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Abstract

The authors study homogenization of some nonlinear partial differential equations of the
form —div (a (hac, h?z, Duh)) = f, where a is periodic in the first two arguments and monotone
in the third. In particular the case where a satisfies degenerated structure conditions is studied.
It is proved that u; converges weakly in Wol"1 (£2) to the unique solution of a limit problem as
h — oco. Moreover, explicit expressions for the limit problem are obtained.
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¢1. Introduction

This paper is devoted to homogenization of partial differential operators including several
periodically oscillating length scales. This type of equations appear in many fields of physics
and engineering sciences where the physical phenomena occur in highly heterogeneous media.
One example is heat conduction in composite materials involving two different materials
which are periodically distributed. The local characteristics are then described by rapidly
oscillating functions. A direct numerical treatment of such problems is often impossible due
to the rapidly oscillating functions and one has to apply some type of asymptotic analysis.
The branch of mathematics developed for the analysis of these types of problems is known
as homogenization. For more information concerning the homogenization theory, the reader
is referred to [1, 2, 7, 10] and [12].

We will now give a short overview of previous results connected to this work and explain
what our contribution is. Let us consider the class of partial differential equations of the
form

—div(an(z, Dup)) = f on Q, u, € Wy*(), (1.1)
where ay, is increasingly oscillating as h — co, 2 is an open bounded subset of R, 1 < p <
00, 1/p+1/g=1and f € W=19(Q). The homogenization problem for (1.1) consists of the
study of the asymptotic behavior of solutions u; as h — co. In many important cases uy
converges weakly in VVO1 "P(Q) to the solution u of the homogenized problem

—div(b(Du) = f on Q, uec WyP(Q).

In [6] and [11] the following situation was studied: ap is of the form ap(z, &) = a(hz,§),
where a is monotone, continuous and satisfies suitable coerciveness and growth conditions in
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the second argument and is periodic in the first argument. A corresponding homogenization
result, with the difference that a only satisfies degenerate structure conditions, was obtained
in [9]. In this situation it is natural to work with weighted spaces which means that instead
of (1.1) we have
. _ 1,p
—div(a(hz, Dup)) = f on Q, up € WP (, An),

where (Ap,) is a sequence of periodic weights.

In the case when ap(x,€) = a(hx, h®z,£), where a is periodic in the first two variables,
one speaks about reiterated homogenization. This concept was introduced by Bensoussan,
Lions and Papanicolaou in [1], where it was stated a result for linear operators. Concerning
reiterated homogenization of nonlinear problems we refer to [13] and [14]. One important
application of reiterated homogenization is that it has been an indispensable tool in the
construction of structures with extreme effective material properties. Concerning this topic
we refer to the collection of classical papers in [5], where the introduction gives a good
selection of references. We remark that some of the homogenization problems above also
have been studied by I'-convergence for the corresponding variational problems and by two-
scale convergence, but leave out this discussion since it is out of the scope of this work.

In this paper we study reiterated homogenization where a only satisfies degenerate struc-
ture conditions. More precisely we prove that the solutions uy of

—div(a(hz, h®z, Duy)) = f on Q, uj, € Wy P(Q, ),

converges weakly to u in WO1 ’1((2), where u is the solution of a homogenized problem
—div(b(Du) = f on Q, ue WyP(Q).

This paper is organized in the following way: In Section 2 we fix some notation and present
necessary preliminary results. Section 3 contains the homogenization result described above,
which also is the main result of this paper. In Section 4 we derive a homogenization result for
an auxiliary problem. A key ingredient in the proof of the main result is that the solutions
of the auxiliary problem are used to define a special type of test function. Finally, in Section
5 we give some properties of the homogenized operator b.

§2. Preliminaries and Notation

Let Q be a regular bounded open subset of R™ and |E| denote the Lebesgue measure of
the set E in R™. Moreover let (-, ) denote the Euclidean scalar product on R™ and x g the
characteristic function of the set E. Let p be a real constant 1 < p < oo and let g be its
conjugate exponent, 1/p+1/¢ = 1. We will denote by C' and C; constants that may change
from one place to another.

Furthermore, let Y = Z = (0,1)" be the unit cube in R™. Let {Q; CY :i=1,--- ,N}

N
be a family of disjoint open sets such that [Y\ |J €| =0 and |9€;| = 0.
i=1

Let X\ be a weight on R”, i.e. A is measurable and
A>0ae, A and AYPD arein LL_(R"). (2.1)

We denote by LP (€2, \) the set of real functions u in L. (Q) such that uA'/? is in LP (Q),

loc
by WP (Q,\) the set of the functions u in Wl})’cl (Q) such that w € LP (2, \) and Du €
[LP (2, \)]" . Moreover, we denote by W, (2, A) the completion of C§ (Q) with respect to
the norm in WP (Q, ), i.e.

”Ule,p(Q))\) = (/Q (|U|p + |Du|p)/\ dx)l/p.

By C},. (Y) we mean the set of all Y-periodic functions in C*' (R™) with mean value zero.

We also define W32 (2, \) as the set of real functions u in WL (R™) with mean value zero

such that u is Y-periodic and u € WP (Y, \).
We now define the Muckenhoupt A, class:
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Definition 2.1. Let p > 1, K > 1 and let A be a weight on R™. Then X is in the class

( ) if —1
(@'/QA dz)(@/Q/\_plldz> <K

for every cube Q € R™ with faces parallel to the coordinate planes. We set A, = |J A, (K).
K>1

Let A; be a Y-periodic weight on R", i.e. A; satisfies (2.1) and is Y-periodic. We define
the weights A\, and A\, as
N

N
(@)=Y xa, (@) A (ha), A (x) = xaq, (ha) i (Bx). (2.2)
=1 =1

Then it follows that Ap, A, =@~V X\, and A\, =Y/ @=D all are in LllOC (R™). Moreover, we

assume that \;, A\, and \j, are in A, (K) for some K.
Let a: R" xR" x R — R" be a functlon such that

a(y,z€) = Z Xe €). (2.3)

We assume that a (-, z,£) is Y-periodic and a(y,-, &) is Z-periodic. We also assume that a
satisfies certain continuity and monotonicity conditions. To be more specific, assume that
there exist constants ci, ¢5 > 0 and constants o and 8 with 0 < o < min(1,p — 1) and
max (p,2) < < oo such that

lai (2,&1) — a; (2,&2)| < X (2) (1 + &+ |§2Dp_1_a &1 — &Y, (2.4)
(@i (2,61) — @i (2,&) . &1 — &) > b (2) L+ [&a| + &) P e - &), (2.5)

for a.e. z € R™, every £ € R™. Moreover we assume that
a; (2,0) =0 (2.6)

for a.e. z € R™
As a direct consequence of (2.4), (2.5), and (2.6) the following inequalities hold:

la: (2,61 < chi () (1+ 1P, (2.7)
M (2) €17 < ¢ (h (2) + {as (2,6) .6)). (2.8)
/Z €+ DA (=) dz < i (1+ [E]P). (2.9)

In [8] the following result is proved.
Lemma 2.1. Letp > 1 and K > 1. Then there exist two positive constants 6 = § (n,p, K)
and C' = C (n,p, K) such that

146 ==}
|Q|/>\ d |Q//\dy, (2.10)

| 1
(|Q|//\ (1+8)/ (= 1dy) w3 C’@/Q/\l/(pl)dy, (2.11)

for every cube with faces parallel to the coordinate planes and every A € A, (K).

In [9] the following weighted compensated compactness result is proved.

Lemma 2.2. Let v € A,, K > 1, let (Ay) be a family in A, (K) and let Q be an open
bounded set. Let (up) be a family of functions satisfying

1) [ |Dun|” Ap dy < C1 < oo for every h € N,

(2) there exists a function u € WP (Q,v) such that up — u in L* (Q).

Moreover, let (ap,) be a family of vector functions in R™ such that

3) Jq lan]? A;l/(p_l)dy < Cy < oo for every h € N,

(4) div (ap) = f € L*® (Q) on C} (Q) for every h € N,
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(5) there exists a € [L1(, V‘l/(p_l))]n such that a, — a weakly in [L' (Q)]" .
Then

/(ah,Duh>¢dy—>/<a,Du>¢dy
Q Q

for every ¢ € C§° () .

In [15] the following convergence result for periodic functions is proved.

Lemma 2.3. Let 1 < p < oo and let up € L}, (R™) be Y -periodic for h € N. More-
over, suppose that up, — u weakly in LP (Y) (weakly” if p = oc0) as h — oco. Let wy, be
defined by wy, (x) = uyp, (hx). Then as h — oo it holds that wy, — ﬁ [y u(y) dy weakly in
LP(Q) (weakly* if p = 00).

We end this section with a simple extension lemma.

X It;emma 2.4. Let X\ be a Y -periodic weight on R™; let g : Y — R"™ be a function such
tha

g € [LI(Y, A"V, /Y (g, Dw)dy = 0, Yuw € WL (Y,)),

and let g be the Y -periodic extension to R™ of g. Then we have

€ [LL_(R", A1/ -1y, /R (5. Dv)dy = 0, Yo € CL (R™).

In situations where no confusion can occur we will use the same notation for the extended
function as for the original one.

§3. The Main Theorem
Let us consider the following Dirichlet problems:
{j5<a(thﬂm,Duh),D¢>dx::f§f¢dx,V¢<§IV&W(Q,Ah%
up, € Wy (2,0),

where f € L (). By standard results in existence theory there exist unique solutions for
each h. Below we state the main result of this paper.
Theorem 3.1. Let (up,) be the solutions of (3.1). Then
up, — u weakly in Wyt (Q),

a (hx, h*z, Duy) — b(Du) weakly in [L' (Q)]n ,
as h — oo, where u is the unique solution of
{fQ (b(Du),D¢)dx = [, fodx for every ¢ € Wy (Q), (3.2)
ue WP (). '
The operator b: R" — R" is defined as

b(€) = |71| /Y by (€ + Duf (1)) dy,

where ut is the unique solution of the Y -cell problem

Jy (by (4,6 + Dué () , D& dy = 0 for every ¢ € Wi (V)
us € Whe(v).

per

(3.1)

N
The operator by : Y x R™ — R" is defined as by (y,€) = > xa, (y) b; (§), where
1 i=l
bi = 7> 7 ) D 5 d )
€) |Z|/Za (z.f—i— UZ(ZD z
and vf are the unique solutions of the Z-cell problems
fZ <ai %z,f + va (2)),Do (z)> dz =0 for every ¢ € Wéé’; (Z,\),
oS e WhE(Z,)).

per
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Proof. Let us first prove that || Dup||z,(q y,) < C- By periodicity it follows that
/)\h()dng, f( (z)) VP Vaz < C. (3.3)
Q Q
Thus, by (2.8), (3.1), (3.3), Poincare’s and Holder’s inequalities we obtain
|Dup [P Ay, (x) do < cb(/ A (z) dz —|—/ fup dac)
Q ) Q

SC(/Q)\h (x)dx‘f'Hf||Loo(Q)/Q|Duh|dx) SC’(1+ (/Q'Duhlp/\h(l‘)dx>1/p).

Hence it is clear that

||DUhHLp(Q ) S C. (3.4)
Let 1), be defined as 7, = a (hx, h?z, Duy) . Then (2.7) and (3.4) implies
Il (;1/e-yn < C. (3.5)
Take 6 > 0 such that (2.11) holds. Now choose oy such that
1+0q +6

p—l-o1 p-1
Then 01 > 0 and p—1— 07 > 0. Let @ be a cube in R™ containing 2. Holder’s inequality
and (3.4) then gives
a1

/Q|D“h|l+gl dz < (/QIDuh\” Andr (/ 2~ dw)%
SC(/ )\h_%—idx) v <C(/ %—idx)%;

By applying (2.11) and (3.3) in the inequality above, we obtain
y applying (2.11) (1+a) 51 O G OB 4
/|Duh| 1da:§0( A A=P) gy ) <

Q Q

1+oq

Next, choose § > 0 such that (2.10) holds and choose Uf such that

g
1+6=(1 .
+ ( —|—02)q_1_02

Then o5 > 0 and ¢ — 1 — o5 > 0. By using (2.10) and arguing similarly as for (3.6) we obtain
/ Inn| 72 dx < C.
Q

This means that (u) and (1,) are bounded in W, *7* (Q) and [L1*o2 (Q)]" respectively.
Since these spaces are reflexive, we have that there exist subsequences, still denoted by (uy,)
and (ny,), such that

up, — u, weakly in Wy ' T (Q), (3.7)
nn — 1. weakly in [L'T2 (Q)]n (3.8)
From (3.7) and (3.8) it follows that
up, — u, weakly in Wy (Q), (3.9)
Ny, — Ny weakly in [Ll (Q)]n . (3.10)
From our original problem (3.1) we have
/Q (N, D¢) dx = /qub dx for every ¢ € Wy (0, \p) . (3.11)

By using the fact CJ (Q) € Wy (€, ) and (3.10) we can pass to the limit in (3.11), thus

/ (e, D) dx = | fodx for every ¢ € C§ ().
Q Q
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Density and the fact that 7, € [L?(Q)]" (see (3.17)) then gives

/ (e, D$) dx = / fodz for every ¢ € WyP (Q). (3.12)

Q Q

Let us now observe that by (3.9), (3.10) and (3.12) the theorem is proved if we show that
u, € Wy (), (3.13)
7. = b(Duy) a.e. on (3.14)

since the uniqueness of the solution of the homogenized problem (3.2) then implies that
Uy = u a.e. on .
We start with the proof of (3.13). We observe that since Q is a regular bounded open set

it is sufficient to show that Du, € [L? (Q)]". Let ¢ € Cy (). Then Holder’s inequality and
(3.4) gives

1Dunbligs o < ([ 1Dual e ) ( [ Oy fofan)
<o [ w7 ol ar) (3.15)

Applying lim inf on both sides of (3.15) and using the weak lower semicontinuity of the norm
on the left hand side and periodicity on the right hand side we obtain

/Q [Duy||¢| dz < C[|@]| o) for every ¢ € Co (Q).

By density and Landau’s theorem we then have that
Du, € [L? (Q)]". (3.16)

By using (3.5) and arguments similar to those employed in the proof of (3.16) it can also be
deduced that

N« € [LT(Q)]". (3.17)
It remains to prove (3.14). For this purpose let us define the test function

w () = (&) + 7o, (he)

where “i is defined as in the auxiliary problem (see Section 4). To be able to apply the
compensated compactness result (Lemma 2.2) we have to prove certain facts about wi and

a (hm, h2z, Dwi) Therefore, by periodicity, (4.5) and the fact that A, (z) = A\, (hz) we get
/Q [Duf|" M)z < 0 (3.18)
Moreover, by using (2.7) and (3.18) we obtain
/ la(ha, h2x, Dwt)|? (A (2) PV de < C.

By periodicity and Lem;a 2.3 we have that

wj, () = (&) in L (9),

o (he,h%, Duf) — ﬁ /Y by (y, €+ Du) dy = b(€) weakly in [L' (2)]".
Finally, due to (4.6), we can apply Lemma 2.4 on (4.1) and obtain
div (a (he, %z, Duf ) ) =0 on €3 (9),
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and we are now ready to apply the compensated compactness result. Indeed, by the mono-
tonicity of a we have for a fixed £ that

/Q <77h —a (hx, h2z, Dwi (33)) , Dup, (z) — Dwi (x)> ¢ (x)dz >0

for every ¢ € C§° (£2), ¢ > 0. By the compensated compactness lemma (Lemma 2.2) with
the weight v = 1, we get in the limit

/Q<77*—b(ﬁ),Du*(x)—@fb(w)dxzo

for every ¢ € C§° (2), ¢ > 0. Hence for our fixed £ € R™ we have that
(e —b (&), Duy () — &) >0 for ae. €.
By density and the continuity of b (see Lemma 5.2), it follows that
M« — b (&), Duy () — &) >0 for a.e. z € Q and every £ € R™.

Since b is monotone (5.3) and continuous (5.4), we have that b is maximal monotone and
hence (3.14) follows. Finally, let us observe that we have proved the theorem only up to
a subsequence, but since the homogenized operator is uniquely defined and the solution of

the homogenized problem is unique we can conclude that the theorem holds for the whole
sequence.

§¢4. An Auxiliary Problem

In this section we prove a homogenization result for the auxiliary problem. This result
was used in the definition of the special type of test functions defined in the proof of the
main result (Theorem 3.1) of this paper.

Fix & and consider the following Dirichlet problems:

{ Jylaly, hy, & + Duj), Dé)dy = 0, ¥ € WLZ (Y, ),
u§ € Wie (Y, %) .

per

(4.1)

By standard results in existence theory there exist unique solutions for each h. Below we
state the auxiliary result of this paper.

Theorem 4.1. Let (ui) be the solutions of (4.1). We then have that
“i — u® weakly in W;é% Y),

a (y, hy, € + Dui) — by (y,&+ Duf) weakly in [Ll (Y)]n7

as h — 0o, where u¢ is the unique solution of

[y (by (y, €+ Duf) , D¢y dy =0 for every ¢ € Wgélr’ (Y), 19
us € Whe (Y). (4.2)
per
N
The operator by : Y x R™ — R" is defined as by (y,7) = Y xa. (v) b; (1), where
i=1
1
b (1) = —/ a; (z, 7+ Dv] (2))dz
1Z] )z
and v] are the unique solutions of the Z-cell problems
S (ai (2,74 Dv] (2)),D¢ (2))dz =0, V¢ € Wééf (Z,)\:), (4.3)
o] € Wk (Z,\) - '

Proof. By (2.8), (4.1) and (2.7) we have that

/Y €+ DU PR () dy < G R (y)dy +Co /Y (1+ I+ Duf P~ )R (v) €1 dy).
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Moreover, if we use Young’s inequality on the right hand side and rearrange the resulting
inequality we obtain

(1= SC20) [ e+ 0us PR ()

Cagq 1 c, &P n— (=1 _
SCb(1+ n ., Calelm )/ An (y) dy,
q p Y

where 7 is a positive real number. By choosing n small enough we get that

[ e+ DRy < c. (14
In particular this implies
[ 1Ry < (4.5
Let us define ! = a;(hy, & + Duﬁ) By using (2.7) and (4.4), it follows that
/ i | ( Mgy < (4.6)
Moreover, by using (2.11), ( (2.10), (4.6) and arguments similar to those employed in

the proof of (3.6), it can be deduced that
I+k1 i |1tk
/Y‘Dui’ dy < C, /Q i | ay < C.

Thus we have that (ui) and (n},) are bounded in Wt (Y) and [L1Fre (Ql)]n respectively.
Since these spaces are reflexive, there exist subsequences, still denoted by (ui) and (772) ,
such that

ui — u$ weakly in Wgéﬁ’“ (Y), nj, —n. weakly in [L'T" (Ql)}n

Hence we can conclude that

ui — uf weakly in Wkt (Y), nj, — n. weakly in [L' (Qz)}n (4.7

per

Using similar ideas as in the proof of (3.16), it can be shown that
e[LI(Y)]". (4.8)
From (4.1) and (4.7) it follows that

Z/ n*,qu dy = 0 for every ¢ € pe]r( ).

Density arguments in conjunction with (4.8) then results in

N
Z/Q <ni, qu> dy = 0 for every ¢ € Wge’;( ).
i1 7%

Thus the theorem is proved if we show that

eWRZ(Y), (4.9)
nt =1b; €+ Du*) a.e. on §);, (4.10)
since the uniqueness of the solution of the homogenized problem (4.2) then implies that

uﬁ =uf a.e. onY.
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Let us start with (4.9). We observe that since Y is a regular bounded open set it is

sufficient to show that Du$ € [LP (Y)]" which is obtained using the same ideas as in the
proof of (3.16).

It remains to prove (4.10). Therefore let us define the test function w;’i by

wi (y) = (1,9) + %vf (hy) , (4.11)

where v7 € WP (Z,);) is defined as in (4.3). To be able to apply the compensated com-

per
pactness result (Lemma 2.2) we have to prove certain facts about w;’i and a; (hy, Dw;l)
Indeed,

[ 1Dur Aty < € (4.12)
Q;
follows from (4.11). Moreover, we also have that

/ lai(hy, Dwl™) 7\ (hy)) = Vdy < C

Q’L

by (2.7) and (4.12). By periodicity we obtain
wi' (4) = (1,-) strongly in L (Q;),

, 1 n
a;i(hy, Dwy") — m/ a; (z,7+ Dv] (2))dz = b; (1) weakly in [L' (Q;)]" .
z

Application of Lemma 2.4 on (4.3) gives div(a;(hy, Dw;z)) =0 on C} (£;). By the mono-
tonicity of a; we have for a fixed 7 that

[ 0 = aulh. DU @), + Du () ~ D () o) dy = 0

7

for every ¢ € C§° (§%;), ¢ > 0. By the compensated compactness lemma (Lemma 2.2) with
v =1, we then get in the limit

| =h )64 D ) =) o)y > 0

for every ¢ € C§° (%), ¢ > 0. Hence for our fixed 7 € R"™ we have that
(nt —b;i (1),6+ Dul (y) —7) > 0 for ae. y € Q.
By density and the continuity of b; (5.2), it follows that
(ay — b (1), &+ Dus (y) — 7) >0 for a.e. y € ; and every T € R™.

Since b; is monotone (5.1) and continuous (5.2), we have that b; is maximal monotone and
hence (4.10) follows.

§5. Properties of the Homogenized Operators b; and b

In this section we list some properties of the homogenized operators b; and b. In particular
these properties imply the existence and uniqueness of the solution of the homogenized
problem (in the auxiliary and main problem respectively).

Lemma 5.1. Let b; be the homogenized operator defined in Theorem 4.1. Then

(a) b; (+) is strictly monotone. In particular, we have that

(b; (11) = bi (T2) , 71 — T2) = & (L4 | 71| + |m)P 7 |1 — 7| (5.1)

for every T, 79 € R™.
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(b) b; (+) is continuous. In particular, we have for v = Fog that

for

lbi (11) = bi (2)| <& (L + || + | 7))P 7 | — | (5.2)
every 71,72 € R".

(c) b; (0) = 0.

Proof. These properties follow by using the same ideas as in [3] and [4].
Lemma 5.2. Let b be the homogenized operator defined in Theorem 3.1. Then
(a) b(-) is strictly monotone. In particular, we have that

(b(&1) —b(&), & — &) > Co(1+ 6] + &) |6 — &)° (5.3)

for every £1,&, € R™.
(b) b(-) is continuous. In particular, we have for § = /3% = —%—— that
¥ (B—a)B—a
b(&) = b(&) < Cr(1+ &l + &) b - &l (5.4)
for every £1,& € R™.
(c) b(0) =0.

Proof. These properties follow by using (5.1) and (5.2) in the corresponding theorem
given in for example [3] and [4].

(10]
(11]
(12]
(13]
(14]

(15]
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