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Abstract

The authors study the regularity of solutions of the GFD-Stokes problem and of some second
order linear elliptic partial differential equations related to the Primitive Equations of the ocean.
The present work generalizes the regularity results in [18] by taking into consideration the non-
homogeneous boundary conditions and the dependence of solutions on the thickness € of the
domain occupied by the ocean and its varying bottom topography. These regularity results are
important tools in the study of the PEs (see e.g. [6]), and they seem also to possess their own
interest.
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¢1. Introduction

We establish regularity results for the GFD-Stokes system and some second order elliptic
partial differential equations related to the primitive equations of the ocean in thin domains
with varying bottom topography. These equations constitute the core part of the Primitive
Equations (PEs for brevity) for the atmosphere and the ocean. Motivated by the smallness
of the aspect ratio of the domain occupied by the ocean, we studied the global existence of
solutions for the PEs in thin domains, in [6]. As a preliminary step, we study, in this article,
the HZ2-regularity of solutions of the Stokes-type problem and some second order elliptic
partial differential equations related to the primitive equations. Compared to the work [18,
19], an important aspect of our results in this article is that we determine the dependence on
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the thickness parameter ¢ and the bottom topography for the constants of the H? regularity.
We also derive as in [16] some Sobolev inequalities with the exact dependence on € of the
constants appearing in the aforementioned inequalities. These results play a crucial role in
establishing the global existence of strong solutions of the PEs in thin domains (see [6]).

We present an outline of this article. In the rest of this section we describe the problem
and present the main results. Then, in Section 2, we study the H? regularity of two non-
homogeneous elliptic boundary value problems. In Section 3 we use the results of Section
2 and give the proof of the main Theorem. Finally in Section 4, we derive various Sobolev
type inequalities together with some applications of the results of Section 3.

Notations. The domain occupied by the ocean is of the form
M, = {(331,322,333)) S RS, (3:1,322) eIy, —e’:‘h(l‘l,l‘g) <x3 < 0} ,

and its boundary OM, =T'; UT, UT';, where I'; is the interface between the ocean and the
atmosphere, assumed to be a bounded smooth open subset of R?, T’y is the bottom boundary
of the ocean, and I'; is its lateral boundary. Throughout this article , we will assume that h
is independent of ¢, where ¢ is the small parameter representing the thickness of the domain.
In the final results we assume that h is a positive constant but in several parts of the article
we will make the following assumptions concerning h: there exist positive constants h, h, hy
such that

heC*(Ty), 0<h<h<h, and [|h]|c2r,) < h1. (1.1)

We are concerned with the regularity of solutions of the GFD-Stokes problem, namely,
2

0
—Av — —g +gradp = f1 in M.,
Ooxs
0
dive=0 onl}y, (1.2)
—eh
0
2 +a,v=¢g, onl;,v=0, onlpUIy,
8x3

where v = v(z1, 22, 23) € R2, and p = p(z1,22) € R are the unknown functions, f; is the
external volume force, o, > 0,g, are given. We are also interested in the regularity of
solutions of the following elliptic problem related to the equation of the temperature T or
the equation of salinity:

0T )
AT — Tx% :f2 m ME)
oT 1.3
8—%+aTT:gT on I'y, (1.3)
%ZO on ['y UTY,

where T' = T(z1,22,23) € R is the unknown function, f2 is the heating source inside the
ocean, ar > 0,¢gr is given, n is the unit outward normal to the boundary. Throughout
this article, we use V, A, div to denote the two dimensional gradient, Laplacian and diver-
gence operators on the horizontal plane, and use V3, A3 and divs for the corresponding
3D differential operators. The spaces H*(M,), H{(M.),s > 0, are the usual Sobolev spaces
constructed on L?(M.), and

L*(M.) = (L*(M.))?,  H*(M.) = (H*(M:))*.
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Furthermore, we define the space (see [8-10])
0
V= {v € C*(M,) : vis zero near I'; U T, div/
—ch
and H; is defined to be the closure of V; in L2(M.), Hy = L? (M.), and V; is the closure of V;
in H'(M,), Vo = H*(M.). The norms and inner products for the spaces H and Hy, (k = 1,2)
are the L? ones, all denoted by (-,-). and | - |.. Throughout the paper, ¢ will stand for a
numerical constant that may vary from line to line.
The main result of this paper is the following
Theorem 1.1. The hypotheses are those above, and we assume that M. is convex and
that h is a positive constant. Let (v,p) € H*(M.) x L*(T;) (resp. T € HY(M.)) be a weak
solution of (1.2) (resp. (1.3)). Then

(v,p) € HA(M,.) x H*(M.), T € H*(M.). (1.5)

Moreover the following inequalities hold:

vdz = O}, (1.4)

|U|12312(M5) + 5|P|%{1(ri) <co[lfi2+ |9v|%2(ri) + €\ng|%2(pi)}, (1.6)
|T‘%I2(M€) < co(|fal2 + |V9T|%2(ri) + |gT|%2(Fi))' (1.7)

Remark 1.1. We will study in a separate article the case where M, is not convex and
h satisfies (1.1).

§2. Preliminary Results

A preliminary step in the proof of Theorem 1.1 is the study of the H?-regularity of the
solution of an auxiliary elliptic boundary value problem, which is obtained by setting p =0
in (1.2), and deleting the second equation (compare also to (1.3)).

Lemma 2.1. Assume that M. is convex, and h € C*(T;). For f € L?*(M.) and g €
HY(T,), there exists a unique ¥ € H?(M.) solution of

—A3\I/ = f mn ME,

ov

a—%—l—a\llzg on Ty, (2.1)
=0 onlpyUly.

Furthermore, there exists a constant c(h,a) depending only on o and h (and T';), such that

2
| < elh)[If 2+ gl + [Vgl?).

For a function in L*(T';), its norm is denoted by | - |;.

The proof of Lemma 2.1 is given below. We first construct a function ¥* satisfying the
boundary conditions in (2.1) and with the exact dependence on € of the L2-norm of the
second order derivatives (see Lemma 2.2 below). Then ¢*® (¥ — U*) = & satisfies the
homogeneous Neumann condition on I'; and the homogeneous Dirichlet boundary condition
on I';UT,. By a reflection argument, we extend the force f to 3 > 0 to be an odd function.
We then consider a homogeneous Dirichlet problem on the convex domain

M = {(z1,22,23) € R3: (x1,22) €Ty, —eh(xy,22) < x3 < h(x1,22)},

the solution of which TW coincides with ® on M. Finally we use the classical H? regularity
results in convex domains (see [4]) to obtain that W € H?(M.) and thus ® and ¥ are in
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H?(M.) together with the bounds on the L?%-norm of their second derivatives. We start with
the following lifting lemma.
Lemma 2.2. Let h € C*(T;) and g € HE(T;). There exists ¥* € H?(M.), such that
ov*
8.%‘3

Furthermore, there exists a constant c(h) depending only on h, such that for 0 < e <1,

+a¥U*=g on I';, ¥ =0 on UL,

© < (e + 1)(lgl? + [Vol2). (2:2)

Proof. We first construct a function ¥ as a solution of the heat equation with —x3
corresponding to time:

U ~
or _ —A¥  inT; X (—00,0),
O3 2.3)
U=0 ondl;x (—o0,0), (2
U(z1,22,0) = g(1,22) on T},
We set for (x1,z2,23) € T'; x (—00,0),
T3 -
U*(zq, 29,23) = e_"“/ U(x1, e, 2)dz.
—ch(z1,22)
Note that U*(x1,z2,23) = 0 when (z1, 22, 23) € I'; UT,. Furthermore
o * —ax3,
+ a¥* = e” (2, 29, x3), (2.4)
8I3
and therefore, if x3 = 0, we have + a¥* = g; that is, ¥* satisfies the boundary

z3
conditions in (2.1). Now we recall the classical energy estimates for ¥ solution of the heat
equation with —z3 corresponding to time.

We have
1~ o~ 1
Sl ER )+ [V = gl (25)
1~ 0 9 , 1l
VU + [ 15 )z = IVl (26)
z3, OV 2 0 GV 5 1[0 00
gt - [ AGnl@e =3 [ Iz e 27
2 T 0 2. 0 I
x5, OV 2 /28\112 77/ VAP
9 | O3 |i(x3)+ msz |(’9m§ z(z) dz = m32| O3 |z(2)dz (2.8)
Hence (2.5), (2.6), and (2.3) yield
- _ 1~ L~y LjOU2 1
2(_ <lagl?. = 2(_ z 24 2122 < 2 2 .
(Wi (—eh) < gli,  5IVE[i(=eh) + SIAY[ + 3 sl = 51Vli, (2.9)

and by integration of (2.5) and (2.6) with respect to w3 from —eh to 0, we obtain
12+ |VOZ < eh(lglf +[Vgl?). (2.10)
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Now, taking x3 = —¢h in (2.7) and (2.8), we can write, using (2.6),

sh ov 2, 0 VU2 1 o,
_ < — - .
6:63 z( Eh) /_EFLZ 6{E3 z(z) dz < 4|vg‘” (2 11)
52h2 ovo 2 0 92V |2 1
_ch 2|0~ dz < =|Val? 2.12
> | O Z_( € )+[€Bz 12 Z_(Z) 2 < 11Vl (2.12)

and, in particular,

2

—ch 2T,
1 0°0 1
52@2/ a2 (2)dz < Z|V9|f~ (2.13)
— 3t

Therefore, using

—eh
(p(ora,—eh(on,o2))| < oo oz~ +| [ 2 (w1ma,2) ds]
ch 6 T3

we obtain

/ (@ (a1, 2, — ey, 22)) P durdas < co[L+ 2B (1gl? + [Vol?).

h
/ |le XT1,T2, —Eh(ﬂfl,ﬂfg))l dl‘1d$2 < €o (1 + E)(LQ‘ZQ =+ |Vg|g)7 (214)
h+h
/ ‘ (1, 22, —Eh(whxz))‘ dryidzry < Co( I 7>(|9|2 +[Vgl?).
We now derive estimates on ¥*. Since U* = e~ *¥3 ffzh(ml 2) \Tl(ml, Za,2)dz, we have, by

the Cauchy-Schwarz inequality and (2.10),

(042 < 2R 0|2 < 22 h3 (gl + | Vgl?).

Furthermore,
azg g‘i}: — /Z(Il . gi (w1, 22, )dz+aaa—£€(f/(x1,x2,_gh(x17x2)7 k=1,2,
and for k,j = 1,2,
azs 8?;1\;;] :/z - &f:gj (x1,22,2 )dz+5§jjaak(xl,ajg,—ah(xh@))
+€aj:(;lx] (x1, 22, —eh(x1,22)) — € %;Zgi(xl,x%—gh(xl,xﬂ)_

Therefore using (2.14), we have
v~ |2
axk

< e h2(eh+ h(1/2+ h+ Veh) (gl + Vgl?)
<c(he*(lgl7 + IVgl), (2.15)
h+h
h2 2
) Usl? +1Val?)
< c(h)e*(l9? +Val?)- (2.16)

02 |2

8xk8xj 5

< e (BQ + th(l + %) + hha(1+Veh) + b
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*

Furthermore, since = —a¥* + e*("”\fl, we have
T3
ov* |2 P
< 20|02+ 26”02 < e(h)(|gf} + [Vgl?),
gfﬁi : (2.17)
V5| < 20IVW 2+ 2V < c(m) (gl + [gl?).
8.’173 £
Finally, since
92 v+ ~ v
—— — e T e 2.18
Ox? a6$3 ae te Oxs3’ (2.18)
we have
92w |2 < (e(h)e? 2 2
52 |, < (cth)e” + 1)(1gli +1[Vgli). (2.19)
XT3 le

Proof of Lemma 2.1. Back to the proof of Lemma 2.1, we construct ¥ by setting
U = @ + U*, where ¥* is the H?-function constructed in Lemma 2.2 and ® is the unique
solution of
—qu) = f in M57
0P
—4+ad®=0 on I}, (2.20)
8333
=0 on Iyuly,

where f = f — AgU* € L2(M,), and |f|. < |f|c + c(h)(|gli + |Vg|:). Note that
1 2 2 % a2
§|V3‘I>|€ + « |<I)|L2(pi><{0}) < §|f‘ . (2.21)

In order to prove that ® € H?(M.), we define

~

D(x1,x9,23) = €D (21, 29, 23). (2.22)
Note that
0 o 02d 02® o
Yr _ jaxsz( YF P d — = O@S( Q00 —— 2@) 2.23
Oxs € (81‘3 to ) an Oz € Oz + a@xg ta (2.23)
The function ® satisfies the boundary conditions
o -
8— =0 on I, ®=0 on IUTY. (2.24)
61'3
Moreover
3 ax T aq) 2
Agd = O3 A 4 €7 (2a— ta <I>). (2.25)
6563
Hence
~ _ oo 2
“Ayd = o3 f g0 (2a— + a2q>) = f. (2.26)
61'3

It is easy to see that f € L2(M.), and
[fle < 1/1=+ (b, @)(lgli + Vgl)-
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Therefore, we write the equation satisfied by d in the following form:
~N3® = f e LA(M,),
0o
81’3 o

~

=0 on I'yUly.

0 on Ty, (2.27)

Let

F(xy,x9,x3) =
(@1, @2,3) flay, @0, —x3), 0<x3<ch(zy,zs).

~ { f(l’l,l'g,{l?g), 78h(l‘1,$2) <r3 < 0,

Let ]\//.75 = {(xl,xg,xg,) € R?, (x1,22) €Ty, —eh(x1,22) < 3 < sh(xl,xg)}, and consider
the following Laplace problem:

— AW = F € L*(M.),
W=0 on 8]\/4\5.

The convexity of M, implies that ]/\4\E is convex. Moreover since F € LQ(]\/ZE), we obtain,
thanks to [4], W € H?(M.), and

< 012 < 72 < 2 2 2 .
iy S Pl < 278 < b, )12 + 19k + ¥

J

~ o~ oW
Since F' is even in x3, the solution W is also even in z3. Therefore, T 0 at z3 =0. By
T3

the uniqueness of solutions of (2.27), we obtain /V[7| M, = ®, and therefore

82(/1\) 2 2 2 2
S ||, < bl + lgf? + Vg2 (2.28)

Remark 2.1. As a corollary of Lemma 2.1, by an interpolation argument (see [7]), we
have for g = 0 : if f € H™Y/279(M.) with 0 < § < 3, then U e H3/?7%(M.), and if
fe H V(M) with 0 < 6 < L, then U € H2%(M.,).

We will also need, in the proof of the main result, the following regularity result:

The next lemma establishes the H? regularity of the temperature.

Lemma 2.3. Assume that M. is convez, and that h is constant. For f € L*(M.) and
g € HE(T;), there exists a unique T € H?(M.) solution of

7A3T: f2 n MEa

oT

T
87 =0 on Ul
on

Furthermore, there exists a constant ¢(h, ar) depending only on ar and h, such that for all
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e >0,
0T

2
< c(h 2 2 7.
8a:j8xk —C( 704T)Hf2|5+|gT‘z +|VgT|z]

€

>

k,j=1

Proof. We start with the case gr = 0. Thus let T be the unique solution of
—A3T = fg in M57
oT

il T — T,
Bz, Tl =0 only, (2.30)
oT
— =0 on I'yUIY.
On
We note that
712 or |2 712
VT2 + || +arlTR < |fale[2 (2:31)

but since (see Appendix)

~ =~ 9T
Tl < V2ehIT); +eh| 5| (2.32)
8‘%3 €
we obtain
~ 1 81~“ 2 ar |~ SFL —
T2 4+ 2|2 T\ P12 « S8 p )2 252|712 9.
|V |s+ ) 8.’1?3 €+ D) | |1 = OéT‘f2|€+€ |f2|s ( 33)
Therefore
~ or1 12
T2 < 4e%h? [ — +<h | o2 (2.34)
T

For the sake of simplicity, we will assume now that the function h is constant and let n(z3)
and T™* be defined by

1 ~
n(z3) = exp {% (Ehxg + 53@%)} and T* = nT. (2.35)
Since h is constant, it is easy to check that
" oT "o
AT =21 §—+"—T+f2,
o7 T30 - (2.36)
=0on I'hyUuI'; and =0 onI}.
61'3 on
Noting that 1’ (z3) = %(dﬂrw )n and 0’ (x3) = o+ of (eh + x3)%n, we can write
g n\xs h 377~ n (T3 Ehn 22,2 3)°M,
AT = 29T (eh 1 2 2L 4 or (eh+23)°T + LT+ fy = J.
7% 3 05 | £2h2 3 eh 200
T*
M _ o on Ul (2.37)
8:03
oT™*
on =0 on I}

Since, by assumption, the domain M, is convex, we can apply the classical results of the
H?2-regularity in convex domains (see (3,1,2,2) in [4]) and obtain

o2T* |2 .
< |AT*? = | /2%
le Surdw |, < IATE = IR
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Now, using (1.34), there exists a constant ¢(h, ar) independent of &, such that for 0 < e <1,
we have |f2|? < c(h, ar)|f2]? and

2 ~
< e(h,ar)|fal?.

7€

Finally, noting that exp(—apeh) < n(z3) < 1, we have
IT*[2 < exp(2a7h)|T[2 < e(h, ar)?| 2

and we obtain easily

.-
r2
> axm\ < c(h,ar)|fal?.

Now we treat the general case with gr # 0. We use a lemma similar to Lemma 2.2.
Lemma 2.4. Assume that h is constant and gr € H'(I';). There exists T € H?(M.),
such that
oT oT
T= r,, —
3x3 +oar gr on on
Furthermore, there exists a constant c¢(h) depending only on h, such that for 0 <e <1,

} L))

=0 on I;UIY.

(lgl7 + 1Vgl?)- (2.38)

Proof. We proceed as in the proof of Lemma 2.2, and construct a function ¥ as a solution
of the heat equation with —z3 corresponding to time:

% = —A@ in Fi X (—O0,0),
o (2.39)
In = 0 on JT; x (—00,0),

U(x1,22,0) = gr(w1,22) on I
We then set for (z1,29,23) € I'; X (—00,0),

o T3 1 —
T(z1,x0,13) = €~ %3 / U(xq,x9,2)dz — (acg - f)eashllf(xl,xg, —ch). (2.40)
0 «
. oT — oT _
We can easily check that T 4+ arT = gr for x3 =0, oy 0 for x3 = —ch. Following the
T3 Z3
same lines of the proof of Lemma 2.2, we have
— - 1, — . j - 110w 12 1
(O[3 (—eh) < lgrlf, IVE[(—ch)+S|AVE + 5 7‘ < 5IVarl,
2 2 210x3le
2.41)
(U2 + [VO2 < ehllgrf; + [Vorl). (2.42)

From this we can easily check that T € H?(M.) and that (2.38) holds.

§3. Proof of the Main Result

In this section, we prove the main result of this paper as stated in Theorem 1.1. We have
already established in Lemma 2.4 the H? regularity of the temperature T and the estimates
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(the dependence on ¢) of the L2-norms of its second derivatives. Thus we need only to study
the regularity of the velocity, governed by the problem (1.2), i.e.,

8%v

—(Av+ 87:;%) +Vp=fi in M,
0
div/ vdz=0 in Ty (3.1)
—eh
v=0 on I;UTY, @—Favv:gv on I.
8(E3

This result has been proven in [18] where ¢ = 1 and g, = 0. As indicated in the Introduction
we study here the general case where g, # 0 and we carefully investigate the dependence on
¢ of the constants.

Our approach to obtain the H? regularity is the same as in [18] and is based on the

0
following observation: assume that the solution v of (3.1) satisfies 8—1) € L*(T;) and
3

v
Oxs3 Ty
2-D with homogeneous boundary condition on I';. By the classical regularity theory of the
2D-Stokes problem in smooth domains (see for instance [15] and [3]), p belongs to H(T;).
Then, by moving the pressure term to the right hand side, the problem (3.1) reduces to
an elliptic problem of the type studied in Lemma 2.1, and the H? regularity of v follows.
The estimates on the L? norms of the second derivatives are then obtained using the trace
theorem and the estimates in Lemma 2.1. Therefore, we start with proving that

Ov v
K ey, X
Oxs lr; (T:) O3
Lemma 3.1. Assume that h € C*(T;) and M. is convex. Let (v,p) be the weak solution
of (3.1), then

i

€ L*(T}), then integrating (3.1) in 3 over (—eh,0) yields a standard Stokes in

€ L3(Ty).

Ty

ov ov

— L2T;), —| eL3(Ty). 3.2

Bz Ir, () gy, €T (3.2)
Proof. By integration by parts, we have

V30[2 + awol}f = (f,0)e + (g0, 0):, (3.3)

and therefore the existence and uniqueness of the weak solution (v, p) follows from the Lax-
Milgram theorem and De Rham’s theorem. Hence Vp € H~1(M.) and thus Vp € H}(T)
since p is independent of x3.
Let v; be the unique solution of
{ Av; =Vp in Ty,

3.4
v; =0 on JI}. (3.4)

Here v; satisfies a 2D Laplace equation on I';. Hence v; € H(T';). Let 9 = v — v;, then ¥
satisfies

Azd = f1,

v=0 only,

v =—v; onlY, (3.5)
v

— 4+ a,v=g¢9,—av; onl}.

8Z3
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Thanks to Lemma 3.2, with ¢); = v; and v = —6 for some 0 < § < i, we have ¥ €

29
H3/276(M€).
1 0

- divodzs € HY27%(T;). (3.6)
eh —ch

g; =

Therefore, since divwv; = g;, with this new information on v;, we rewrite the equation for v;
in the form of a 2D Stokes problem:
{ —Av; +Vp=0 in T},
div v; = g; € H2 ()
and thanks the classical regularity on the non-homogeneous Stokes problem on the I'; (see
3_
[15]), we have v; € H3=(T';) N HY(I;) = HZ °(T;). With this new information on the
regularity of v;, we go back to the problem (3.5) and using Lemma 3.2 with ¢; = v; and
v =1 — 4, we conclude that o € H*~°(M.) and thus
v ov
——| e HY?>7%T,), =—| e HY?*%1,). 3.8
Oz3Ir; (T) dxslr, (I') (3-8)
Lemma 3.2. Assume that M. is conver, h € C*(T;). For f € L*(M.) and g € H}(L;),
and ¥; € Hy™(Ty), —3 <y <L v #0, there exists a unique ¥; € H3?7(M.) solution

of

(3.7)

—N3¥; = f in M.,

ov;
v\IIi =g — ¥y Fia
ozs g owtpi on (3.9)

U, =—1¢; on Iy,
\I/iZO on Fl.

Proof. Thanks to Lemma 2.1, the problem is reduced to the case f =0 and g = 0, by
replacing ¥; with U; — ¥, where ¥ is the function constructed in Lemma 2.1. Thus, without
loss of generality, we may assume that f =0 and g = 0.

Let Q. be the cylinder Q. =T'; x (—¢,0), and let v, be the unique solution of

Asv, =0, in Q.,

v, =0 on dl; x (—¢,0),

v, =—1¢; only x{—e},

vp = chayyy; on T'; x {0}.
We will show that v, € H3/?t7(Q.) for all =1 <~ < 1 4 # 0. To this end, let Q. be
any C2-domain containing Q. such that I'; x {—¢,0} C 3@5. Since v; (resp. ha,;) is in
Hyt(T; x {—€}) (vesp. Hyt7(T; x {0})), we can define a function V; € H'(8Q.) by setting
Vi=—=¢; onT'; x {—¢}, V; = eha,¥; on T'; x {0}, and V; = 0 on 5@5 —TI'; x {—¢,0}. Now let
Vp be the unique solution of AzV, =0 in @8 and V, = V; on a@s. Since 8C§E is of class C?,
the classical regularity results (see [7]) yield V, € H3/2+’Y(@8) for -3 <~ <3, v#0. Now
let V; be the trace of Vp on OI'; x (—¢,0). It is easy to see that Vi € Hyt7 (9T x (—¢,0)).
Let ‘7}, =V, — vp, we have

(3.10)

AsV, =0 in Q.,

V,=0 on I'; x {—¢,0}, (3.11)
V,=V; on 0@ x (—¢,0).
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Using a reflection argument around x3 = 0 (resp. x3 = —¢) by extending XZ in a “symmet-
rically” odd function defined on 9T'; X (—¢,¢) (resp. O'; x (—2¢,0)) , and using the classical
local regularity theory (see [7]), we conclude that IN/p € H3/*7(Q.) for -1 <y < i y#£0.
Hence since V,, € H3/27(Q.), we have v, = V,, — V, € H3/*™7(Q.).

Now let
o) - i )
T, T3) = ————  p—— - Lo, 73) € M.. 3.12
Op(x1, T2, T3) Eh(.’L’l,J?g)vp X1, T h(er,72) or (x1,x9,x3) . (3.12)
It is obvious that @, € H>/?T7(M.),
9%
Up(x1, T2, —eh(21,22)) = —Yi(x1,22) and 8% + ayp = —ou; on Iy
3

Therefore setting V=0— Up, we have

A3V = fi — Asb, € HY2H (M),

V=0 onlUILY,

a—v—&-aUV:O on I';.
81'3

Hence, thanks to Lemma 2.1 and Remark 2.1, we see that V and thus & are in H3/247 (M)
for —%<v<%, v # 0.

Proof of Theorem 1.1. The proof is divided into two steps. In Step 1, we prove the
H? regularity of solutions, i.e., v € H?(M.) and p € H'(T';). Then, in Step 2, we establish
the Cattabriga-Solonnikov type inequality on the solutions, i.e., prove the bounds on the
L2?-norms of the second derivative of v and the H'-norm on the pressure, in particular we
establish their (non) dependence on e.

Step 1. The H2-Regularity of Solutions

Let v = fih vdz, we have

0%v(x1, 9, 73) B /0 0%v(x1, 19, 2) dz+sah ov(xy, xe, —eh(z1, 22)
Ox? a Oz? 0x; ox; ’

i —eh
Integrating the first equation in (3.1) with respect to x3 we obtain the 2D Stokes problem:

(3.13)

i=1,2. (3.14)

{ —~Av+¢ehVp=f in T}, (3.15)
divo=0 in I;, v=0 on JI}y, '
where
0 2
< ov ov Oh Ov(z1,x2, —ch(z1, T2))
— d - = . 1
f [ah f et 6.133 z3=0 8333 r3=—ch im1 8$i 61‘1 (3 6)

We have, thanks to Lemma 3.1, f € L?(T;). Therefore from the classical regularity theory
of the 2D Stokes problem, we conclude that Vp € L?(I';). We return to the problem (3.1),
and move the gradient of the pressure to the right hand side and obtain, thanks to Lemma
2.1, v € H?(M.) and

2
L= c(h, )| f12 + 1917 + |V glf] + c(h, a)e|VplZ.

Furthermore,

|17 < ehl f1]2. (3.17)
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Step 2. The Cattabriga-Solonnikov Type Inequality
First we homogenize the boundary condition. Let v; = (¥, U5) where ¥; and ¥y are
constructed by using Lemma 2.1, i.e.,
—qu/k = ka iHZ\467 k= 1,2,
ov
Ozs
U,=0 onlUI;, k=12,

where f1 = (f11, f1.2) 9» = (9v,1, gv,2). Thanks to Lemma 2.1, we have

k +a¥y =g, only, k=12,

3 82111 2 ) ) )
2 ‘axkaxj | <elhan) (2 +1ouf? + Vo). (3.18)
Let v* = v — v;, we have
., 0% )
—(Av + 5 2)+Vp—0 in M.,

0

div/ v'dz=¢g" in T}, (3.19)
—eh

v* =0 on I;UTYy,

g;3+avv =0 on I},

where gx = —div ffsh vy dzg. Note that inequality (3.18) implies
g 170y < elhy@)ellfil2 + 9o} + [Vaul]- (3.20)
Define V* = % fih v* dxg, which satisfies the 2D-Stokes problem

—AV*4+V(ep) =F* in Ty,
divV* = G* (3.21)
V*=0 on 0T},

where
2 0 0
1 0h 2 0Oh ov*
— v* dx —d
; [8% (h2 8xi) /_Eh S h2 Ox; —eh, 05 w3
e Oh Ov* 1 ov* 1 ov*
7 ) ) h ) :| 7 a. T . )
BT Rl L) Il g ol P R - o P
1 0 1 0
G* = —div / v drs + V([ — / v* dxs. (3.22)
h —eh (h) —eh
Clearly
2 1 0v* |2 ov* |2 ov* |2
P2 (102 ‘ | +em] |- (.23
| ILz(Fi) c(he| vl + Owx;le  10x; 12Ty () Owxszlr2m;) 10x3!L2(my) ( )
* h
Now, since v* = 0 on I'y, we have gv 88 gv on 7, and by the Poincaré inequality, we
T z; 0x3
also have
* 12 * 12
v < 2@38
Oz lL2(r;)
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Now since

9%v*
2

Ooxs

ov*
3x3

2 ov*

L2(T;) Ox3
ov 0%v* 12 ¢y | Ov*

< 2a’%e + =€

- v 8x3 8x§ € 0 a(L'g

where 6 is a small positive constant independent of &, we have

ov* |2 ov* |2 0%v*
< c(h,0)|=— h)e?
ox; L2(Ty) C( ’ ) 8IE3 € * C( )E 3173

2 ov*
<

L2(ry) ~ 10x3

€ €

. (3.24)

2

2
+9€‘

€

)
€

. (3.25)

S

Thus
2, % 2

ov* 0“v
8@- 8x§ c
We estimate the H'-norm of v*, using v* = v — v; and the H'-estimates of v and v;. We
obtain easily

| +ethyp=

2
(3.26)

F* oy < clh)e]Jol2 + |

2

(3.27)

€

. 0%v*
P aqeyy < eWl AR+ 190l + 1Vul?] + ()| 55y
3
Similarly, we have
G* [t e,y < c(h)e[lfil2 +1g0l7 + [VgulF]. (3.28)

Now using the Cattabriga-Solonnikov inequality for the 2D Stokes problem (3.21), we see
that there exists a constant ¢y independent of & such that

|V*|§12(ri) + 52\VP\%2(FZ») < COHF*@?(E) + |G*|§{1(ri)]~ (3.29)
Therefore
219pI25 00 < c(h, 6 2 2 4 19 2] + e(moe] 20|
2Vt < el DAL+ ul? + (V0] +th)oe] S | (3.30)

*

0
Since Azv* = Vp, in M., v* =0 on I'y UT; and av + a,v* = 0 on I';, we have thanks to
T3

Lemma 2.1

3
82’0* 2
) ‘ ’ < c(h, 0)e|VplLar,
J
82’1}* 2

< el ) [Iil2 + 1902 + 1V ul?] + el 00)0| 5r
3

)

c (3.31)

and therefore for # small enough, so that ¢(h, )8 < %, we conclude that

3
0%v* |2
> \ ,L < e(h, @)e|Vpl3ar,) < clh, o) [|A1]2 +1g0]7 + [Vaul?]. (3.32)
The proof of the main result is now complete.

¢4. Appendix

We present in this appendix some Sobolev type inequalities satisfied by solutions of (1.2)
and (1.3).
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Lemma 4.1. For v satisfying the boundary condition in (1.2), we have

o] < 25‘ 5 ( ve HY(M.), (4.1)
a'U 2 821) 2
el T 2011,/ v? dardis < 262’@‘5 Fde|gol?, ve H2(M.). (4.2)
T 3

Proof. Inequality (4.1) is the classical Poincaré inequality for v, we omit its proof (note
that v = 0 on T, but not necessarily on I';). To prove (4.2) we establish this inequality for

v smooth, and the result follows by density in the general case; when v is smooth the proof
2

(9
consists in integrating by parts [ M. 8 dx and using the Cauchy-Schwarz inequality and

the boundary condition in (1.2).
Lemma 4.2. For any T € H'(M.), we have

2
IT|2 < 2he|T |7, x oy) + 407> 8333 6 (4.3)
2h2e | T |?
2
T[22 (1, x {0y) < \T| b |0z, (4.4)

The proof of (4.3) and (4.4) is similar to the proof of the Poincaré inequality.
Lemma 4.3 (Agmon’s inequality). For v € H?(M.) satisfying the boundary condition
in (1.2),
1
|v]L~ < co [82 |Asvl, + |goli + |Vgu|i] (4.5)
Proof. The proof is an easy extension of the following anisotropic inequality established
n [16):

1

o0v o\ 1
+lale) ",

81‘3

0%
(’)xgz €

Dl (o (e < leotld (| \
18] (0o (—e.0)) < [eo?] T oz

€

e 52||> }_[1(‘88;;;

where 7 is the function corresponding to v via the change of variables to flatten the boundary,
and the inequality

v 9%v
19| L2 (0 x (=e,0)) < 6‘711, < coe? H% + 5_%|QU|L2(F~)]
‘ ’ 6353 € (91173 € ’

We skip the details.
We recall the following version of Ladyzhenskaya’s inequality established in [16]:

|U|L6(Q < ¢y H (

where 2 = H (a;, b;), and c¢p is a numerical constant. As a corollary of (4.6), we prove the

’ H'Y(O 4.
) Ve H'@), (4.6)

|U|L2(Q +‘

i=1
following
Lemma 4.4. There exists a constant ¢y independent of € such that
|v‘L6(ME) < C()”’UHE, Yv € Vl, (47)
|V’U‘L6(ME) < CoB2|A3’U|5, Yv € D(Al) (48)

Proof. Inequality (4.7) is an easy consequences of (4.6) and the fact that v satisfies the
Poincaré inequality |v|. < ¢||v||e. The second inequality follows from the fact that v = 0 on
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T'y, which implies that Vv = 5Vh§—v. We skip the details.
T3

Now we derive some inequalities concerning a scalar function 7' which satisfies the fol-
lowing boundary condition on 0M,:

or or
o = 0 on I ULy, 92, +a,T=g, on I, (4.9)
Lemma 4.5. For T € H%(M.) satisfying the boundary conditions (4.9), we have
3
oT 2 9 1 9
; ‘673% . + 7 Al T dl?ldil?z S |T‘5 |A3T‘8 + E|9T|L2(Fi). (410)
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