since only the regularity TZ = sup(¢,w) € ZZB(Q) and
{/; < h on ¥_ are necessary. Indeed, it was shown that if w and v are the solutions of (2.5)
and (2.10), respectively, then u > w a.e. in Q. So also u > 1Z and to solve the variational
inequality (2.10) in [NQ, and in K  are equiv a lent problems, and (2.8) is, therefore, a natural
assumption to obtain strong solutions.

We also recall the property of EQB(Q) as a Dirichlet space, i.e., v, v~ and |v] € EQB(Q)
if v € L%(Q), which can be proved as in the Sobolev space H'(€2). Similarly, one has, for
instance, Bv™ = Bu in {v > 0} and Bv™ = 0 in {v < 0}, provided v € L%(Q), in the almost
everywhere sense. We can also show for v € EQB (Q) that

Bv=0 ae.in {z€Q: v(z)=0} (2.11)
Here we shall use the standard notations
uVov=sup(u,v), vF=vVv0 and v =(-v)".
We do not restrict the generality in taking
=0, (2.12)
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since we can reformulate the obstacle problem (2.10) into an equivalent one for the translated
functions

U=u—v, h=h—9|s and f=f—Hy. (2.13)

Indeed, (2.10) is easily seen to be equivalent to
ue Ky, Uy =h: /(Ha—f) (v—wu)dz >0, Yve K. (2.14)
Q

We have the following continuous dependence estimate for strong solutions.
Proposition 2.1. Let u; denote the solution of (2.10) corresponding to the data f;, h;
and ¥; under the assumptions (2.6), (2.7), (2.8) for i = 1,2, respectively. Then
ur —uallr2@) < C(Ilf1 = follz@) + 11 — hallzzs_y + 11 — ¥2|l~), (2.15)
where || - ||~ denotes the norm (2.3) and C > 0 is a constant independent of the data.
Proof. Using (2.13) we may assume ; = 1) = 0, for i = 1,2. We may take v = @y in

the inequality for u uy and v = u; in the one for uy. Setting w = Uy — g = ug —ug — (1 — Pa)
and denoting f = f1 — fo = fi — fo— H(¢1 —b2) and b = hy — ha — (b1 —2)|ss_ we obtain

wHwdr < 7wdx§é wdx+— 7 d. (2.16)
fyprwie s [Foie < § [wrarrss [

On the other hand, from the coercivity condition (2.6), we find

1 1
/wdex:/(bo—fV~b)w2dm+f/ (b-n)w?d%
Q 2 LU
>[3/w dx — /w 0dx, (2.17)

which combined with (2.16) yields

B/wda:<f/fdx—|—/h€d2

This implies the conclusion (2.15) by the definitions and the equivalence of the norm || - ||~

in L3,(Q).

§3. An Inequality for Strong Solutions

The strong solution of the obstacle problem, solving the first order variational inequality,

is also a solution to the nonlinear complementary problem
u>y, Hu—f>0 and (Hu—f)(u—v%)=0 ae in Q. (3.1)

Indeed, it suffices to take v = ¢ and v = 2u — ¢ in (2.10) to conclude the third condition
from the first two. The second one, which follows from (2.10) with v = u + w for arbitrary
w € L?(Q), w > 0, provides a lower bound for Hu. The aim of this section is to show an
upper bound, extending to H the well-known Lewy—Stampacchia inequalities obtained first
for second order obstacle problem of elliptic type (see [10], for references).

Theorem 3.1. Under the assumptions (2.6), (2.7), (2.8) the strong solution u of the first
order obstacle problem (2.10) satisfies the inequalities

f<Hu< fVHy ae in Q. (3.2)
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The proof of this result follows easily by recalling that fV Hy = f+ (Hy — f)T and the
fact that u can be approximated in L?(Q) by the solution u. € L%(Q) of the semilinear first
order equation

Hu. +&0:(ue —¢)=f+¢ inQ, u.=h onX_. (3.3)

Here we consider for each ¢ > 0, the nondecreasing Lipschitz function 9. : R — [0, 1] defined
by

P(t) =0, t<0, 9.(t)=t/e, 0<t<e and Y(t)=1, t>e, (3.4)
and the nonnegative function ¢ € L?(Q) given by
€= (HY - f)". (3:5)
We can prove the very precise approximation result.

Theorem 3.2. If u and u. denote the solutions of (2.10) and (3.3), respectively, under
the previous assumptions we have

u. € Ky, (3.6)
Us > ug mQ if e>€>0,
3
Jue = e < 5 ICHG = D7) as = 0. (3.
N Proof. Since 9. is monotone and H is coercive, the existence and uniqueness of u. €
L%(Q) follows by the results of Bardos!!.
To prove (3.6), we must show that u. > ¢ in Q. Take z = (¢ — u.)™ € L%(Q) and

note that by (2.8) we have z|s_ = 0. Since 9.(u. — 1) = 0 whenever ¢ > u. we obtain
Hu. = f+ &> Hy if ¥ > ue and

/szdac Z/(HI/J—HUE) (¢ —u)Tdz <0,
Q Q

since z Hz = (¢ —u.)t H(¢ — u.) a.e. in Q. Hence, using (2.17)

OZ/szdmZB/sza:
Q Q

we conclude z =0 a.e. in @ and (3.6) follows.
A similar argument applies to 2 = (uz — uc)™, by using

z2Hz = zH(uzg —u.) = z&[0(ue — ) —9e(uz—¢)] < 0 in Q,

since if ug > ue, then dz(uz — ¥) > Iz(ue — ) > 9e(ue — P).
Finally, remarking that for any v € K, we have

(1 —Ve(ue —9)] (v —ue) > [L = Fe(ue — )] (¥ —ue) > —e,

we first obtain
Hu, — v—u.)dr = 1— 9 (ue — v —u)dr > — dx. 3.9
[ Ee =@ —wyde = [ =0~ 0 —nyde = < | ¢ (39)

Setting v = w in (3.9) and v = u, in (2.10), we conclude (3.8) with the help of (2.17) for

wW=u;—u
B/dea: S/wdew :/(ug—u)H(ug—u)dx < E/de.
Q Q Q Q
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Remark 3.1. The proof of Theorem 3.2 actually also shows the existence of the solution
u to (2.10), since 0 < . < 1 implies that the approximating solution . of (3.3) are bounded
in W={ve L%(Q): vlg_ = h}, uniformly in € > 0. Hence the lower semi-continuity of

w»—)/wdex in W
Q

allows to pass to the limit e — 0 in (3.9) by showing that if u. — w in EZB (Q) then u solves
(2.10). By uniqueness, which is a consequence of the coercivity in W, the whole sequence
converges.

Remark 3.2. In [8] the existence of a strong solution was obtained with a different
approximation (see [6]) by considering the penalized problem for £ > 0,

Huo— (@ -w)* = f i Q

with the same boundary condition w. = h on X. While this is a more natural way to penalize
the constraint w > 1), this method does not allow to conclude the second inequality in (3.2).

§4. Stability of the Coincidence Set

A main feature in the obstacle problem is the presence, in general, of the coincidence set

I={u=v}= {2 € Q: ulz) = (@)} (4.1)
In the complementary set A of this measurable subset, from (3.1), we have
Hu=f ae. in A={u>vy} =0\l (4.2)

It is clear that, in general, I and A are measurable subsets defined up to a null set. This is
however sufficient for our purposes in this work, since we are interested in their characteristic
functions. Set

B 1 if ze{u=1},
X = Xu=y) = {O if xe{u>}

As a consequence of (4.2) and property (2.11), we may conclude that the solution u of

(2.10) solves the equation

(4.3)

Hu— (HYy—f)x = f ae in Q. (4.4)

This important remark allows us to include the first order obstacle problem in the general
framework of stability of the coincidence set with respect to perturbation of data (see [10,
p. 204], for the elliptic theory).

Theorem 4.1. Suppose u,, and Xn = X{u,—y,} denote the solution of (2.10) and the
characteristic function of its coincidence set associated with a sequence fp, hy and 1, sat-
isfying (2.7), (2.8) and

fo—= [ nL2(Q), hn—h nIi(S) and ., — ¢ in L5(Q).

If u and x refer to the corresponding limit problem in which we assume

Hy#f  aein Q, (4.5)

then the coincidence sets converge in measure, or equivalently

Xn—Xx in LP(Q), 1<p<oo. (4.6)
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Proof. We remark 0 < y,, < 1, so that there is a function x, € L*(Q), 0 < x, < 1, and
a subsequence
Xn = X+ In L(Q)-weak™.
By Proposition 2.1, we know that
up —u in L3(Q),

and, from remark (4.4) for u,,

Hu, — (HYy — fo) Xn = fn  ae.in Q.
So we may pass to the limit and obtain
Hu— (HY— f)x« = f ae.in Q. (4.7)
Comparing (4.7) with (4.4) and using the assumption (4.5) we immediately conclude

X = X = X{u=y}>
i.e., the whole sequence converges x,, — x first weakly in LP(Q)) and, since they are charac-
teristic functions, also strongly for any p < oc.

Remark 4.1. As a consequence of Theorem 4.1, we can immediately conclude also that
Uy — u in L%(Q)-strong under the assumption (4.5), which however is not necessary, as we
shall see in Theorem 5.1.

On the other hand, we know that w is approximated by the solution u. of (3.3), i.e., we
have

Hus_(Hl/}_f)Jr qe = f in Q7 (48)
where we set
0<¢g=1-"(ue—%) < xe <1 aein Q. (4.9)

Here we have introduced x. as the characteristic function of the “approximating coinci-
dence set”

I. = {z € Q: Y(x) <ulz) <P(z)+ e}
To prove (4.9) it is sufficient to recall the definition of ¥J.: since u. > v always, if

u(x) > P(x) + e (ie. xe(x) = 0), then g.(z) = 0.
As € — 0, we may consider subsequences such that

g —¢q and x. — x« in L%(Q)-weak™ (4.10)
for some functions g and y. such that
0<qg<x«<1 ae in Q. (4.11)
From (4.8) we find
Hu— (HY—f)tq=f in Q. (4.12)

In the coincidence set I = {u = 1} we have Hu = H a.e. and, if we assume Htp # f,
from (4.12) we must have ¢ = 1 in I, since we have always Hu > f by (3.1). Therefore the
nondegeneracy condition (4.5) implies

4> X=X{u=yp} ae in Q. (4.13)
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But the definition of ¢. and (4.10) with the convergence of u. — u in L?(Q) yield as
e —0,

0= (ue—v—e)Tg—(u—-2)"q=0,
and this implies ¢ = 0 if u > 9, i.e.,
<X = X{u=yp} ae in Q. (4.14)
Then (4.11), (4.13) and (4.14) imply
q= X+ =X = X{u=y} (4.15)
By (4.9) we remark ¢2 < g. and from

/q:lim quhmmf/q >/ /
Q e—0 e—0

we may conclude the strong convergences as ¢ — 0
Xe = x and ¢ — x in LP(Q)-strong, Vp < oco.

Then (4.8) implies also Hu. — Hu in L?(Q)-strong, and we have proven the follow-
ing result on the strong approximation of the first order obstacle problem by solutions of
semilinear hyperbolic problems (3.3).

Theorem 4.2. Let u. and u denote the solutions of (2.10) and (3.3) respectively, under
the nondegeneracy assumption (4.5).

Then, as € — 0, we have

ue —u in LL(Q)-strong
and
lim[1 = Je(ue = )] = m X (p<u. <vre} = Xfu=y)

for the strong topologies of LP(Q), Vp, 1 < p < oco.

Remark 4.2. We observe that here the nondegeneracy assumption Hi # f a.e. in @ is
required, as in Theorem 4.1 on the stability of the coincidence sets. Analogously Theorem 4.2
yields a stability in Lebesgue measure of the approximation of the coincidence set {u = 1},
i.e., we have

{p <u. <p+e} = {u=1} in measure.

§5. An Estimate on the Coincidence Set
Let 8 > 0 be the constant of (2.6) and o > 0, such that
SV )@ <a VreQ.
Denote by S the monotone graph corresponding to the sign function, i.e.,
S(t)y=1ift>0, St =-1ift<0 and S(0)=][-1,1].

Lemma 5.1. For any w € ZQB(Q) and any measurable function s such that s(x) €
S(w(x)), a.e. x € Q, we have

/Qusd:c > (6—a)/@w|dx —/Ei|w|£d2. (5.1)
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Proof. By the property (2.11), we remark that we have
sHw = sign(w) Hw a.e. in Q, (5.2)
where sign(t) = 1 if ¢ > 0, sign(t) = —1 if ¢ < 0 and sign(0) = 0. Hence it is sufficient to
prove (5.1) with s replaced by sign(w), which can be approximated in L?(Q) by the sequence
of functions ss(w) € L%(Q), where s5(t) are smooth functions approximating the sign, such
that |s5(t)] <1, s5 >0, s5(0) = 0 and ss5(t) — sign(¢) as 6 — 0 for t € R.
Integrating by parts and setting mg(t) = fg s5(7) dT we have

/55(w)de:r :/[b055(w)w+b~Vm5(w)]dx
Q Q

- / lbo 55 (w) w — (V - b) me (w)] da +/ (b - 1) ms (w) dS.
Q TLUS_
Noting that ms(w) — |w| in L*(Q) and in L?(X) as § — 0, from (5.3) we obtain

/Qsign(w) H(w)dx = /Q[bo - (V- b)} |w| dz —|—/Z (b n)|w|dE

LUS

(5.3)

Z/Q[bo—;(v-b)} | dr — ;/Q(V-b)|wdx+/2_(b~n)|w|d2

> (B-a) /Q|w|dx —/E |w| £dX

and (5.1) follows from (5.2).
Remark 5.1. If 8 > « or if we assume instead

bo(z) —V-b(z) >0 ae. in Q, (5.4)
the estimate (5.1) reduces to
/ sHwdz > —/ lw|0ds, Ywe LL(Q), (5.5)
Q bl

provided s(z) € S(w(x)) a.e. x € Q.
These estimates may be used “to measure” the stability of the coincidence set in the
nondegenerate case.
We recall the Lewy-Stampacchia type inequality (3.2) in the form
0 < Hu—f < (Hy—f)" aein Q
and, recalling that the solution u of the obstacle problem also solves the equation (4.4), we
have ¢ = {(u) > 0, where
¢ =Hu—f = (H¢— f)X{u=e} = HY — ) Xumupy}- (5.6)
Lemma 5.2. Let u; fori = 1,2 denote the solution to (2.10) for data f;, h; and 1; under
the assumptions (2.6),(2.7), (2.8) respectively and set (; = ((u;). Then
¢ = Gllzrg) < Cilllfy —2 le2@) + 11 = hallr2s_) + I¥1 — ¥2(l~), (5.7)
where C7 > 0 is a constant independent of the data.
Proof. As in Proposition 2.1, by using the translation argument, we may assume t; =

1y = 0 without loss of generality.
From (5.6) for i = 1,2 we obtain

G —G = H(up — Uz) - (f1 —f2) ae in Q. (5.8)
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We define almost everywhere in ) the measurable function s by

—1 omn {’LL1 < 'LLQ} @] {CQ < C1},
s() =¢ 0  on {u; =u} N{G =}, (5.9)
1 on {u; > ug} U{C > (1},
and we observe that s € S(u; — uz) a.e. in Q. Indeed, if ¢ > (3 > 0, by (5.6) and (3.1) we
have ug = 0 and the subset {us > u1} N{¢ < {2} cannot have positive measure. Similarly
the same conclusion holds for {us < u;}N{¢ > (2} and s given by (5.9) is a.e. well-defined.
Multiplying (5.8) by s and using (5.1) with w = u; — ug, we obtain

/Q|C1—C2dx :/Q(Cg—ﬁl)sdac = —/Qusdac —&—/Qs(fl—fg)dx
< (045)/Q|U1U2|d17 +/z:,|hlih2‘€d2 +/Q|f1f2|dx

and using the estimate (2.15) we easily conclude (5.7).
Remark 5.2. Under the assumption (5.4) (or if « < ) when ¢ = 19 = 0, we may

improve the estimate (5.7) by exactly the simpler one
16 = Gllzi) < I = Fallev) +11h = hallLis_)y, (5.10)

as a simple consequence of Remark 5.1 and the above proof.

As an immediate consequence of (5.7) we have the strong continuous dependence in Z2B (@)
of the first order obstacle problem with respect to the data.

Theorem 5.1. If we assume in the obstacle problem (2.10)

fo= f inLXQ), hy—h inLL(E2)  and Y, — ¢ in LH(Q),
the respective strong solutions satisfy the strong convergence
un —u in L5(Q).

Perhaps a more interesting consequence of (5.7) can be obtained, exactly as in the elliptic
theory of [10], for estimating locally the Lebesgue measure of the variation of the coincidence
set associated with different data, under the local nondegeneracy assumption in an arbitrary
measurable subset O C Q:

fi—HyY1 <-=A<0 and fo — HiYs < -A<0 ae on O. (5.11)

For the coincidence subsets Iy = {u; = 1} and Iy = {us = 12} we denote by = the
symmetric difference

Il - Ig = Il\IQ U 12\11,
where A\B = AN BC as usual.
Theorem 5.2. Under the assumption (5.11), we have
C
meas((1 + 1) N0) < Z2(I1fi = fall ) + 11 = hallpz ) + 01— vall-). (5.12)
Proof. Tt suffices to remark from (5.6) that (5.11) implies
A ‘X{u1=1/)1} - X{u2=¢2}| < ‘Cl - <2| a.e. in O
and, using (5.7), (5.12) follows from

1
meas((h - 12) n O) = /O |X{u1:¢1} — X{uzzwz}‘ dx S X ||<1 — CQ”LI(Q).
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Remark 5.3. Under the additional assumptions (5.4) and ©; = 9 = 0, (5.12) reduces
to

meas(O N ({u1 = 0} + {uz = 01)) < T(If1 = follr@ + I = halloymy):

> =

§6. The Stability of the Evolution Problem

In this section we set Q = Qx]0,T[, T > 0, and X' = 90 x]0, T, with the assumptions of
Section 2 and where Q C R™ with N =n + 1.

Then ¥ = 9Q = Y'UQoUQr (U = Qx{k}, k =0,T) and we redefine x = (z1,--- ,zp) €
Q, a2y =t €[0,T], b; = a;, i = 0,1,---,n, and we set by = 1. Then the first order
evolutionary operator becomes with 9; = 9/0t:

Hu = Oiju+a-Vu+agu = du + Au,
where the coefficients a;, i = 1,--- ,n belong to C1(Q), ap € L>(Q) and may depend on ¢
but do not satisfy necessarily the coercivity assumption (2.6). We still define ¢ = £(z,t) =

> niai(z,t)| along ¥/, with the external normal n to €, and analogously the norm of
i=1
L%(Q) is given by (2.3), where now
||UH%3(2,) = ||u(x,0)||%2(9) + ||U|E’_||2L’;‘(z;)

since ¥_ = QoUY, with ¥ = {(z,t) € ¥: a(x,t) -n < 0}.
The strong formulation of the evolutionary first order obstacle problem can now be rewrit-

ten in the form

uefz}b, Ul oy = h: /(&gu—l—Au—f) (v—u)dzdt > 0, YveK,. (6.1)
Q

Here K, and K, are given also by (2.9) and
hlsy =g € Li(X) and  hlg,=ug € L*(Q) (6.2)

for g = g(z,t) and up = up(z) compatible with the obstacle in the sense of (2.8).

It is clear that all the results of the preceding sections still hold for the solution of (6.1)
as a consequence of the following proposition.

Proposition 6.1. Under the preceding assumptions (2.7), (2.8), (6.2) the unique strong
solution of (6.1) satisfies the estimates (2.15) and (3.2).

Proof. If the operator H = 9; + A does not satisfy the condition (2.6), we consider a
constant g > 0 such that, for all ¢ € [0, T7,

1
u+aof§(V~a)Zﬂ>0, Ve (6.3)
Setting u = et 4 it is easy to see that 7 solve the coercive problem

ieKg, mzwgozﬁz/(ata+Aa+ua—f)(v—a)dzdtzo, VveK;
Q

with f = e # f, h = e=# h and 9 = e~ "¢ 1), for which all previous results apply.
When @Q is a cylinder, we may use the integration by parts formula (2.4) in a subset
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Qo = 0X]o,t[, 0 <o <t < T, in the following form for any w € L2 £(Qo) and A € R:

// (Orw + Aw) M dx dt *// aoffv a— )wQeAtd:cdt
+ f/ / (a-n)w?e deF+f/[w2(7') N —w(o) e da. (6.4)
2/, Joa 2 Jo

In order to consider the stability of the evolutionary problem as ¢ — oo we need to
consider first the corresponding stationary problem in €.
We shall assume from now on that the coefficients of A are time independent, i.e.,

a; =ai(x) € C*Q), i=1,---,n, and ag=ae(zx) € L®(Q), (6.5)

and coercive, i.e., satisfying (6.3) with u = 0.
Decomposing I' = 02 as in Section 2, we set I'_ = {u € 9Q: a-n < 0}, {(z) = |a(z) -n(z)|
and we consider the Hilbert spaces

L4(Q) ={ve L*(Q): Ave L*(Q)} and Zi(Q) ={ve L4(Q): vlr € L)}
and we also consider in zi(ﬂ) the norm
[ollZ = | Av[|72q) + HU”%g(r,)- (6.6)
For the stationary problem, we assume
fe €LX(Q), gyp € L(T-) and ¢y € L3(Q) with ¢y <gy onT-,  (6.7)
and we consider the convex sets
Ky, ={veL*(Q): v>¢y ae inQ} and f(zll)# =Ky, N L4(Q). (6.8)

Under the coercivity assumption (6.3) with g = 0 all the results in the previous sections
also apply to the first order stationary problem:

uy € Ky, uglr = gy: /Q(Au#—f#)(v—u#)dx >0, VoekKy,. (6.9)

Let, for t € [0, o],

t) = /:H{/Q f(7) = ful* da +/F_ lg(T) —g#IQEdF}dT, (6.10)
/ {/Q‘ (O + A) Aw#] dx+/ [ (t) ¢#2zdr}dr. (6.11)

Theorem 6.1. Assuming (6.5) and (6.3) with p =0, if £(t) +n(t) — 0 ast — oo, then
the solution u(t) of (6.1) is asymptotically stable in the sense

u(t) = uy in L*(Q) as t— oo, (6.12)

where uy is the unique strong solution of (6.9).

Proof. Using the translation argument we may assume that ¢ = ¥4 = 0 without loss
of generality, since the assumption (6.11) reduces to (6.10) for the corresponding translated
data.

Since u(t) and uy satisfy the complementary problem (3.1), by integration in  first and,
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afterwards multiplication by e!, we easily obtain for w(t) = u(t) — ug and 7 > o > 0,

//w(atw—f—Aw)eBtdmdt
// ) e dz dt
Sg// 2ePtdrdt + —//|f — ful? e’ dz dt. (6.13)
o JQ

On the other hand, using the formula (6.4) with A = S and neglecting the nonnegative
terms, by (6.3) with u = 0, we obtain

// (0w + Aw) 5tdmdt>6// 2Bt dp dt — // w? Pt edr dt
o I_

(6.14)
45 [P0~ uo) e da,
2 Ja
Hence, combining (6.13) with (6.14) we have for all 7 > ¢ > 0,
eBT/wQ(T) dx — eﬂ”/w2(a) dx
Q Q
1

g/ {/|f(t) — fyl?dzx +/ lg(t) —g#|2£df} ePtdt, (6.15)

o B Q T_

which implies the estimate for all t > 0, t; > 0:
/ lu —ug|? (t+to)de < e_Bt/ lu —ug|? (to)dr + Cs  sup &(7), (6.16)
to<T<t+to

where § > 0 and Cg = (1V )[1 + (1 — e #)~1, by well-known results (see Remark 6.1,
below).

From (6.16) with to = 0 we obtain first that u — uy is bounded in L*(0, o0; L?(£2)) and,
afterwards, that £(¢t) — 0 as t — oo implies the conclusion

llu(t) —ugllr2) — 0 as t — +oo.

Remark 6.1. This type of global behaviour of solutions is similar to other nonlinear
evolution equations (see, for instance, [9]), in particular, in monotone parabolic variational
inequalities. The passage of (6.15) to (6.16) follows by the elementary standard estimate
(after changing variables)

t
/ p(to+s) e’ ds

n—1 k+1 t
:Z / olto + 5) e ds 4 / olto + 8) e P9 ds

th(Z —B(t+h— 1>+1) < Mt(Ze 35+1) = M[(1— e )14 1],

k=0

where My = sup &(7) and £(¢) = Hl o(7)dr as in (6.10).

t<T<t+to
As in Section 4 we can also show that (6.12) with the nondegeneracy condition (4.5) for

the stationary problem yields the asymptotic stability of the coincidence sets.
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Theorem 6.2. Under the assumptions of Theorem 6.1, let the condition (4.5) be fulfilled
for 1y and fyx. Then, if X(t) = X{u@)=y@®)} ad X% = X{uu—yp,} denote respectively
the characteristic functions of the coincidence sets of the evolutionary and the stationary
problems (6.1) and (6.9), we have

X(t) = xx In LP(Q), 1<p<oo ast— oo. (6.17)

Proof. We can argue as in the proof of Theorem 4.1, by passing to the limit ¢t — oo in
the equation for u = u(t)

Hu— (HY—f)x=f ae Q t>0, (6.18)

in the sense of distributions, by noting that u(t) — uy in L?(£2) implies d;u(t) — 0 in a weak
sense. Here we can use the argument of Lions (see [6], p.509) for the translated functions
w(t) = u(t) —¥(t) and wg = ug — g, by noting that @(t) = w(t) —wx — 0 ast — oo in
the sense

t+1 1
/t ||1]3(7')||2L2(Q) dr :/0 ||ﬁ5(a—|—t)||2L2(Q) do — 0.

Then the argument of Theorem 4.1 shows first that, if we denote by X € L>(0, oo; L>°(0,
1; L*°(Q))) the function

X(): 10,1[3 0 — x(o+1t) € L*(0,00; L>(Q)),
we obtain from (6.18) that as t — oo
X({t) = Xz =xg first in L%(0,1; L*>(Q))-weak™,

and, since they are characteristic functions, also strongly in LP(0,1; LP(Q2)) for any 1 < p
< 00, which yields (6.17).
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