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§1. Introduction

Consider the following first order quasilinear strictly hyperbolic system

ou ou

— 4+ Alu)— =0 1.1

ot +A) Oz ’ (1.1)
where u = (u1, -+ ,u,)T is the unknown vector function of (t,z) and A(u) = (a;;(u)) is an
n x n matrix with suitably smooth elements a;;(u)(é,j =1,--- ,n).

By the strict hyperbolicity, for any given u on the domain under consideration, A(u) has
n distinct real eigenvalues:

A(u) < Ae(u) < -+ < Ap(u). (1.2)
Let 1;(u) = (I (u), -+, lLin(w))(resp. r;(u ) = (rin(u), -+ ,7in(u))T) be a left (resp. right)
eigenvector correspondlng to Ai(u)(i=1,--+,n):
liu)A(u) = Ni(u)li(u)  (resp. A(u)ri(u) = Xi(u)ri(u)). (1.3)
We have
det |l;;(u)] #0  (equivalently, det|r;;(u)| # 0). (1.4)

All A\;(u),l;;(u) and 73;(u)(i,7 = 1,---,n) have the same regularity as a;j(u)(i,j =
1, N 7n).
Without loss of generality, we may suppose that

L(wrj(u) =6 (i,j=1---,n), (1.5)
rf (wri(u) =1 (i,j=1---,n), (1.6)
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where d;; stands for the Kronecker’s symbol.
For the following initial data

t=0:u=p(z), (1.7)

where () is a “small” C! vector function of z. If ¢(x) possesses certain decay properties
as x| = +oo and System (1.1) is weakly linearly degenerate, Li Ta-tsien, Zhou Yi and
Kong De-xing have given in [1, 2] a complete result on the global existence of C! solution
to Cauchy problem (1.1) and (1.7). Later, by means of the continuous Glimm functional,
Li Ta-tsien and Kong De-xing in [3] simplified the proof of the global existence given in [2].
By constructing a counter example, Kong De-xing showed in [4] that the necessary decay
property of initial data is essential for guaranteeing the global existence of classical solution
to Cauchy problem (1.1) and (1.7). Moreover, in the case that op(z) possesses compact
support and small initial total variation, when system (1.1) is strictly hyperbolic and linearly
degenerate in the sense of P.D.Lax, A.Bressan also gave in [5] the global existence of classical
solution to Cauchy problem (1.1) and (1.7).

The main aim of this paper is to generalize the result of [5] to the case that system (1.1)
is weakly linearly degenerate.

First of all, we recall the concept of weak linear degeneracy (see [1, 2]) as follows.

Definition 1.1. The i-th characteristic \;(u) is weakly linearly degenerate, if along the
i-th characteristic trajectory u = u'”(s) passing through u = 0, defined by

{ @ = rilu) (1.8)

s=0:u=0,
we have
VAi(w)ri(u) =0, Vu| small, (1.9)
namely,
(P (s)) = Xi(0),  V|s| small. (1.10)

If all characteristics are weakly linearly degenerate, System (1.1) is called to be weakly linearly
degenerate.

The main result of this paper is the following

Theorem 1.1. Suppose that in a neighbourhood of u =0, A(u) € ¢® and System (1.1) is
strictly hyperbolic and weakly linearly degenerate. Suppose furthermore that the initial data
o(z) satisfy the following properties:

(i) w(2) € C;

(ii) @(x) has compact support: suppp(x) € [ag, Bol,where cg < Po;

(iil) The initial total variation is small enough, namely,

N
0= / | (z)|de << 1. (1.11)
Then there exists 0y > 0 so small that for any given 0 € [0,0y], Cauchy problem (1.1) and
(1.7) admits a unique global C* solution u = u(t,z) for all t € R.

For the sake of completeness, in Section 2 we will briefly recall F. John’s formulas on the
decomposition of waves with some supplements (see [6,1]), which will play an important role
in the sequel. In Section 3, we shall establish a uniform a priori estimate on the C'* norm of
C* solution u = u(t, z) to Cauchy problem (1.1) and (1.7), and then prove Theorem 1.1.

§2. Decomposition of Waves

Suppose that A(u) € CF, where k is an integer > 1. By Lemma 2.5 in [1], there exists a
Ck+1 local diffeomorphism u = u(@)(u(0) = 0), such that in @-space, for each i = 1,--- ,n,
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the i-th characteristic trajectory passing through # = 0 coincides with the @-axis at least
for || small, namely,

ri(tie)llei, Vug| small (i=1,---,n), (2.1)

where
(@)

e;=(0,--,0,1,0,---,0)T. (2.2)

Such a diffeomorphism is called the normalized transformation and the corresponding un-

known variables @ = (@1, -, Uy,) are called the normalized variables or normalized coordi-
nates.
Let

v =lL(wu (i=1,---,n), (2.3)

w; = li(wu, (G=1,---,n),

where I;(u) denotes the i-th left eigenvector.
By (1.5), it is easy to see that

u= kark(u), (2.5)
k=1

Uy = Z wirg(w). (2.6)
k=1

Let
d 0 0
— - = () — 2.
ai ot Ailw) Ox 27)
be the directional derivative along the i-th characteristic. We have (see [6,1])
d’U,’ - .
— = Bukwvjwp (i=1,--,n), (2.8)
¢ §.k=1
where
B () = (M (u) = Xi(w)li(w) Vrj (u)ri(u). (2.9)
Hence, we have
Biji(u) =0, Vi, (2.10)

and in normalized coordinates
Bijj(uje;) =0, V|uj| small, Vi, j. (2.11)
It follows from (2.8) that
v, 0N (u)v;) -

ot Jr - s Bijr(wvjwr  (i=1,---,n), (2.12)
where
Bijr(u) = Bijr(uw) + VAi(u)re(w)d;. (2.13)
By (2.11), in normalized coordinates
Bijj(uje;) =0, VY|u;| small, Vj#i, (2.14)

and, when the i-th characteristic A;(u) is weakly linearly degenerate,
Biii(ue;) =0, V|u;| small, Vi. (2.15)
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Moreover

Bui(u)=0, Vj#i (2.16)
while

Biii(uw) = Vi (w)r;(u), (2.17)
and only in the case that A;(u) is linearly degenerate in the sense of P.D.Lax, we have

On the other hand, we have (see [6,1])

Cf;,l;i = Y wp@wjwy (i=1,--- ,n), (2.19)
' G k=1
where
Vijr(u) = %[(MU) = Xe(w)li(w) Vg (u)r;(u) — VA (w)r; (w)die + (41K)], (2.20)

in which (j]k) stands for all terms obtained by changing j and k in the previous terms. We
have

Yiji(w) =0, Vi #d, (2.21)

When the i-th characteristic A;(u) is linearly degenerate in the sense of P.D.Lax, we have
while, when A;(u) is weakly linearly degenerate, in normalized coordinates we have

viii(uie;) =0, V|u| small, Vi. (2.24)

It follows from (2.19) that

aa“: + W _ j;l Tin(wwsw, (=1, n), (2.25)
where
Tigh ) = 7ign ) + 5[V (@) (w)dis + 1K)
. (2.26)
= 5(/\3'(“) = A (W)l (W) [Vrg (u)rj(u) — Vrj(u)rg (u)].
We have
[ijj(u) =0, Vi,j. (2.27)

In order to prove Theorem 1.1, we need Lemma 2.1 in [3] as follows.

Lemma 2.1 Suppose that u = u(t,x) is a C* solution to System (1.1), 71 and 7o are
two C' arcs which are never tangent to the i-th characteristic direction, and D is the domain
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bounded by 71,72 and two i-th characteristic curves L; and L. Then we have

/ lvs(dz — Ms(u)dt)| < / lvs(dz — Ms(u)dt)|

// Z'BZJ’“ w)vjwyg|dtde, (2.28)

7,k=1

| tutas = xtwan) < [ futas = )
// Z gk (w)wjwy|did, (2.29)

J,k=1,j#k
where v;, w;, Biji(u) and T'sji,(u) are defined by (2.3), (2.4), (2.13) and (2.26) respectively.
§3. Global Existence of C* Solution—Proof of Theorem 1.1

Without loss of generality, we will prove our result in normalized coordinates. We may
also assume that

0 < A1(0) < A2(0) < -+ - < Ap(0). (3.1)
It is easy to know that there exist positive constants ¢ and dy so small that
)\i+1 (u) — )\l(u) > 4(50, V|u| < 1 (’L = 1, R (2 1), (32)
0
IXi(w) — X (v)] < 50 Viul,[v| <8 (i=1,---,n). (3.3)

Suppose that u = u(t,z) is the C* solution to Cauchy problem (1.1) and (1.7) on the
domain D(T) = {(t,x |O§t§T || <oo} Let

Liu(t)) = Z / (i (1, )| de, (3.4)
=3 Qufu Z ] el plasay (3.5)

By Lemma 3.3 in [3], we have

Lemma 3.1. Suppose that System (1.1) is strictly hyperbolic in a neighbourhood of u = 0
and (1.5), (1.6) hold. Suppose furthermore that u = u(t,z) is the C' solution to Cauchy
problem (1.1) and (1.7) on the domain D(T) = {(t,z)|0 <t < T, |z| < oo}, and the initial
data p(x) satisfy the assumptions given in Theorem 1.1. Let

A
7 = L(e). (3.6)
Then there exists o > 0 so small that for any given v € [0,70], there exist two positive con-

stants k1 and ko independent of v and T', such that the following uniform a priori estimates

hold:
Ju(t, Yoo = sup fut. )| < w13, Vi € [0.7], (3.7)
re

L(u(t)) < v+ key?, Vte[0,T). (3.8)

Remark 3.1. By (3.4) and (3.6), there exists 6y > 0 so small that for any given 6 € [0, 6],
we have

v < Cob, (3.9)
where 6 is defined by (1.11) and Cj is a positive constant independent of .
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Remark 3.2. By (3.8), (3.9), there exists §y > 0 so small that for any given 6 € [0, 6],
we have

L(u(t)) < CO, Vte[0,T], (3.10)

where C' is a positive constant independent of .

Remark 3.3. By (3.7) and (3.9), there exists 6y > 0 so small that for any given 6 € [0, 6],
on any existence domain D(T) of C! solution u = u(t, ), we have

lu(t, z)| < 6. (3.11)

This is the uniform a priori estimate on the C° norm of C! solution u = u(t, z).

Noting (3.11), by (3.1), it is easy to see that, when § > 0 is small enough, on the existence
domain D(T) of C! solution u = u(t, z), we have

0 < Ar(u) < - < Ap(u). (3.12)
For any fixed T' > 0, let
DI ={(t,)[0 <t <T,2 > (A(0) + 6o)t}, (3.13)
DT ={(t,2)|0 <t < T,z < (A1(0) — o)t} (3.14)
DT = {(t,2)|0 <t <T,(A(0) = o)t <& < (Au(0) + o)t} (3.15)
and fori =1, --- ,n,

DI = {(t,z)|0 <t < T,

3.16
B+ 0N (0) = MO <~ N0 < o+ — AOE
where 7 > 0 is suitably small (see Fig. 1).
Since 1 > 0 is small, by (3.2) we have
T T . .
D; nD; =0, Vi#j, (3.17)
Dbl co. (3.18)

=1

Fig. 1
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For any fixed constant p > 0, let

VDT) = max [[(1+ 00 (t.2)| 1~ 1) (3.19)
W(DL) = max |[(1+8)* wi(t,2)] L~ pr), (3.20)
VE(T) = max sup (14 8)TH|u(t, z)|, (3.21)
i=Ln (4 2yeDpT /DT
WS (T) = max sup (14 )T w;(t, 2|, (3.22)
’L=1,-.. s (t,ﬂ?)EDT/D?
US(T) = max  sup (146> Pfuy(t, )], (3.23)
=L (4 2)eDT /DT
VA(T) = max maxsup/ v (t, x)|dz, (3.24)
i=1,,n j#
where ¢; stands for any given j-th characteristic in DY,
W1(T) = max maxsup/ |w; (¢, )|dz, (3.25)
i=1,n jAi z
where éj stands for any given j-th characteristic in D7,
Voo(T) =  max sup  |vi(t, x)], (3.26)
=1, ,n 0<¢<T z€R
Uso(T) = max sup  |u(t, @), (3.27)
i=1,n 0<t<T,z€R
W (T) = max sup  |w;(t,x)]|. (3.28)

=1, 0<¢<T,2€R

Remark 3.4. By (3.7) and (3.9), and noting (2.3), there exists a constant C' > 0 such
that

Uno(T), Vi (T) < C9. (3.29)

Lemma 3.2. Suppose A(u) € C? in a neighbourhood of u = 0, and p(x) satisfies the
assumptions given in Theorem 1.1. Then there exists 8y > 0 so small that for any given
0 € [0,6p], on any existence domain D(T) of C' solution u = u(t,z) to Cauchy problem
(1.1) and (1.7), there exist two positive constants k3 and k4 independent of T and 0 such
that

V(DT) <k (3.30)
W (D) < iy (3.31)
Remark 3.5. Since w;(0,z) = l;(p)¢’(x)(i = 1,--- ,n) are not small, we should modify

the corresponding proof in [3].
Proof of Lemma 3.2. First of all, on any existence domain D(T) of C! solution
u = u(t, z), suppose that there exists a positive constant M such that

lw(t, Yo < M, Vi€ [0,T). (3.32)

At the end of the proof of Lemma 3.3 we shall explain that this hypothesis is reasonable.
We now prove (3.30), (3.31) for DZ. The proof of (3.30), (3.31) for DT is similar. Let

Wi(T) = max max sup/ |w; (¢, x)|dz, (3.33)
i=1,--n j#i g &
where ¢; : # = z(t) stands for any given j-th characteristic in D7

Noting that the initial data possess compact support, it is sufficient to estimate the
integral on the right-hand side of (3.33) in a finite time interval 0 < t < Ty. By Lemma 2.1,
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noting (3.2) and (3.11), and using (3.10) and (3.32), we have (see Fig. 2, where both P; A;
and P, A, are i-th characteristics)

/aj |w;(t, z)|dt = /:2 |w; (t,z;(t))|dt

[ bt (0) = MCult O]
_/tl |)\J‘(U(t,ar:j(t)))—/\Z-(u(t,ggj(t)m| i(t, @ (t))|dt

< g | e DI e ) = At 1))

1 *2
< — w; (0, z)|de + — // Tk (w)w;jwg|dtdz
4 60 - | ( | 4 (50 A AoPyPy ;C J J |
“+o0o
< Ci{L(u / / Z T 5 (w)wjwy |dedt }
J#k
< Co(l4+ MTy)0 < Cs0, (3.34)

henceforth C; (j = 1,2,---) will denote positive constants independent of § and T. So we
have

WL (T) < Cs6. (3.35)

Fig.2

We now estimate V(D) and W (DT).

For any given point (¢,z) € D1 with 0 <t < Tp, we draw the i-th characteristic passing
through the point (¢, ), which intersects the z-axis at a point (0, ;). Integrating (2.8) and
(2.19) along this i-th characteristic, we get

vi(t, ) = v;(0, 2;) / Z Bijk(uw)vjwidr, (3.36)
0 jk=1k#i
w;(t, ) = w;(0,x;) / Z Yijk (W) wjwEdT. (3.37)
7,k=1

Multiplying (1 + ¢)2*#) on both sides of (3.36), and noting 0 < ¢ < T and (3.11), by
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(3.29) and (3.35), we get
(1+6) |y ¢, )|

n

To
< (1 + To)(2+'u){|’l}i(0,$i)‘ +/0 Z |ﬁijk(u)ijk|d7—}

g k=1,k#£i
< Ca(1+ To) BH{Vie (T) + Vio (T)W(T) }
< C50. (3.38)
Then, choosing k3 > C5, we have
V(DY) < k3. (3.39)

Similarly, multiplying (1 + ¢)*#) on both sides of (3.37), and noting (2.21) and (2.24),
we have

To
(14 )0 |wy (£, 2)| < (1 + To) 2+ {[w; (0, )| + / > vijn(wwjwy|dr
0o “
J#k

To
+/ Iyiii (W) — Yiii (uies)|[wiPdr} (3.40)
0

For Hadamard’s formula, we have

1
Orii;
71'1’1'(“’) - ’Yiii(uiei) = / Z ;TZ(Suh cry SUj—1, Us, SUj41, 0 78un)ujd8' (341)
0 & Oy
J#i
Noting (3.11) and that () is a C* function with compact support, and using (3.29), (3.32)
and (3.35), when 6 > 0 is suitably small, it comes from (3.40) that

(1+ )@ W w;(t, 2)| < Co{l + MW1(T) + M>*Ty Voo (T)}
< Ce+C7M(1+ MTy)0
< 2Cs. (3.42)
Hence, choosing k4 > 2Cg,we get
W(DY) < ka. (3.43)

Remark 3.6. x4 can be chosen to be independent of M, provided that 6 > 0 is suitably
small.

Lemma 3.3. Under the assumptions of Theorem 1.1, there exists 6y so small that for
any given 0 € [0,00], on any existence domain D(T) of C solution to Cauchy problem (1.1)
and (1.7), there exist positive constants k;(i = 5,6,7,8,9) independent of 0 and T, such that

We(T) < ks, Wi(T) < reh, (3.44)
VE(T) < ke6, VA(T) < kgb, (3.45)
Woo(T) < k. (3.46)
Proof First of all, by (2.3) and (3.11), when § > 0 is suitably small, we have
UL (T) < CrVL(T). (3.47)

We now estimate Wl(T) (see Fig.3).
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Fig.3

Let

éj Zl':l'j(t) (0§t1 Stgtg ST) (348)
Noting (3.11), for § > 0 small enough, we have
)\1(0) — 50 < )\](U) < )\n(O) + (50.

Then ¢; intersects @ = (A1 (0) — o)t and ¢t = T at points Py(ty,2;(t1)) and Py(T,x;(T))
respectively. Passing through the point P; (resp. P»), we draw the i-th characteristic which
intersects the z-axis at a point A;(0,y1) (resp. A2(0,y2)). We have

T
ty

/ |wi(t,x)|dm:/ fws(t, 2, (1)) dt. (3.49)

In order to estimate fg |w;(t, z;(t))|dt, similarly to (3.34), using (2.29) on the domain
Py A1 A3 Py and noting (3.10) and (3.31), we see that

T 1 T
/t lwi(t, z;(1))|dt < 0 /. Jwi(t, 5 (0)|[A;(ult, z; () — Ai(ult, z;(t)))|dt
< L[ (0, ) s + - // S [T (g |dtd
— w; (0, z)|dx + — ik (W) w;w x
~ 440 Jo 460 J Jp A, Asp, " 7k

J#k
< Cs0 + Co(W(DT) + WE(T)) /0 T(l +7)"CHI L(u(r))dr

< Chof(1 + WE(T)). (3.50)

Thus, we have

WA(T) < Coib(1L+ WE(T)). (3.51)
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Fig.4

We next estimate W< (T).

Passing through any given point (t,7) € DT /DI we draw the i-th characteristic which
never enters into D} . We may assume that this characteristic intersects the right bound-
ary © = (A, (0) + o)t of DT at a point (to,y) (see Fig.4). Integrating (2.19) along this
characteristic and noting (2. 21) and (2.24) yields

¢
fo jk fo
On the i-th characteristic = z;(7)(to < 7 < t) passing through the point (¢, x), by (3.2)
we have (see [2-3] and Fig.4)
1
to S T S t S *to. (353)
n

Multiplying (1 + ¢)(®*#) on both sides of (3.52), noting (3.53) and (3.11) and using (3.31),
(3.51), (3.29) and Hadamard’s formula, we get

(1+ )y (t, )] < (140w (t, y)] +/ (L+ )Y 7 i (u)wjwg|dr
Jj#k

t
+/ (L4 £)CF) i (w) — yis (wses) | |w?|dr

to

<Cia+ 013%1(T)W§O(T) + CraUso (T)(WE,(T))?

< Cha + Cis0WE(T) 4 Cr60(WE (T))?, (3.54)
hence
W (T) < Crr(1+0(WS(T))?). (3.55)
Noting that ¢(x) is a C! function with compact support, by (2.4) we have
|w;(0,2)] < My, VzeR, (3.56)
where M, is a positive constant. By continuity, there exists 79 > 0 such that
(14 t) W, (t, )| < 2My, 0 <t < 7, (3.57)

then
Wgo(t) S 2M0, 0 S t S T0- (358)
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In order to prove the first inequality in (3.44), it is sufficient to show that for any fixed
To(0 < Tp < T) and for any 6 > 0 suitably small, we can choose k5 > My > 0 in such a way
that when

WS (Ty) < 26, (3.59)
we have
W (Th) < rs. (3.60)
Substituting (3.59) into (3.55), for 6 > 0 suitably small, we have
WE (Ty) < Cu7(1 + 40k2) < 2C47. (3.61)

Hence, taking x5 > 2C47, we get (3.60), then the first inequality in (3.44) holds. Hence by
(3.51), there exists kg > 0 such that the second inequality in (3.44) also holds.

Remark 3.7. k5 can be chosen to be independent of M.

We next estimate Vi (7).

Still denote é&; by « = x;(t). By (3.3), the whole i-th characteristic passing through O(0, 0)
must be included in DY. Let Py(to,z;(to)) be the intersection point of this characteristic
with ¢;. Similarly to the estimate of Wl(T), it suffices to estimate ft? |v; (¢, z;(t))|dt, where
Py(ta,zj(t2)) is the intersection point of ¢; with the right boundary of DI. The estimate of

:10 |v; (¢, z;(t))|dt is similar. The i-th characteristic passing through the point P, intersects
the line z = (A, (0) 4 do)t at a point As(2,y2), where to = X055, (see Fig.5).

Fig.5

Using Lemma 2.1 and noting (2.14), (2.15), similarly we have

| ety @nide < g [ oty ata,0) = Asult, 2 0)de

to ‘o
1 [t
0
1
+7// Bk (uw)vwy|dtdx
449 POOA2P2§| (v
1 n
+ H // Z |(Bljj(u) - Bijj(ujej))vjwj|dtdx. (362)
0 JJP0AP,
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Since for any point (t,x) € DT we have

()\1(0) - 50)t <z< ()\n(O) + do)t, (363)
noting (3.10), (3.11), and using Hadamard’s formula, (3.30),(3.44),(3.47) and (3.29), it fol-
lows from (3.62) that

/tz lvi(t, z;(t))|dt < C18V (DY) + CioVoo(T)WE(T)

to

+ CooVE(T) /0 T(1 + 1)~ L(u(t))dt

T
+ Co1 (UK (T Voo (T) + Uoo(T)Voco(T))/ (141" L(u(t))dt
0
< Caf(1 + VE(T)). (3.64)
Similarly we can estimate fttlo |vi(t, z;(t))|dt. Hence

VA(T) < Cas(1 + VE(T)). (3.65)

We next estimate VS (T).
Similarly to (3.52), integrating (2.8) along the i-th characteristic expressed in Fig. 4 gives

vi(t, ) = v;(to,y) / Bijr(u vjwdeJr/ Z Biji(w) — Biji(uje;))vjwidr. (3.66)
t

0 k#i,j#k to j=1

Hence, similarly to (3.54), using Hadamard’s formula and (3.32) and noting (3.30),(3.44),
(3.65),(3.29) and (3.47), we have

(14 6) @ (L, )| < Coa(1 + o) FW |, (to, )|
+ Cos / 1+ T)(2+“){ Z |vjwg|dr + Z |vjwju;€\}d7'
to ki j#k j#k
< Coe{ V(DY) + VE(T)W(T) + Vi(T)WE(T) + Vao(T)WE(T)
+ MU (T)V (T) + U, (T) Voo (T)) }

< Cor(1+ VL (T)). (3.67)
Hence
VE(T) < Corf(1 + VE(T)). (3.68)
Thus, when 6 > 0 is suitably small, for any given 8 € [0, 0y] we have
VE(T) < 20576. (3.69)

Then by (3.65) it is easy to get (3.45).

We finally estimate Woo (T).

Without loss of generality, suppose that the i-th characteristic passing through any given
point (¢,z) € DI intersects z = (A, (0) + dp)t at a point (to,y) (see Fig. 6). Integrating
(2.19) along this characteristic and noting (2.21) and (2.24), we get

wi(t,x) = wz(ﬁ’y)
/ Z%yk w)w;widr +/ (Yiii (0) — yiis (uies) )widr.

Y (NE=I £k Sy (WE= (3.70)
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Noting (3.29),(3.31) and (3.32), and using (3.44), (3.45), (3.47) and Hadamard’s formula,
from (3.70) we have that for § > 0 suitably small,

fwit, 2)| < W(DT) + MW (T) + M2US,(T) + Uso(T)(WE (T))?
< kg + Ca80 < 2k4. (371)

Fig. 6

On the other hand, for any given point (t,z) ¢ DI(i = 1,---,n), |w;(t,z)| can be
controlled by W< (T) or W(DZL). Therefore, it follows from (3.31),(3.44) and (3.71) that
Weo (T) < max{2k4, K5} (3.72)
Then taking kg > max{2k4, k5 }, we get (3.46).

Since k4, k5 and kg can be chosen to be independent of M, we may assume M > 2kg,
then by (3.46) we have
M

Weo(T) < o < . (3.73)

This shows the validity of hypothesis (3.32).
Thus, by (3.11) and (3.46), and using the existence and uniqueness of local C'* solution to

the Cauchy problem (cf. [7]) to extend the solution successively, we arrive at the conclusion
of Theorem 1.1.
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