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TOEPLITZ OPERATORS AND
ALGEBRAS ON DIRICHLET SPACES**
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Abstract

The automorphism group of the Toeplitz C*- algebra, J(C?'), generated by Toeplitz op-
erators with Cl-symbols on Dirichlet space D is discussed; the Ko, Ki-groups and the first
cohomology group of J(C') are computed. In addition, the author proves that the spectra
of Toeplitz operators with C'l-symbols are always connected, and discusses the algebraic prop-
erties of Toeplitz operators. In particular, it is proved that there is no nontrivial selfadjoint
Toeplitz operator on D and T, = T if and only if T, is a scalar operator.

Keywords Dirichlet space, Toeplitz operator, Toeplitz algebra

2000 MR Subject Classification 47B35

Chinese Library Classification O177 Document Code A
Article ID 0252-9599(2002)03-0385-12

¢1. Introduction
Let D be the unit disk in the complex plane C, dA(z) = idzdy be the normalized

7
Lebesque measure on . The Sobolev space L?! is defined to be the collection of functions
on D which satisty

oui2  |Ou|? 9 2.1
/D(‘@ + 52| +lul )dA < oo, Vu e L.

Define a sesquilinear form on L?! as

ou Ov Ou Ov
(wv)y = <&’ @>L2(dA) + <£’ £>L2(dA)7
where L?(dA) is usually Lebesque space with respect to dA. Then (-, -)

ol = [ [ (] + |52l )aare]

lul[3 = 0}, then N = C by the properties of generalized derivatives.

1 induces a semi-
norm on L1

Write N = {u € L*!
Thus || - |3 is a norm on L*!/C. For convenience, denote still the completion of L*!/C

with respect to above norm by L?!. The Dirichlet space, D, is the subspace of all analytic
functions g in L*!. Without loss of generality, we may assume D is the space of all analytic
functions g with g(0) = 0. In other words, D is the space of all analytic functions g whose
derivations ¢’ belong to the Bergman space L2. L2 is here the space of all analytic functions
which are in L?(dA). Throughout this paper, we use respectively the symbols (-,-), || - || to
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denote the inner product and norm in L?(dA), and (-, 1, I+ |l to those in D. Let P be
the orthogonal projection from L' onto D, P is an integral operator represented by
ou 0K (z,w
P((w) = (u.K)y = | OuORE W 1),
where K = K(z,w) = log 1—1zw is the reproducing kernel of D. For ¢ € C''(D), the Toeplitz
operator with symbol ¢ is defined as
Ty f = P(ef) (Vf € D).

In recent years, Toeplitz operators on Dirichlet spaces have been studied by some spe-
cialists (cf. [1,2]). In [3], we obtained some interesting properties of these operators which
are similar to those of Toeplitz operators on Hardy or Bergman spaces. However, some
surprising differences between the Toeplitz operators on Dirichlet space and those on Hardy
or Bergman spaces are displayed in [4]. In this paper, we first discuss the automorphism
group of the Toeplitz C*-algebra generated by Toeplitz operators with symbols in C'*(D),
and compute the first cohomology group of the algebra. In addition, the Ky, Ki-groups of
this algebra are also computed. In Section 3, we prove that there is no nontrivial selfadjoint
Toeplitz operator with C'-symbol and no Toeplitz operator which satisfies T; =T only if
it is a scalar operator. Finally, we obtain that all Toeplitz operators with C'-symbols have
connected spectra.

§2. The Algebra Generated by Toeplitz
Operators with Symbols in C*(D)

Write J(C') as the C*-algebra generated by Toeplitz operators with symbols in C (D).
In [3], we proved that the following short sequence

(0} — K-S 7(CY)-50(T) — {0} (2.1)
J(’gl)

is exact, and ¢(T},) = ¢|r(p € C1(D) induces a x-isometric isomorphism from onto

C(T) (we still use € to denote the isomorphism from %Cl) onto C(T)). Using this result,
we obtained following index formula:

Lemma 2.10] Suppose p € C*(D). If T, is Fredholm on D, then

Ind T, = —wind ¢|r.

It should be pointed out that the conclusion can not be shown by usual homotopy relation
between symbols in C(T). In fact, there are functions in C(T) which have no C*-extensions
onto . For example:

Example 2.1. There exists ¢ € C(T) such that for any ¢ € CY(D), @|r # .

Proposition 2.1. Suppose ¢ € GC(T), the set of invertible elements in C(T). Then for
any T € £71(p), we have index formula Ind T = —wind .

Proof. Noting two Toeplitz operators with C'-symbols are essentially commutative,
we know that there is a Toeplitz operator sequence {7, } with ¢, € C*(D) such that
I[Te,] — € )l = 0, thus

[onlT = @lloe = I1€([Tp,]) — £ (OD)]low = [T ] — € H()]| — 0.

It is obvious that ¢, is invertible in C(T) for enough large n. By the stability of indexes,
we see easily that there is an N such that wind ¢, |t = wind ¢ for each n > N. Hence for
every T € £1(p),

limInd T, = —limwind ¢, |t = —wind ¢
n n

by Lemma 2.1.
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Theorem 2.1. Suppose a € Aut (J(C1)), the automorphism group of J(C'). Then
there is a o € homeo (T) which has winding number 1 such that

caet = 0, (2.2)
where Cy is the composition operator on C(T) defined as Cyp = @ o 0, & is the auto-
1
morpgism on j(,g ) induced by o, that is, é\y([T]) = [a(T)] for any T € J(C*).

Conwersely, if o € homeo(T) with windo = 1, then there is an a € Aut (J(C*)) such
that the equation (2.2) holds.

Proof. Let a € Aut(J(C')). Since K C J(C'), there is a unitary operator U such
that o(T) = U*TU for each T € J(C'). Note Aut(%) =~ Aut (C(T)), so there is
a o € homeo (T) such that &(a[T]) = &([T]) o o, thus a([T]) = & L(&([T]) o o), further

Ap—
fagHp) =poo=Cop (Y€ C(T)).

To prove that windo = 1, let ¢p(z) = z. Then 5&5_1@00) = Cypo = 0. It is clear that
T, € £ 1(p0), which shows that U*T, U —T € K for any T € £~1(o). Hence IndT = Ind T, =
—1. By Prposition 2.1, we have wind o = 1 since £(T") = o.

Conversely, assume o € homeo (T) with windo = 1. Then the map ¢ — ¢ o o defines

an automorphism of C(T), thus £ 1(p) — £~1(¢ 0 o) defines an automorphism of %Cl) If
¢ € GO(T), then for each T' € £~ (¢p) and Te ¢ 1(po0), we have Ind T = —wind ¢, md7T =
—windy o 0 = —wind ¢ since windo = 1. In particular, for T € 571(@0),% € ¢ o),
md7 = IndT = —1, it is not difficult to see that ae(T) =o.(T,) =T, ae(%) =o(T)=T
(in fact, [T A] is invertible in & if and only if {([T A) = 5([%]) —&(M) =0—=A
is invertible in C(T)). By Brown—Douglas Fillmore theorem, we know that T, e'u'% that is,
there is a unitary U such that U*T,U— T € K, further U*T;U — T E KC. Noting T —T% € K,

we have also U*Ts;U — T € K. Since £ is a *-isomorphism, 5([ ]) = G, hence, for any
polynormial p(z, z) of z, Z, we have U*T,U —T € K for every T € £~ (poa) = f‘l(p(a, 7)).
For any ¢ € C(T), we can find a polynormial sequence {pg} such that ||pr — ¢||cc — 0, thus
lpk 0 0 — p o 0loe — 0, consequently,

€7 1) = €@l =0, € (proo) =€ (woo)| = 0.
By above argument, we know that for any T} € £~!(py) and %k. € & (proo), U*TkU—IN’k. €
K, thus [U*T,U — ZN“k] =0. Set «(T) = U*TU for each T € J(C'). Then a € Aut(J(C1)),
and a(¢€(px)) = £ (pk © 0), thus €46~ (px) = pi 0 0 = Copy. Note

lE(@E1(@))lloo = a1 @)I < €71 = lolloos

hence 535*1(90) = Cyp. The theorem is thus complete.

Lemma 2.2. There is no multiplicative linear function on K.

Proof. It is obvious since K is generated by commutators of J(C?).

Theorem 2.2. Let M be the space of multiplicative functions on J(C'). Then for any

€ (J(CY)*, ¢ € M if and only if there is a unique ¢ € T such that p = @¢ o & o, where
¢ s the multiplicative linear function which is defined by oc(f) = f(C) for each f € C(T)
and 7 is the classical map from J(C*1) to %Cl)

Proof. It is clear that for each ¢ € T, ¢ = ¢¢ 0 £ o m defines a multiplicative linear
function on J(C') which satisfies @[ = 0.

Conversely, if ¢ € M, then ¢|x = 0 by Lemma 2.2. Set ¢([T]) = ¢(T) for any [T] €
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~ ~ < ~
%Cl). Then ¢ is well-defined and ¢ o m = ¢. Since J(Igl) = C(T), we see that ¢ o 71 is a

multiplicative linear function on C(T). Thus there is a unique ¢ € T such that go &~ = .
Furthermore, p; 0fom =pollolomr=pom = .

Theorem 2.3. Ko(J(CY)) 2 Z, K, (J(C1)) =0.

Proof. By the short exact sequence (2.1), we have following six term exact sequence:

Z = Ko(K)"Ko(J(C) S Ko(C(T) = Z,

* i* 4
Z = K\(C(T) &I (T (C1) e~ (K) = {0},
Note index map x : K1(C(T)) — Ko(K) is an isomorphism, hence we have
Ky(J(C) = {0}

by the exactness of above sequence. Further the sequence 0 — ZAZZ'—’;KO(J(Cl))g—;Z -0
is exact, thus the range of i*, R(i*), equals {0}. Consequently, Ker &* = {0}, this shows

that the sequence 0 — Kl(J(Cl))£—>Z — 0 is exact. That is K1(J(C')) = Z. We are done.

Remark 2.1. Theorems 2.1 and 2.2 can be extended to the case of Dirichlet space
on unit ball of C™. We need only to note that if o € homeo (S™) with degreec = 1 (S™
is the unit sphere of C"), T, = (T4, --,T%,) is joint essentially unitary equivalent to
To =Ty, ,T,,), where o = (01, ,0,) (see [5] for detail). Thus the proof of Theorem
2.1 is true for the case of several complex variables if we consider the Toeplitz operator with
matrix symbols which have entries in C'(B,,), where B, is the unit ball of C".

Recall a linear derivation on an algebra B is a linear map d from B into B which satisfies
that 0(fg) = 6(f)g+ f(g). Sakai’s theorem says that each linear derivation on C*- algebra
is continuous (see [6]). If there is an f € B such that 6(g) = fg — gf for any g € B, then ¢
is said to be an inner derivation on B, otherwise, J is called an outer derivation. Ringrose’s
deep result indicates that there are only inner derivations on any Von-Neumann algebras.
In the case of C'*-algebras, there may be many outer derivations; for instance, each bounded
linear operator (on a Hilbert space H) induces a derivation on the compact operator ideal,

hence the first cohomology group of K is L(,é{). In sequal of this section, we will compute

the first cohomology group of J(C1).
Proposition 2.2. Suppose & is a linear derivation on J(C'). Then the range of § is

contained in K.
Proof. Since the convex combination of unitary elements in J(C?') is dense in the unit

ball of J(C?') (see [7]), we need only to prove that §(U) € K for any unitary operator U in
J(CY). Assume U € J(C') is a unitary operator. Then there is a ¢ € C(T) such that
&([U]) = ¢u. By U*U = I, we have
loul? = pueu = E(UDEU]) = &([1]) =1,
which shows that ¢ is a unimodular function. Write §(U) = Tyy. Then thereis a pr, € C(T)
such that &([Ty]) = ¢, . Noting all elements in J(C') are essentially commutative , we see
that [6(U™)] = n[U"15(U)], hence
(™)) = ns((U"DESU)) = neyy o, -
Further [[E(8U™)])lloe = nllozy I since o] = 1. By [U7] < 1, we have
IEQ@™ NN = 6@ < 6@™)[ < IS[IIT™ | = [I6]] < oo for any n € N,

which follows that @7, = 0, so that 6(U) = Ty € K (since & is an isometric isomorphism
from % onto C(T)). We are done.

Let B(J(C'),J(C")) be the set of all derivations from 7 (C?!) into itself, and Z(J(C*),
J(C1)) be the set of all inner derivations on J(C'). HY(J(Ct), J(CY)) = % is
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said to be the first cohomology group of J(C*). (The definition on higher order cohomology
groups of Banach algebras can be found in [8].)

Theorem 2.4. H(J(C'),J(C')) = }fé}le).

Proof. For any f,g € J(C'), if 6; = §,, then for every h € J(C') we have §;(h) =
84(h), thus (g — f)h = h(g — f), which shows that g — f € {J(C')}, the commutant of
J(CY). However, it is not difficult to see that {7(C')}’ = CI. Hence g — f = A for some
A € C; further Z(7(CY),7(CY)) = L€ By Proposition 2.2, if § € B(J(C1), J(C1)),
then 6 maps J(C') into K. Note ¢ is induced by a bounded operator 7' on D (see [9]),
that is 6(f) = fT — Tf for any f € J(C"), so T € {J(C")},, the essential commutant
of J(C1). An easy checking shows that {7(C')}, = {T.}.. In fact, it is obviously that
{T(CYY}, c {T.}.. For each T € {T.}., if we prove that 7' commutes essentially with 7%,
then 7' commutes essentially with each element in 7(C'). Noting T:T% = T}z = I (see [4]),
T.T;: = I+ K(K € K), we see that

TE(TZT - TTZ)TE - TZTZTTZ - TZTTZTZ == TTg - TET + Kl (Kl € ’C),
so TT; — T:T is compact. Furthermore, T' € {7(C")}.. It follows that {7 (C")}. = {T.}..

7

Consequently, B(J(C), J(C1)) = %’ hence H'(J(CY), J(C1)) = ‘{7:?2,}16). The theorem

is thus complete.

¢3. Algebraic Properties of Toeplitz Operators

In [3,4], we have seen that there are many differences between Toeplitz operators on D
and those on Hardy or Bergman spaces. A surprising differnce is that a non-zero function
may induce a null Toeplitz operator. In fact, we proved following

Theorem 3.1.14 Suppose ¢ € C*(D). Then the following statements are equivalent.

(1) T, =0; (2) T, is compact;  (3) ¢|r =0.

In this section, we discuss continuously some properties of these operators.

It is well-known that there are a lot of selfadjoint Toeplitz operators on Hardy and
Bergman spaces. A natural problem is: Are there also selfadjoint Toeplitz operators on
Dirichlet space? The following theorem gives a complete answer for Toeplitz operators with
Cl-symbols.

Theorem 3.2. Suppose ¢ € C*(D). Then T, is selfadjoint if and only if plr = @
c € R. Furthermore. There are no non-trivial selfadjoint Toeplitz operators on D.

Proof. Suppose T, is selfadjoint. Then for any k,j > 1, we have (T,z¥, 27)

PJT =
1= (25
T<pzj>%. Let p; =) aﬁ)nznzm be a polynormial which satisfies

opl

0
R e e I LI

It is easy to check that [|Ty| < ||¢]lco + H%HOO for each ¢ € CY(D), thus ||T,, — T,| —
0 (I = o0). Further

(T2t 20) ) = Tim (1,25, 27), = (lim 30 afh,)j,

l—o0

n+k=j+m
(28, T,27) 1 = lim (2F, T, 2%), = ( lim E a%)n)k.
2 l—o00 2 l—o00 s
n+j=k+m

Write t = k — 5. Then
(tim > al)G+ht) = (lim Yall, ) (k+ht) (vhez?)

l—o0 l—o0
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by <T¢Zk+ht,zj+ht>% — <Zk+ht,TLij+ht>

1.
2

If hm Zan ‘ntt 7 0, then llim Zas)nft # 0.
—00 ’

Thus for each h € Z*, we have Jﬁw = 97 +ht, consequently, 7 = k. This shows that

llim > ag)nﬂ = 0 when ¢ # 0, hence
—00 ’

(T,2*, 29 (gﬂza”“”);o when k # j.

Note ||¢|r — pi|T]|oc — 0 and
27 ) 2 - l
/ plre!’df = lim / pilre’™df = lim Za;)n_H =0 for ¢t#0.
0 l—o0 J =00 - ’
So |t =constant; in fact ¢|r = lim Za% Similarly, by
l—00

k i . @) _ :
(z 7T¢2J>% = (}E& +¥+ anm)k =0 for k#j,
n+j=k+m

we see that @gly = hm Z a'l) =constant. On the other hand, for k = j, we have
n

(T, 2", 29) %:(llggoZamJ R T,2R) %:(hmZa )

l—o0

hence lim Za = lim Za . That is, ¢|r = @|r =constant.

l—o0 n l—o0 n
Conversely, if ¢|r = @t = c € R, then T,,_; = T,,_. = 0 by Theorem 3.1. Thus T}, = cI.
The theorem is then complete.
We have known that T3 # T in general. The following stronger conclusion indicates
that T7 is never T; whenever T, is not a scalar operator.

Proposition 3.1. Suppose p € C1(D). Then T} =Ty if and only if p|r =constant.
Proof. For any f,g € D, we have

! / / a
(T390, = (£, Tog)y = (F.0g)y = (Freg) + (F + 52g);

o
(Tof.00y = (2F.9)) = (@f g+ (500.9).
=(Tzf.9)1, then

(f',e9") + <f’ + %fg> =(@f,9') + <%f, g’>,

(350~ (B20)~ (o)

In particular, for any k,j € ZT — {0},

R S

Suppose p; = Z all) zn moq = Z bl 2™ are polynormial sequences such that

(T3 1 9)

1
2

thus

Jp
MPNWHQHJ—*H—W

0
o gle —0, 2592 0
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Thus
e .
k<zk71,—@z7> = lim k(zF1 na(l) Z"71EM ) = lim nka(l) (Zhtm=1 pnti=ly
0z l—>oon l—o0
. 1 .
9p PO A () Gegmth=l jtm—ly _ ) 1 iy
(g7 = grg;nmnb HH ) = i Sl gy (=B
—h o 1
= lim. (n+ )by 4y, TR Tt
Note
llelr —pilrllzecr) < Nl = pilloo —> 0 (as | — o0),
eIt — @lrllczery < 1@ — @lloe — O (as | — o0),
hence
s 2
l ]
Z ‘ Z(agz()nﬂ) bgerrt)n) —0 (as [ — o0).
t=—o00 n
Further
0= k:<zk_1 a—(pz]> —j<%zk zj_1>
"0z 0z’

= jim (D)~ (S04 0 i

1 0 1 .
*zlggo{zna”("“)n+k+t(k 7
1

) L
+Zn n("+t)n+k+t Z(n+t)b(vz+t)n —|—k—|—t]:|

. 1
:}Eiz[( Z” Do E T 2 33n+t>m”)
n

RO 0] 1
b o
+Z ”("J"t)n—i—k—‘rtt'] (”J'_t)"n—i—k—l—t :|

o[ 0) 1 (l) ) J
—}211[ (Xt el +k+t)t+z ninre) ~ Voron) e g

1
+ Z Gy n+t n+t)n)mtj]
zliglo [ (Z an(n+t )t + Z n+i)a, n+t) bEQH)")ﬁ
i [ (ST S -]

e 0w ki
B (n+t>n)n+k+t'
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Noting

i O] .

IIE& @ninsy = bnrem)d =0,

lim <Zk_17plzj_1> = <Zk 7902] 1> = 11m< k- 17@Zj_1>7

l—o00 l—o00
we know easily that

i NONO: 1 B
llg?o (a Un(ntt) — (n+t)n)m =0

Hence ll_lglo ( Z an(n+t)) = 0 for each t # 0, which shows that

27
/ pi|re™®dd — 0 (Vt #0, | — o).
0
Thus

27 27
/ ©lre’?df = lim / pilre®dd =0 (Vt #0),
0 l—o00 0

further, |t = hm Zann =constant.

Conversely, 1f <,0|1I = ¢ =constant, then it is clear that T\, = T, = c¢I by Theorem 3.1.
Thus T = ¢l = T = T

Proposition 3.2. Suppose ¢,v) € C1(D). Then T, Ty = 0 if and only if at least one of
©lr and Y|1 equals zero.

Proof. By Theorem 3.1, we need only to prove that if 7,7, = 0, then either ¢|t or ¥|p
equals zero. Assume {p;} and {¢;} are polynormial sequences which satisfy

om
[p1 — ¢lloe — 0, H _ =0,
5’(11
lar = ¥l =0, H———H
thus || T,, — T, =0, ||Ty — Tyl — 0. Suppose
“m ) _k=j
= %z zZ" q = Zb,&;zkz’j.

Then for any ¢t € ZT — {0}, we have

TpLquztzPK;a%Z”fm) (Zbl) 4]
[(Zaw )(gﬂ_bk?z’““‘jﬂ

= Z aﬁf}nb,il;zk+t+”_m_j.
k+t>j,n+k+t—j>m
Noting
1T T = T Tl < 1Tl T = T ll + 1T = T I T[] = O,
we see that llim T, Ty 2" = 0 for each ¢. Hence
—00
. ) () k+t+n—m—j _ ;
lim Z m)nbkj AAas i=0 in D.

l—o0 . .
k+t>j,n+k+t—ji>m
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Let P denote the orthogonal projection from L?(T) onto Hardy space H?(T), and T
denote the Toeplitz operator with symbol ¢|r on H?(T). Then for any ¢t € Z*,

olr

n m 1) k
Tplll ‘Zl|'1f< _P[( m )( Z b( CH J)}
l n—m-—
= 2 £fmb‘ s
k+t>j,n+k+t—ji>m
- > a;%)nbgj?gk+n+<t+1>fmf(j+1)
k4+t+1>j+1,n+k+t+1>(G+1)+m
l n+t' —m—(j
= > N N (R A ()
k4+t'>j+1,n+k+t'>j+1+m
_ Z (z b(l)<k+n+t— 7(j+1)'
k4t'>j n+k+t'>j+m
Since lim > a,(fr)nb,g?zk“‘t"’"_m_j =0in D (Vt € ZT — {0}), it is obvious
1=00 pyt> ) ntk+t—ji>m
that
hm Z nl’r)nbklj)gk+n+tlim7(j+l) — 0

=00 . .
k+t'>j5,n+k+t'>j+m

in H?(T) (vt € ZT — {0}), further

T TWTC = hm sz|11' qzhrc =0 (Vt S Z+).
Hence Ty, Ty, = 0 if T, Ty, = 0. It is well-known that T Ty, = 0 if and only if p|p =0
or ¥|r = 0. The proposition is thus complete.
Proposition 3.3. Suppose p,1 € C1(D). Then T,Ty is a Toeplitz operator with C*-
symbol if and only if @|r or Y|r is the boundary value of an analytic function on D.
Proof. It is not difficult to see that if T,,T}; is a Toeplitz operator with C'-symbol, then

T,Ty = Ty In fact, since T, T, — T,y is compact, Tw/)f@ is compact if T, Ty = Tg (p €

elr

C*(D)). By Theorem 3.1, we have Ty, = T;. Similar to the proof of Proposition 3.2, we see

easily that T,,Ty = T, if and only if JN“WT%MT = %(wl))hr if and only if either @|r or 9|t is
the boundary value of an analytic function, we are done.

¢4. Connectivity of Spectra of Toeplitz Operators

Widom theorem tells us that each Toeplitz operator has connected spectrum on Hardy
space for one complex variable. However, it is well-known that similar conclusion fails in
the case of Bergman space or Hardy space for several complex variables. Is the spectrum
of each Toeplitz operator connected on Dirichlet space D? Our goal is to deal with this
question for the case of Toeplitz operators with C'-symbols in this section.

Lemma 4.1. Suppose ¢ € CY(T). If T,, is invertible, then T
on Hardy space H?(T), where %WT denotes the usual Toeplitz operator with symbol p|r on

H?(T). In particular, R(¢|r) = o(Ty),) C o(T,).
Proof. If T, is invertible, then |t is invertible in C(T) and wind |y = 0 by index

formula (Lemma 2.1). Thus T |z is Fredholm and IndT = —wind |t = 0. Further TN“WT
is invertible by Corollary 7.25 in [8]. Hence o(T ¢|T) C o(T,).

oz 5 an invertible operator

elr
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Lemma 4.2. Suppose ¢ € C*(D) and @|r is invertible in C(T). Then at least one of
KerT, and Ker T} equals {0}.
Proof. Let {p;} = Z all),z"#™ be a polynormial sequence such that lle —pilloc = O

and ||f’9 31’! Lo — 0 (as l = 00). Then ||T, — Ty, || = [|T; — Tp,|| — 0. If f € KerT,,, and
=3 bkzk, then pif = > Z brall), 27k zm  Thus

k>0 P(pif) = S beald (1) yntk—m _ Z ( Z bkaizl()n-i-k—t))zt

n+k>m t>0 ntk>t

llg& Plpif) = llgiz ( Z bkas()n+k7t))zt =0 (in D).

t>0 n+k>t
On the other hand, if g € KerT7, and g = Y k>0 dpz", then for any j > 0 we have

(Tg,7 )1 = hm (T 9721 1 = hm <g,Z( Z an(nﬂ t)) >7

2

and hence

n+j>t
@ t
hm<deZ (X aluen)?),
t>0 ntj>t 2
— i 0 d_
= Jim 3 (3 Al )T =0
t>0  ntj>t
Set
) ) a® U]
Ann a a
ano nzz—l n(n+1) ZZ n(n+2 nzz—?) n(n+3)
) O} @) @
) Z an(n 1) Z Gnn, E an(n+1) Z n(n+2)
Al — (Cij ) — n>1 nZO(l) n>—1 o n>-—2 "
Z an(n 2) n2>:1 an(nfl) ng[) Ann n;1 an(n+l)

Then A; is a Toeplitz matrix with symbol p;jpr = > CE i1 2+ Z cl(lJr zJ. Noting ¢|r €
3>0

C(T) and |¢|T — pi|1]|sc — 0, we see that

~ K

~ ~ ~ ¥
”Tcplw - T;Dlhr” = HTL,D‘T p,\TH — 0.

Let f — > bsrC¥. Then f € H2(T) by f = > bpz* € D and

T F_ PR I .
T@\Tf:lligloAlf:llggoZ( Z karlagz()nJrkft))Ct =0 in H?*T)

t>0 n+k>t

since tgo (ZnJrth bkag()n%_t))zt — 0 in D. Again, let g = 3 ‘1’3:11 ¢*. Then g € H*(T)

o)
since g = Y dyz' € D. Thus
=1

lim TPL\Tg = hm Al 9 = hm Z (ig?ij)c_l

l—o0
Jj=1

= fim [Z( D Busi a)) 2=

l—>oo 2
= j=1 n+i>j
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li a® " de ) for cach j. Hence T, § = 0. It is obvious th
since Jim t;o n§>ta"("ﬂ % = 0 for each j. Hence W‘Tg 0. It is obvious that f # 0
if and only if f # 0, and g # 0 if and only if § # 0. However, at least one of Ker TsphT and

Ker TMT equals {0}, so that either f or g equals {0}. Further at least one of KerT, and
KerT is zero. The lemma is thus complete.

Theorem 4.1. Suppose ¢ € C*(D). Then

o(Ty) = o(T,).
In particular, o(T,) is a connected subset of C.
Proof. By Lemma 4.1, we need only to prove that o(T,) C o( ol). Without loss of
generality, assume 0 ¢ a(iphr). Then ¢|r is invertible in C(T). Thus T, is a Fredholm

operator on D, and Ind T, = —wind ¢|r. Note —wind |t = Ind Ty, =0,s0 IndT, =
However, either KerT,, or KerT} is trivial by Lemma 4.2, we see that KerT,, = Ker T} =
{0}. Thus Ty, is 1nvert1ble that i 1s 0 ¢ o(T,). Then follows the theorem.

Corollary 4.1. For any ¢ € C*(D),

o(T,) = R(plr) U A € pe(T,)[Ind T, # 0}.
Corollary 4.2. If ¢ € CY(D) is a nonconstant real function, then T, has no eigenvalues.
Proof. Since o(T,) = J(ZN“WT), we know that

o(T,) = [inf p|r, sup plz].
For any A € o(T,), it is easy to see that

~ ~*

dimKer (T, — A\) < dimKer (T, — A), dim Ker (T, — A) < dimKer (T, — A)

elr @lr

by the proof of Lemma 4.2. Thus Ker (T, — \) = {0} since Ker( A) = dim Ker (%
A) = {0} (see [8]); that is, A ¢ o, (T,,). Hence op(Ty) = 0.

Corollary 4.3. Suppose ¢ € C(D). Then T, is invertible if and only if the following
statements are true:

(i) |1 is invertible in C(T);

(ii) there exist € > 0 and an outer function such that Re(p|rf) > €.

elr ™ elr

Proof. By Theorem 4.1, we know that T, is invertible if and only if % is invertible.

The theorem is thus complete by Widom-Devinatz theorem (see [8]).

elr

Corollary 4.4. Suppose ¢ € C1(D) is a real function. Then T, 1is invertible if and only
if z € R(T,), the range of T,,.

Proof. We need only to prove that T, is invertible if z € R(T ). In fact, assume {p;} is a
polynormial sequence such that ||p; — gz)||OO — 0, and ||8pl ——HOO — 0, thus ||T,, = Ty,|| = 0.

@) S
Let p; = > 2"2™, and f = Y bgz® such that T,f = z. We see that llim T, f=z1Itis
nm — 00

obvious that Tp,, f = > > aff()n+k7t)bkzt. Hence

t=1 ntk>t
1, t=1
: 0) _ /b ,
el Onn+e—) Pk = {0, t>1.

n+k>t
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Now let }(C) = 3" bry1¢* € H2(T) (it is obvious since f = Y by2* € D). Then
k=0 k=1
Ty f = P[(Zagy)nCnEm) (Zbk+1<k)]
nm k=0
= 1
- Z nmbk-i-lCnJrkim = Z Z afm()n-kk—t)bk"—lct

n+k>m t=0 n+k>t
o0
_ @ 0 t
= E E : @y (g (k+1)— (t4+1)) bk+1C § E , Uy (ks — (141 O C -
t=0 ntk41>t+1 t=0 n4k' >t+1

~ ~ ~ ~ ~

By previous argument, we have llim Ty, f =1, and consequently, Ty, f = T, f = 1. This
— 00

shows that T',), is invertible (see [8]). Hence T, is invertible by Theorem 4.1.

Remark 4.1. We know that T # T, for each nonconstant real function which satisfies
¢l #constant by Proposition 3.1. Hence for such a ¢, W(T,) € R, the real field. However,
the proof of Corollary 4.2 shows that o(T,) is a closed interval in R. Thus we see again
that T}, is not a convexoid operator. For instance, if ¢ = (Rez)?, then o(T,) = [0,1]. Let
f=1i2> + 22 + z € D. We have that

f f I I oy f 1
ol T2 = P11+ B2 177 T )

= f/ f/ L i3 2 )
- <¢||fHD’ Hf||p> I PRelie” 2% 4 2), (367 + 2 41))
_ o 1 o B
- <“"||f\|p’ \|f||D> T A+ 27 +2), B0 + 224 1))
[ 1 .
- 3(z°, 2
<s0||fHD’ Hf||p> ||f||D[ ( )

+2(22,2%) + (2, 2) — 3i(2%, 2%)].
It is obvious that <T¢ L L > ¢ R. Hence cono (T,) G W(T,,).

Ifllo Ifllo /1
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