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Abstract

Consider any traveling wave solution of the Kuramoto-Sivashinsky equation that is asymp-
totic to a constant as & — 4o0o. The authors prove that it is nonlinearly unstable under H'
perturbations. The proof is based on a general theorem in Banach spaces asserting that linear
instability implies nonlinear instability.
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§1. Introduction
The Kuramoto-Sivashinsky equation

was derived by Kuramoto!? as a model describing phase turbulence in reaction-diffusion
systems and independently by Sivashinsky!®! as a model of flame propagation. There are
many numerical and some theoretical results showing that some of its solutions engage in
very complicated dynamical behavior.

A traveling wave solution u = p(x — ct) satisfies, after one integration, the third-order
equation

1
P+t glp o) =k (02)
where k is a constant. A special case is a steady state ¢ = 0. This ordinary differential
equation has been studied extensively. Numerical studies(©~2% indicate the existence of het-
eroclinic and homoclinic orbits, as well as periodic and quasiperiodic solutions. Theoretical

results include the existence of periodic solutions and heteroclinic orbits!*%!. In particular,
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Troy!! proved that if k = 1, there exist at least two distinct odd solutions of (0.2) such that
o(z) = ¢ F V2 as © — Foo. He conjectured that there are an infinite number of different
ones. Furthermore for k # 1 there are probably many others.

In this paper we consider any traveling wave solution ¢(x — ct) of (0.1) that approaches
a constant as ¢ — +o00. Then we consider solutions u(z,t) of (0.1) with initial data u(z,0)
arbitrarily near ¢(z) in the H!(R) norm. We prove that there exist such solutions that do
not remain near p(x — ct) in the H*(R) norm at some later times. The instability of the
traveling waves is a hint of the complexity of the dynamics of (0.1).

Our proof is based on the principle of linearization. We prove that the essential spectrum
of the linearized generator meets the right half-plane and thus generates modes e with
RA > 0 (Lemma 2.1). Then we invoke a general theorem that asserts that linearized
instability implies nonlinear instability (Theorem 1.1).

Theorem 1.1 is a slight generalization of an earlier theorem!!! concerning nonlinear semi-
groups in a Banach space X. In the present case we have two Banach spaces X C Z, the
linear semigroup is smoothing (mapping Z into X ), while the nonlinear term loses regularity
(mapping X into Z). The gain and loss of regularity compensate for each other.

¢1. The Abstract Theorem

Consider an evolution equation
i%‘ — Lu+ F(u), (1.1)

where L is a linear operator that generates a strongly continuous semigroup e’ on a Banach
space X, and F' is a strongly continuous operator such that F(0) = 0. We focus on the
instability of the zero solution of equation (1.1). About such a problem, the following
question was addressed in a previous articlel!].

If the spectrum of L meets the right half-plane {RA > 0}, does it follow that the zero
solution of (1.1) is nonlinearly unstable?

Here, the zero solution is called nonlinearly stable in X if for any e > 0 36 > 0 such
that |Jug||x < § implies that the unique solution u € C([0,00); X) of equation (1.1) with

u(0) = ug satisfies sup |Ju(t)||x < e. Otherwise, it is called nonlinearly unstable.
0<t<o0o

In [1], the authors considered the whole problem in only one space X, that is to say,
the nonlinear operator maps X into X. However, many equations possess nonlinear terms
that include derivatives and therefore F' maps into a larger Banach space Z. If, therefore,
the linear part is smoothing, mapping Z back into X, then we can recover the nonlinear
instability as before. This is the content of the following theorem.

Theorem 1.1. Assume the following.

(i) X, Z are two Banach spaces with X C Z and ||ul]|z < Cil||lul|x for ue X.

(ii) L generates a strongly continuous semigroup e'* on the space Z, and the semigroup
et maps Z into X fort >0, and fol lletEllzox dt = Cy < .

(iil) The spectrum of L on X meets the right half-plane, {RA > 0}.

(iv) F: X — Z is continuous and 3pg > 0,C5 > 0, > 1 such that || F(u)]|z < Cs|lul|%
Jor |lullx < po-

Then the zero solution of (1.1) is nonlinearly unstable in the space X.
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Remark 1.1. If Z = X, the theorem reduces to the theorem in [1].

To prove the theorem, we need the following two lemmas cited from [1]. For brevity, the
proofs of the lemmas are omitted. The first lemma asserts the existence of an approximate
eigenvector v corresponding to an eigenvalue of maximal growth.

Lemma 1.1. Let the spectrum of eX on X be denoted by ox(e). Let e* € ox(el) such
that |e*| equals the spectral radius of eX on X. For every n > 0 and every integer m > 0,
there exists v € X such that

1™ —e™)vllx < nllvllx, (1.2)
letlo|x < 2KeRM|v||x, Vt, 0<t<m, (1.3)
where K = sup{[|e?"||x_x : 0 < 0 < 1} and R\ means the real part of \.
The second lemma asserts that the whole semigroup grows at approximately the same
rate as the eigenvalue.

Lemma 1.2. Under the assumption of Lemma 1.1, for all € > 0, there exists a constant
C. so that for all 0 < t < co we have

eR)\t < ”etL”XﬁX < CCG(R)\+E)t.

Proof of Theorem 1.1. If w € C([0,T); X) (T < o0) is a solution of (1.1) with initial
data u(0) = v € X, then it formally satisfies the associated integral equation

t
u(t) = e'fv + / DL E(u(r)) dr, 0<t<T. (1.4)
0
We are going to prove that there exists a universal constant ey > 0 such that sup |u(t)|x >
0<t<T
€0 no matter how small ||v||x may be.
Let us first define some quantities used below. Let
w= e (1.5)
as in Lemma 1.1. Choose
—1)RA
= (@ - DR (1.6)
2
and C, as in Lemma 1.2. Let Cy = ||e%||z_ x. Define k by
Ko = 20 Gy 2K + ir [&e*“m + ] (1.7)
SR el e =Ra E |
Let  be free to remain arbitrarily small within the interval (0, §) with
(1 po
5o = {f, 1, f}. 1.
o=miny 1,5 (1.8)
Let T* be the integer in the interval (b,b+ 1] where
1
b=tn(<)/1 0, 1.9
u () /mlul > (19
Note that (1.5) and (1.9) imply that
1 x
— < el < M, (1.10)

k k
and T™* is dependent on & as well as on p and k. We may assume that the zero solution
is stable. Thus there exists ¢’ > 0 such that if ||v|]|x = § < ¢, then there exists a unique
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solution u € C([0,00); X) of the integral equation (1.4). Let v be given by Lemma 1.1 with
m =T* and ) = 7, we take ||v]|x = 4. Now define

RA
" Po

)
T = sup {t u(r) — ™| x < < and |lu(7)|x < 5 for 0<7< t}. (1.12)

2|l
Clearly T > 0. By (1.4) we have, for 0 < t < min{T™*,T},

t—1
lu(t) — e Fvllx S/O eV | xx [le® |z x [ F (u(r)) |z dr

t
+ / e lzox [F(u(r))||z dr. (1.13)
t—1
Taking € = @RA in Lemma 1.2 and using the assumptions of the theorem, we have

t—1
Ju(t) - Follx < / Ce F RN 0, Oy lu(r) & dr
0

¢
[ I x Callutr) I dr. (119
t—1
Within these integrals we use (1.3) and (1.12) to obtain
1
lu(r)llx < lle™ vllx + llu(r) — e v]lx < (2K + m)fwm- (1.15)

Substituting (1.15) into (1.14), we have

1\, o« e
u(t) — o] x < C2C5C. <2K + m) 5“6%72)\@71)/ e T R gr
H 0

I K
+ 03 <2K + 7) 5&/ He(t_T)LHZ—)XeTaR)\ dr
t—1

2|l
1 « atl 2 (a—1)
CyC3C (2K 7) §Ue T RAt=1) 2 SESERA(E-1)
= ( o) T @-DRrRA"
1 «@
+ C4Cs (2K + —) §AeRAL
2[p|
_ kail( Rty
2|pl*
by (1.7). Then we have
a—1
u(t) — eFo|x < o |a(5e72)\t)04 for  0<t<min(T,T*). (1.16)
W

Now if T' < T*, then we claim that ||u(T)||x > %&. Indeed, if T < T* and ||u(T)|x < £,
then by definition (1.12) of T, we have

56’R>\T
Ju(T) — el = 25—
2|l
Combining it with (1.16) for ¢ = T', we obtain
56R>\T ka—l RAT @
<ol )%,
20pl 2|ul
that is,

k
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which means T' > T* by (1.11) and leads to a contradiction. Thus the claim is proven. Next,
if |u(T)||x # &, we have T > T*. Choose t = T™ so that by (1.11) we have

. ke o o KT lulye 1
u(T?) = " Fullx < S 6 < 2o () = 5 (1.19)
So
* * 1
(Tl > [le" Follx = 57 (1.20)

On the other hand, taking m = T* and n = ﬁ in Lemma 1.1, (1.2) implies

" x 1
I Follx > fle™ Mollx = Zllvllx
Since ||eT || x = T RM|v
) 5

llx and ||v|]|x =4, we get by (1.11)
S 1
k =k

T L > R)\T*(S_ )
™ Lol > e u

Hence (1.20) implies
[u(T)x >+ — = — 55 > — (1.21)

since § < 1.
Therefore, there exists a time ¢ (either 7" or T™*) at which

L p
u(t > min {—, f} =
Ju@llx = win { - 2} = e
and €g is a universal constant independent of the size of the initial data v.

Remark 1.2. The proof shows that there exist C' > 0 and ¢y > 0 such that for all
sufficiently small positive d, there is a solution u that satisfies ||u(0)||x < J but

sup  lu(?)[| > €o-
0<t<C|log §|

Thus the escape time occurs logarithmically soon.

§2. Application to the Kuramoto-Sivashinsky Equation

The Kuramoto-Sivashinsky equation in one dimension is

1
Vg + Vga + Vg2 + §(UI)2 =0, —oo<z<o0. (2.1)

With v = v, it can be written as
Up + Ugs + Ugz +uu, =0, —oo <z < o0. (2.2)
If p(x — ct) is a traveling wave solution of (2.2), then ¢ satisfies the ordinary differential

equation

1
O+ o+ §(<pfc)2 =k (2.3)

where k is a constant. If ¢ = 0, then ¢ is a steady-state solution. Troy[¥ proved that if
k =1, then equation (2.3) admits at least two odd solutions satisfying

lim p(z) =c— V2, lim o(x) =c+ V2.
T—00 T——00

The goal of this section is to prove the following theorem.
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Theorem 2.1. All the traveling waves p(x — ct) of the Kuramoto-Sivashinsky equation
satisfying p € L°(R), @z, ¢ze € L*(R) and ¢ — by € L%([0,00)) are nonlinearly unstable
in the space H*(R).

This means that there exist positive eg and Cy, a sequence {un} of solutions of the K-S
equation, and a sequence of times 0 < t,, < Cplogn such that ||u,(0) — ||z w) — 0 but
[un(tn) = (- = ctn)ll 1 () = €o-

If p(z — ct) € HY(R) is a traveling-wave solution of the K-S equation (2.2), then letting
w(z,t) = u(z,t) — o(x — ct), we have

Wy + Wyt + We2 + Qg + Qw0 + ww, =0, —oo <z < 00, (2.5)
with initial value
w(z,0) = wo(x) = up(z) — (). (2.6)
So the stability of traveling-wave solutions of (2.2) is translated into the stability of the zero
solution of (2.5). In order to prove Theorem 2.1, taking Z = L*(R), X = H'(R), we need
to prove that the four conditions of Theorem 1.1 are satisfied by the associated equation
(2.5).

Denote the linear partial differential operator in (2.5) by L = —(92 + 92 + 00, + ) =
Lo — [(¢ — b3)0s + ¢.] with Lo = —(9% + 92 + b,0,). Then (2.5) may be rewritten in the
form (1.1),

wy = Lw + F(w), (2.7)
where F(w) = —ww,. Note that F maps H'(R) into L?(R) and satisfies
IF(w)]lz2 < [Jwll- (2.8)

This proves Condition (iv) of Theorem 1.1 with C3 =1 and o = 2.
To prove Condition (ii) in Theorem 1.1, we need the following two lemmas.
Lemma 2.1. Let Ly = —(93 + 92 + b4.0,) for any real constant by. Then

lletEo | grm s prm < ei for meR, 0<t< oo, (2.8)

e ey < a(t) =475 for 0<t<I. (2.9)

Proof. We write u(x,t) = e‘foug(x). By Fourier transformation,

g, t) = e ME-EHO4(¢).

[u®ln = [ AP = [ @+ e)me € Dlan(e)? ag

—00

< sup e~ 2 =€) / (1+ €2)™ o (€)|? d€ = € |Juo||%m-
EER —00

Hence
€820 | grm— sy < €.

On the other hand, letting s = £¢2, we have

@)l < s 7(6) [ Jaol) de

seRT —00
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with f(s) = (1+ s)e~2(s*=%) ¢ > 0. Elementary computation shows that

3 1 ¢
sup f(s) < (f + ft_%>e§.
s>0 2 2

Thus
3 1, _1\7 s
hute, )l < (5 +5¢7F) et uolle,
and
1
el < (5 + 5673)

since e < e1 < 2. Thus Lemma 2.1 has been proved.

The following lemma proves Condition (ii).

Lemma 2.2. Let L = —[02 + 02 + ¢(2)0: + ¢'(x)] = Lo — (¢ — b1)0: — pa with
p € L*R), ¢, € L*R), X[0,00) (p—by) € L?(R). Then
||| emn < Cst™3  for 0<t<1, (2.10)
el giom <Cs <00 for 0<t<1, (2.11)

where the constants Cs, Cg are defined by (2.17), (2.20) below.
Proof. Consider the initial value problem

ur = Lu = Lou — [p(x) — by |0,u — @' (z)u,
u(z,0) = uo(z), z€R.
Then u(z,t) = elug(z), t>0, z€R. Thus

t
u(t) = ethoyy — / e(t=m)Lo [(¢ — by)Opu + Q'u] dr.
0
Denote A = || — by||lp~, B =]|¢'||L2. Then for 0 <t <1,
t
Ju() | < lle™l| 2w lluollz2 +/ e Loy g [l — by || oo | Opuil| L2 dr
0
t
N e P P Y (2.12)
0
t
< a(t)||uollpz + (A+ B)/ a(t —7)||u(r)||grdr for 0<t<1.
0

(2.13)

By iteration,
[u®)lm < a®)|[uollzz + (A+ B)/O a(t —7) [a(T)IluOIILz
+(A+B) /O alr = ) u(s) [ ds| dr
= a)luolle +(4+ B) | alt = r)ar)uo]2 dr

+(A+ B)2/0 /O a(t — T)a(r — 8)[|u(s)|m dsdr. (2.14)
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The second term on the right side of (2.14) is
¢
(A+ B) / a(t — 7)a(7)||uol| L2 dr
0
t 1 1
= (A + B)||uol| 2 / At —T1)" 24772 dr
0

=16(A + B)Cst? ||ug|lz for 0<t<1, (2.15)

where Cs = fol(l — 7")_i7"_i dr. By exchanging the order of integration, we get from the
third term on the right side of (2.14),

/Ot /OT a(t = m)a(r — s)|lu(s)||m dsdr = /Ot {/: a(t — 1)alr — s) dr | |u(s)|| s ds.
Now

(r— 5)7% dr

Bl

¢ ¢
/ a(t —T)a(r — s)dr = 16/ (t—7)"
= 16Cs(t —s)2 < 16Cs for 0<s<t<l. (2.16)

Therefore (2.13)—(2.16) imply

t
el < [a(t) + 16Cs (A + B)]|[uo| 12 +/ 16Cs(A + B)2|[u(s)|| i ds for 0<t<1.
0

By Gronwall’s inequality, we get
l[ul| g2 < [4t75 + 16Cs(A + B)] exp[16Cs(A + B)*t]||luo||rz for 0<t< 1.
So with the constant
Cs = [4 4 16Cs(A + B)|e!6Cs(A+B)* (2.17)

we have

ul| g1 < Cst™ % [lug|2 for 0<t<1. (2.18)
Thus (2.10) has been proven. To prove (2.11), replacing the first term on the right side of
(2.12) by [[e*0|| g1 51 ||ug|| g1 and using (2.8), we have

t
[lu(t)]| g < €%||U0HH1 +(A+ B)/ a(t — 7)||u(T)||grdr for 0<t<1. (2.19)
0

Similarly iterating and computing as above, we obtain
()|l < [2 4 16(A + B)|e S ABY |lyg | g = Cslluollzn for 0<t<1.  (2.20)

Hence (2.11) is proven and the proof of Lemma 2.2 is finished.

We now proceed to verify Condition (iii) of Theorem 1.1. Formula (2.11) in Lemma 2.2
means that L generates a strongly continuous semigroup on the Banach space H'(R) (see
[22]). By Fourier transformation, the essential spectrum of Lo on H*(R) is

0u(Lo) D {~& + € —ib.&l¢ € R}, (2.21)

This curve meets the vertical lines ReA = « for —oco < a < i because —oo < —&* + €2 < i.
We now prove that the same curve belongs to the essential spectrum of L.
Lemma 2.3. The essential spectrum of L on H'(R) contains that of Lo.
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Proof. Let ¢ € Rand let A = P(§) = —€* 42 —ib, &. Following Schechter?3], \ € o, (L)
if there exists a sequence {¢,,} C H'(R) with
[Gallr =1, (L = A)Callzrr — 0,

and {(,} does not have a strongly convergent subsequence in H'(R). (Here we use the
definition: A ¢ o.(L) if and only if L — X is Fredholm with index zero.) Now let {y #Z 0 be a
C* function with compact support in (0, 00). Define

(o) = cne™®%¢o(z/n) /v, n=1,2---,
where ¢, is chosen so that ||(,|| g = 1. In fact,

[CnllL2 = callCollz> and 1= [|Callmr < ken

for some positive constant k. Hence ¢, > + > 0. Since ||(,[[ — 0 but ||¢, |2 is bounded
away from zero, {(,} can have no convergent subsequence in L?(R).
It remains to show that ||(L — A, || g2 — 0. We write

L—A=Lo=A+(p—b1)d — o

Now elementary computations show

(Lo — A)n(z) = €” Z POE)encl? (%)/(s!n%”),
1<s<4
O(Lo — Nu(w) = i€(Lo = Nu(@) + €0 3 PO©enet ) (£) (st ).
1<s<4
Thus
I(Zo = M@l < (1 +1ED) D |P(S)(§)|Cn\|é}gs}(%>”LZ/(S!W%“)
1<s<4
+ Y [PPE)len SSH)(%)‘ Lz/(S!n%+S) —0 as n—o0.

1<s<4
Moreover, for any positive integer m, ||02*C,||L~ — 0 as n — oo, so we have
10 = b4)0:Call T2 < 102GallZoelIX(0,00) (= b4) |72 — O,

and

oo = b0, ClIE <2 [ 210G o +2 [ (o= by OusCu(@) do
< 2||3x<n||2L°° ||‘Px||2L2 + 2||8x;c<n‘|%°° HX[Opo)(‘P - b-‘r)”%Z — 0.
In addition,
lpaCnllre < [[GallLe= @zl — 0
and
1020:Cn + @2202CnllLe < [|0cCallLee |z llLe + [|0xCallLoe |zl — 0.
Thus
[(p —b41)0xCn + @ulnllzr = 0 as n — oco.

So from the estimates above,

(L = XN)Cullgr = 0 as n — oo.
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The proof of Lemma 2.3 is completed.
Therefore all the four conditions of Theorem 1.1 are satisfied by the linearized equation
(2.5) and Theorem 2.1 has been proved.
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