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Abstract

The author derives the same null condition as in [1] for the nonlinear elastodynamic system
in a simpler way and proves the equivalence of the null conditions introduced in [1] and [7]
respectively.
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§1. Introduction

It is well-known that, if there is no external force, the displacement u = (u',u?,u?) =
u(t, x) of an isotropic, homogeneous hyperelastic material is governed by the following quasi-

linear hyperbolic system (cf. [9])

3
Ofut+ Y all(Vu)orow’ =0 (i =1,2,3),
Gok,=1
where V = (01,2,03) and (a}}) stands for the elastic tensor.

As in the theory of 3D nonlinear wave equations , the global existence of classical solutions
hinges on two basic assumptions. First, the initial deformation must be small. Second, the
nonlinear terms must obey a type of null condition. The omission of either of these two
assumptions may lead to the breakdown of classical solutions in finite time. For example,
the formation of singularities for large displacements was illustrated by Tahvildar-Zadeh!®!.
Moreover, F. John[ proved that in the spherically symmetric case, a genuine nonlinear
condition leads to the formation of singularities even for small initial data.

Klainerman!®! introduced the null condition for quasilinear wave equations and proved
the global existence of classical solutions with small initial data. Agemil’) and Sideris!”
introduced their null conditions respectively for nonlinear elastodynamic system in different
ways and proved the global existence of classical solutions to the initial value problem with
small initial data.

The first purpose of the present paper is to derive the null condition for the nonlinear
elastodynamic system by a simpler method. The second purpose is to prove the equivalence
of null conditions introduced in [1] and [7] respectively.
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§2. Null Conditions for the Nonlinear Elastodynamic System

We now consider the following more general system

Z Z P (0u) 000517 =0 (i =1,2,3), (2.1)

j=1«,3=0

where 9 = (0o, V), 0o = 04, a3} b (ou) = a *(0u), and
a?zo(o) = 1’0’11(0) - _Ciazg(o) = _Cg (Z 7é .7)?
a;3(0) = —(cf = )/2 (i #3), 1,5=1,2,3, (2:2)
a?jB (0) =0, otherwise.
For infinitesimal u , equation (2.1) reduces to the linear elastic system
0%u
o
where the material constants ¢; and ¢y (¢1 > ¢2 > 0), which correspond to the propagation

speeds of longitudinal and transverse waves, respectively, are connected with the Lame
constants A and u by

c2Au — (¢ — 3)Vdivu = 0,

=A+2u, & =p
Agemil!l introduced v = (vl,v2 v ) where v¢ = (9u?),i = 1,2,3. Then v € R!? satisfies
a first order system containing 12 equations.
As in [4], we consider the plane wave solution of (2.1):
u(t, z) = w(t, s),
where s = ( - x stands for the inner product of ¢,x € R? and ¢ = ({1, (2, (3) with |¢| = 1.
It is easy to see that w(t, s) satisfies the following system in one space dimension
3
> (@ ogu’ + 2Za CrOkow’ + Z HeGotw’) =0 (i=1,2,3).
j=1 k=1 k=1
Let

v = 0w = (Qpw, Osw) = (Gow, hw) = (80w1780w2780w3,81w1,81w2781w3).
Thus, v € RS satisfies the following first order system
Oov + a(v)01v =0, (2.3)

where a(v) = ag(v) " ta; (v) with

_ (a?jo)BXS 0
aO('U) = ( 0 IS><3 6><67

01(v) = (kazaff(k)gxg (k; CkCz) s

713)(3 0 6%x6

Since ¢; > ¢o > 0, we have A + p > 0 and g > 0. Therefore, the linear elastic tensor

(af‘jﬁ (0)) satisfies the strong-ellipticity condition by [10]. Since |du| is small, by continuity,

the elastic tensor (afjﬁ (Ou)) satisfies the strong-ellipticity condition in a neighborhood of
Ou = 0. From the proof of Theorem 5.1 in [10], we can get that System (2.3) is hyperbolic
in a neighborhood of v = 0, that is, a(v) has 6 real eigenvalues and 6 linearly independent
eigenvectors in a neighborhood of v = 0.
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We shall investigate the eigenvalues A = A(v) of a(v) and the corresponding right eigen-
vector r = r(v) in a neighborhood of v = 0. Since

det(ag(v)\ — a1 (v)) = det(a?j(-])\2 - 2)\Za Cr + Z CkCl)3x37 (2.4)

k=1
”6(0), we get, at v = 0,
det(ag(0)A — ay1(0)) = (¢ — A?)(\? — c3)%
Therefore, a(v) has 6 eigenvalues : AT (v), A;l(v), and /\2i72(v) such that
AT(0) = %e1, A51(0) = A3,(0) = e
Moreover, the eigenvectors rf and 7“2i corresponding to +c; and +cs are
i = (Ferli, Ferle, Fer s, (1, G2, C3), (2.5)

r¥ = (Feoki, Feaba, Feobs, 1,6, &), for any € € R? satisfying € - ¢ = 0.

by assumption (2.2) on a

(2.6)
From (2. 4) the same calculation as in [1] gives
+2¢1(DAY) (0 Zggj{cl (Dafy(0) F 2¢1 > _(Daf)(0)¢k + Z (Dak)(0 gkgl} (2.7)
k
+ 26 D(A31 (0) + Ay 5 (v))|u=o
_ Z 1-¢?) {c2 DaOO )(0) F ez > (Dak?)(0)¢i + Z Dakt)( gkg} s,
k )

- Zcicj{céwa?fxm F oo 3 (Dat?) (0)G +Z Da“ )¢k},
] k
where D=-0 = 0 _ (a=0,1andi=1,2,3).
o, 9(0,w") ’ T
Definition 2.1. For any fixed ¢ # 0, |¢| = 1, System (2.3) is not genuinely nonlinear if
1 VoAt om0 =0, 15 Vo(AT) + A3y)|v=0 = 0. (2.9)

Then we have the following

Theorem 2.1. For any fized { # 0, || =1, System (2.3) is not genuinely nonlinear if
and only if

Ou)
(N), Z Z a” |au 0 XiX; X1 X0 XX, =0,
i,j,k=1 a,8,7=0

v (Xo,Xl,Xg,Xg) satisfying X02 — c%\X|2 =

2 3 8a?ﬁ(8u) ) )
(N), D> S leumo(IX ] - XP)6Xa XX,
e Lo 8(3q,u)
z,k—lozﬁ—y
-y ol >|au VXX 6 X0 XX, =0,
i,5,k=1,i#j o,8,7v=0 ’Y

V€, (XO,Xl,XQ,Xg) satisfying X2 — c3| X|[*> =0, £- X = 0.
Proof. Let
X;

77X0 = :FCl|X| (Z = 1,273)
X

G =
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By (2.5), we rewrite i as
i = (XoX1, XoXa, Xo X3, | X| X1, | X| X5, | X|X3).
Note
0ai’(v)  0ag) (Ou)

ij
vl oub
das? (v) 3. 0aS? (Ou) 3. 942" (9u) X,
=) =) e (k=1,2,3),
oy = Ouy = ouy |X|
where u* = 9,u* (a =0,1,2,3 and k = 1,2, 3). It follows from (2.7) and the first condition
of (2.9) that

b

0_7’1 V)\1|U 0

k 2
k=1 avo k=1 aUl
3 3 3 af
1 { Xi X aal () X X[g
= Xo Xy et J (0) =

P 125 0% 2 TR ﬁz avs ¥ix

3 3 3 ozﬁ

8a X Xp

+ ) 1X|X, ai}

; Z| I\Xl Z 3@1 IXI\XI

3 aa;ﬁ(au)

k
oug

3 3
+'Z Z Z 72% (O)XaXﬂXhXinXk}

(0) X0 X5 X0 X X; X,

3
STXE L X h DX XX XX,

So
rE - VyA|y—o = 0 if and only if (N); holds.
Similarly, it comes from (2.8) and the second condition of (2.9) that
1y - Vo(A3; + A2a)lv=o = 0 if and only if (), holds.

In [1], (N); and (N)y are referenced as the null condition for System (2.1). We now get
the same result in the previous simpler way.

§3. Conditions (IN); and (IN), are Equivalent to
(N), for the Nonlinear Elastodynamic System

We now prove that for the nonlinear elastodynamic system, condition (N)s always holds.
Let ¢(t, ) be a smooth deformation . The unknown w is a displacement from the reference
configuration:

u(t,z) = p(t,z) — z.
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Then, the deformation gradient F = Vo = (9;¢') and the displacement gradient G =
F — I =Vu = (Gy). Thus,the stored energy function can be written as

W =W(F)=V(Q).
The displacement u then satisfies the following system
ov

8t2 le@ 0, (31)
that is,
3
0 oV
o’ = =1,2,3).
Z 8xl anl (Z 3 4 )
System (3.1) can be written as

Otu' — 3/ — (¢} — c3)0;divu = F*(Vu, V*u) + higher terms of du, (3.2)

where
Fi(Vu,V?u) = > BIF (Vu, V20)0,0,u’ 0,u".
j.k,l,m,n
It is easy to get the following
Proposition 3.1. The null condition for System (3.2) holds if and only if

(N)} Z B X X X, Xi Xm X, =0, VX €R3,

ijk
ijklmn=1
3 3
Ny > BERIXP - XDGXiXn X~ D B XiXi6XiXm X =0,
iklmn=1 i#7,klmn=1

VEXeR3E-X=0.

Let k1, k2, ks be the principal invariants of the strain matrix C = G + GT + GGT, where

G™ denotes the transpose of G. Then the stored energy function can be given by
V(G) = o(k1, ko, k3).

Theorem 3.1. (N), is always satisfied for the nonlinear elastodynamic system. In other
words, (N)] is the only null condition for the nonlinear elastodynamic system.

Proof. By Proposition 3.2 in [1], for the nonlinear term F(Vu, V2u) in (3.2) we have

F(Vu7 VQU) = 2(20’111 + 3011)V(divu)2
+2(011 — 012) (V|rot u|* — 2rot(divurot u)) + Q(u, Vu),

where 011 = %]:%O'(O, 0, 0), g12 = #;MU(O, 0, 0)

From Lemma 3.1 (i) in [1], we can verify that Q(u, Vu) satisfies (N)5. From (iii) of the
same lemma, we can also verify that Vu|rotu|? satisfies (N)5. On the other hand, it is easy
to see that rot(divurotu) and V(divu)? satisfy (N),. Thus, F(Vu, V2u) satisfies (N),
namely, (N)j is always satisfied for the nonlinear elastodynamic system.

§4. Equivalence of the Null Conditions
Introduced by Agemil'! and Sideris!”

We impose o1 = 8%10(070,0) = 0, which implies that the reference configuration is a
stress free state. Then from Theorem 3.1 and Theorem 3.1 in [1], we have
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Corollary 4.1. (N)] holds if and only if
20111 + 3011 = 0, (4.1)
where 0111 = %0(0’070)'
The deformation is given in [7] as ¢(t,2) = Az + u(t, ), where A > 0. The corresponding

deformation gradient and displacement gradient are F'(\) = Vi and G()\), respectively.
Then, the stored energy function can be expressed as
W =W(F(\) =V(G\) =1\ s) =7(A, 81, 82,83),
where s1, 59, s3 are the principal invariants of the matrix vV FTF — XI. The null condition
introduced by [7] is
7111(A\,0) =0, (4.2)
where m111(},0) = 257(),0,0,0).
1
Theorem 4.1. The null condition given by Agemi is equivalent to that given by Sideris.
Proof. From (2.2¢) in [7], we know that when A =1,

k1 =281 + S% — 289,
ko = 489 + 25189 — 6S3 + Sg — 25153,
k3 = 8s3 + 45183 + 25983 + S%
Then
837' 630'(k1 kig k‘3)
1,00= 27| oL R
7 (1,0) ds3 ls=0 ds3

So (4.1) is equivalent to (4.2).

it 0%

=822 1222
s=0 Ok} b0 T k2 lk=0

= 4(20’111 +3011)-
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