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§1. Introduction and Main Result

Consider the following first order quasilinear hyperbolic system

% + A(u)% =0, (1.1)
where u = (u1, -+ ,u,)T is the unknown vector function of (¢,z) and A(u) = (a;;(u)) is an
n x n matrix with suitably smooth elements a;;(u) (¢,7 =1,--- ,n).

By hyperbolicity, for any given u on the domain under consideration, A(u) has n real
eigenvalues A1(u), -, A,(u) and a complete set of left (resp. right) eigenvectors. For

i=1,---,n, let lj(u) = (i1 (u), -, lin(u) (resp. ri(u) = (ri1(u), -+, 7 (u))T) be a left
(resp. right) eigenvector corresponding to A;(u):

li(w)A(u) = Xi(u)li(w) (resp.  A(u)ri(u) = Ai(u)ri(u)). (1.2)

We have
det|l;;(u)| # 0 (equivallently, det|r;;(u)| # 0). (1.3)
All A\ (u), lij(u) and 745(u) (4,5 = 1,--- ,n) are supposed to have the same regularity as

a;j(u) (4,5 =1,---,n).
Without loss of generality, we suppose that on the domain under consideration

lz(u)rj(u) = 6ij (Za] =1, 7”)) (14)
rf(uwriu)=1 (i=1,---,n), (1.5)
where d;; stands for the Kronecker’s symbol.
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In the case that system (1.1) is strictly hyperbolic, namely, A(u) has n distinct real
eigenvalues

A(u) < Ae(u) < -+ < Ap(u),

earlier results can be found in [4,13] and [3]. Then, by means of the concept of weak linear
degeneracy, Li Ta-tsien, Zhou Yi and Kong Dexing have given a complete result on the global
existence and the blow-up phenomenon of C! solution to the Cauchy problem for system
(1.1) with small C? initial data with certain decaying properties as |z| — +oc in [11, 12].
Moreover, A. Bressan[!l and Yan Ping['®! have proved the global existence of C! solution to
the Cauchy problem with small initial total variation in the linearly degenerate case and the
weakly linearly degenerate case respectively. The results in [11,12] have been generalized
to the non-strictly hyperbolic system with characteristics with constant multiplicity (see [7]
and [10]). However, in nonlinear elasticity, for some homogeneous, isotropic hyperelastic
materials (see [2, 14]), the system of plane elastic waves is usually a quasilinear non-strictly
hyperbolic system with characteristics without constant multiplicity, and the eigenvalues at
u = 0 satisfy

A1(0) < Aa(0) < -+ < As5(0) < Ag(0)

Regarding this fact, in this paper, we consider the case that at u = 0 the rightmost or the
leftmost characteristic is simple. Under appropriate conditions we will prove that in this
situation the C! solution to the Cauchy problem for system (1.1) with a large class of small
and decaying initial data must blow up in a finite time.

For fixing the idea, without loss of generality, we suppose that, in a neighbourhood of
u = 0, the rightmost characteristic A, (u) is simple, namely,

A1(0) < A2(0) < -+ < Ap21(0) < A, (0). (1.6)
Moreover, we suppose that A, (u) is not a weakly linearly degenerate characteristic such that
there is an integer av > 0 such that, along the n-th characteristics trajectory u = u(”)(s)
passing through u = 0, defined by
du
{m_mm (1.7)

s=0:u=0,
we have
A (u™ (5))
ds! s=0 0« ’ ), (18)
but
40 () (5))
_— . 1.
ds>tl s=0 7& 0 ( 9)

The main result in this paper is

Theorem 1.1. Suppose that A(u) is suitably smooth in a neighbourhood of u = 0.
Suppose furthermore that (1.6) holds and there is an integer o > 0 such that (1.8)—(1.9)
hold. For the Cauchy problem of system (1.1) with the following initial data

u(0,z) = ey (x), (1.10)
where € > 0 is a small parameter and (x) € C! satisfies
Slel]llg{(l + 2 (¥ (@) + [ (2)])} < oo, (1.11)

1, (0)y(x) £ 0, (1.12)
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then there exists €9 > 0 so small that for any fixed € € (0,eq], the first order derivatives of
C*! solution u = u(t,z) to Cauchy problem (1.1) and (1.10) must blow up in a finite time and

there is a positive constant C independent of €, such that the life-span T(e) of u = u(t,x)
satisfies

T(e) < Ce~ (e, (1.13)

Remark 1.1. It is well known that the life-span of C* solution u = u(t,z) has the
following lower bound:

T(e) > Cet, (1.14)
where C is a positive constant independent of .
In Section 2 we will present some preliminaries, then Theorem 1.1 will be proved in
Section 3.

§2. Preliminaries

By Lemma 2.5 in [12], there exists a suitably smooth invertible transformation u =

u(w)(u(0) = 0) such that in u space, for each i = 1,--- ,n, the i-th characteristic trajectory
passing through u = 0 coincides with the w;-axis at least for |u;| small, namely,
ﬁ(ﬂiei)//ei, V|ﬂl| small (i: 1,~-- ,n), (21)
where
(@) T
e; =(0,---,0,1,0,---,0)". (2.2)
Such a transformation is called the normalized transformation and the corresponding un-
known variables @ = (uy,- - ,U,) are called the normalized variables or normalized coordi-
nates.
Let
Vs = lt(u)u (Z = 1a T 771), (23)
w; = l;(u)uy (i=1,---,n).

By (1.4), it is easy to see that

u= kark(u), (2.5)
k=1

Uy = Z wirg(w). (2.6)
k=1

Let
d 0 0
— = = 4 N(u)—
be the directional derivative with respect to ¢ along the i-th characteristic. We have (cf. [4]
or [12])

dv; - .
d?t = Z Bijk(wvjwy (i=1,---,n), (2.8)

J,k=1

where

Biji(w) = (Ak(u) — Xi(w))l;(w) Vrj(w)re(uw). (2.9)
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Hence
Biji(u) =0, Vi, j; (2.10)
and, in normalized coordinates,
Biji(uje;) =0, V|u;| small, Vi,j. (2.11)
Noting (2.6) and (2.8), we have (cf. [8])

d[vs(dz — \i(u)dt)] = % + W} dt A de = j%njl Bujs(w)vjwpdt Ade,  (2.12)
where
Bijr(u) = Bijr(uw) + Vi(u)re(w)d;. (2.13)
By (2.10), it is easy to see that
Biji(w)=0,  Vj#i, (2.14)
while
Biii(u) = Vi(uw)r;(u). (2.15)
By (2.11), in normalized coordinates we have
Bijj(uje;) =0, V]uj| small, Vj#i. (2.16)
On the other hand, we have (cf. [4] or [12])
‘Z" =Y v (=1, ,n), (2.17)
Jok=1
where
igk(u) = %{(AJ‘(U) = X ()i () Vrg (u)r (u) = Vg (u)r; (w)dir + (1K)}, (2.18)
where (j|k) stands for all terms obtained by changing j and k in the previous terms. Hence
Yijj(u) =0, Vj#i, (2.19)
Yiii(uw) = =V (wri(u) (i=1,---,n). (2.20)
We have (cf. [8])
d[w; (dz — N (u)dt)] = {35;2' + W} dt A da = j%nzl Ly (w)wjwgdt A dz, — (2.21)
where
Liji(u) = %()\j (u) = A ()i (W) [V (w)rj (u) = Vi (u)ry(u)]. (2.22)
Hence
Ty(u)=0,  Vi,j. (2.23)

Lemma 2.1.38 Suppose that u = u(t,x) is a C* solution to system (1.1), 7, and T
are two C' arcs which are never tangent to the i-th characteristic direction, and D is the
domain bounded by 11,72 and two i-th characteristic curves Ly and L] (see Fig. 1). Then
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we have

/ o (daz — Ai(w)dt)| g/ \vi(dm—)\i(u)dt)|+//D‘ f: Bijk(u)vjwk’dtdw, .
T1 T2 jk=1 .

/ i (dr — Ao (w)dt)| g/ \wi(dx—)\i(u)dt)\—i—// |30 Tupuwudide.
T T D
! 2 Gk=1 (

J#k

2.25)

Fig. 1
Lemma 2.2.% Suppose that w=w(t) is a C* solution to the following ordinary differential
equation
dw
i ap(t)w? + ay (t)w + ax(t) (2.26)
on the interval [0,T), where T > 0 is a given number, a;(t) (i = 0,1,2) are continuous
functions on [0,T] and

ap(t) >0, Vtel0,T]. (2.27)
Let
K :/0 laa(t)] exp ( —/0 al(s)ds)dt. (2.28)
If
w(0) > K, (2.29)
then
/O ao(t) exp ( /0 al(s)ds)dt < (w(0) — K)~. (2.30)

§3. Proof of Theorem 1.1

Without loss of generality, we will prove Theorem 1.1 in normalized coordinates. More-
over, as in [11], we may assume that A;(0) > 0.
By (1.6), there exist positive constants § and dp so small that

1 .
i) = X(@)[ < 0 Vil ol <6 (=1, ,n). (3.2)
Let = x,(t) be the n-th characteristic passing through the origin:
dr,(t)
{ 5 = Ml (1), 53)
t=0:xz, =0,
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and denote
z} (t) = (An(0) + o)t (3.4)
For 6 > 0 suitably small, z = x,,(¢) must lie to the left of the straight line x = z; (¢).

Fig. 2
For any fixed T > 0, let (see Fig. 2)
DI ={(t,z)] 0<t<T, a,(t)<a<af(t)}, (3.5)
DT = {(t,a)] 0<t<T, =2at(®)} (3.6)

In what follows we will consider the Cauchy problem on the maximum determinate domain
DI'u DI corresponding to the initial data on = > 0.
For any fixed T' > 0, let

V(DT) = max [0+ [e]uslt @) e o). (37)
W(DD) = max (14 [e]uws(ta)] = p1). (35)
W (T) = max  sup {(1+ [z —\i(0)t])|wi(t, z)[}, (3.9)
=l n=1 »)eDT
oy (t)
WA(T) = sup / (o (¢, 2)|da, (3.10)
0<t<T Jz,(t)
WA(T) = | x| / (1, )l (3.11)
where ¢; denotes any given i-th characteristic on DI,
Uso(T) = max sup lu; (t, )], (3.12)
1SISn (4 2)eDTUDT
Voo (T) = max sup v (t, x)]. (3.13)

1SISn (4 2)eDTUDT

For the time being we assume that on any given existence domain DI U DI of the C*
solution u = u(t, z), we have

|u(t, z)| < 0. (3.14)
At the end of the proof of Lemma 3.3, we will explain that this hypothesis is reasonable.
Lemma 3.1. Fori=1,---,n— 1, on the domain DI we have
kit <@ — X (0)t < Kat, (3.15)
kix < x — X(0)t < Ram, (3.16)

where k1 and Ko are two positive constants independent of T'.
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Proof. For any given point (t,2) € DL when ¢ is suitably small, by the definition of

DT and (3.2) it is easy to see that
(An(0) = do)t < 2 < (A (0) + do)t; (3.17)

then, noting (3.2) again, (3.15)—(3.16) follow immediately.
Similarly to Lemma 3.2 in [11], we have

Lemma 3.2. Suppose that (1.6) holds and A(u) € C? in a neighbourhood of u = 0.
Suppose furthermore that the initial data satisfy (1.11). Then there exists g > 0 so small
that for any fized e € (0,2¢], on any given existence domain DI of the C solution u = u(t, )
to Cauchy problem (1.1) and (1.10), we have the following uniform a priori estimates

V(DY), W(DY) < rse, (3.18)

where K3 s a positive constant independent of ¢ and T

Lemma 3.3. Under the assumptions of Lemma 3.2, there existes eg > 0 so small that for
any fized £ € (0,£0),0n any given ezistence domain DI U DL of the C* solution u = u(t, x)
to Cauchy problem (1.1) and (1.10), there exist positive constants k; (i = 4,5,6) independent
of € and T, such that we have the following uniform a priori estimates

WE(T) < ke, (3.19)
W(T), Wi(T) < kse|logel, (3.20)
Voo (T), Ux(T) < kee|loge|, (3.21)
where
Te*t™ < 1. (3.22)

Proof. We first estimate Wl(T).

On DT we draw arbitrarily an i-th characteristic curve ¢; : @ = z;(¢t) (1 <i < n—1)

which intersects x = x,,(t) and =z} (¢) at points A and B respectively (see Fig.3).

Fig. 3

In order to estimate [ |wy(t,)|dt, we apply (2.25) in Lemma 2.1 on the domain AOB
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(in which one of the n-th characteristic shrinks to the point B ) to get

[ ot AsCutt, o)) = Ao ult, o)l

S/ |wn (¢, )| An(0) + do — An(ult, x)) |dt+// ‘ Z Lijk(u w]wk’dtda:
OB AOB ' |

J;ﬁk
5/ [ (£, 2) [ A (0) + 80 — An (u(t, 2) |dt+// | Z D) i
OB aoB!
J;ﬁk
n—1
+ / / | S g () + Ty () g del (3.23)
AoB '

Then, by Lemma 3.1 and Lemma 3.2 and noting (3.1) and (3.14), it is easy to get

T
/\wn(t,xndtqu(DI)/ (1+1t)~ 1dt+02 / / (L+8)7 11+ &) dtde

0
W (TYWA (T) /T(1+t)_1dt}
0
< Cs{e + (W (T))?log(1 4+ T) + WE(T)W(T) log(1 + T)}, (3.24)

henceforth C;(i = 1,2,---) will denote positive constants independent of ¢ and T'. Then,
noting (3.22), we get

WA (T) < Cufe + (WE(T))?|loge| + WE (TYW1(T)} logel. (3.25)
Similarly, we have

Wi(T) < Cs{e + (WL (T))*|loge| + W (T)W1(T)}| logel. (3.26)

We next estimate W< (T).

Passing through any given point (t,#) € DI, we draw the i-th characteristic ¢ =

x;(s;t,7) (i # n) which intersects z = x} (t) at a point (¢o,y) (see Fig. 4).

n

Noting (3.2), for § > 0 suitably small, we have

r—y do
< (0 —. 3.27
RSN (327
Then, noting (3.17), it is easy to get
Cot < to < t. (3.28)

Integrating (2.17) along & = z;(s;¢t,x) from tg to t yields

w;(t, x) = w;(to,y / Z Yijk(Wwjwg (s, x;(s;t, z))ds. (3.29)

to]k 1
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Fig.4
By Lemma 3.2 and noting (3.28), we have
wi(to, y)| < me(l+y) ™" < Cre(l+t9) ™ < Cge(1+1)7 (3.30)
Then, noting (2.19) and (3.14) and using Lemma 3.1 and (3.28), it follows from (3.29) that
jwi(t,2)] < {Csz + Co(WE, (1) log(1 +T) + CroWSL(T)Wi(T)}(1+1)~1 (3.31)
Thus, using Lemma 3.1 and noting (3.22), we get

WS (T) < Cra{e + (W5, (T))* log(1 + T) + W (T)W1 (T)}

< Cia{e + (WE(T))?|loge| + WS, (T) W1 (T)}. (3.32)

We now prove (3.19) and (3.20).
Noting (1.11) and (3.14), by (2.4) it is easy to see that

lwi(0,2)] < Cize(1 + |z[)™' (i=1,---,n). (3.33)

Then, we have
WE (0) < Chse, (3.34)
W1 (0) = W1 (0) = 0. (3.35)

By continuity, there exists a positive number 7y such that there exist positive constants k4
and k5 independent of €, such that (3.19)—(3.20) hold on 0 < T < 73. Thus, in order to
prove (3.19)—(3.20), it suffices to show that we can choose k4 and k5 in such a way that for
any fixed Ty € [0,T] (in which T satisfies (3.22)), when €9 > 0 is suitably small, if

W (To) < 2kae, (3.36)
Wi(Ty), Wi(To) < 2kse|logel, (3.37)
then
WS (To) < ke, (3.38)
Wi(To), Wi(To) < rse|logel. (3.39)

For this purpose, substituting (3.36), (3.37) into the right-hand side of (3.25), (3.26) and
(3.32) (in which we take T = Tp), we get

Wi (Ty) < Cyellogel{l + 4(k2 + kars)e| logel}, (3.40)
Wi (Ty) < Csellogel{1 4 4(xk3 + kars)e|logel}, (3.41)
Wgo(To) < 0128{1 + 4(,‘{2 + I€4l‘i5)€| log E|} (342)
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Then, it is easy to see that, for g > 0 suitably small, we have

Wl(TO) < 2C4e|loge|, (3.43)
W1 (To) < 2045‘ 10g€|, (344)
WS (Ty) < 2C)se. (3.45)

Hence, taking
kg > 2C12 and k5 > 2max(Cy, Cs),
we get (3.38), (3.39). This proves (3.19), (3.20).
We now prove (3.21).

By (2.3) and (3.14) it is easy to see that Vo (T') is equivalent to Us (T').
For any given point (¢,7) € DI, we have (see Fig. 5)

u(t,x) = u(t,zg) — /wo ue (¢, €)dE, (3.46)

where (t,7¢) is located on the straight line x = z.7 ().

Fig. 5
Noting (3.14) and (3.18)—(3.20) and using (2.5), (2.6) and Lemma 3.1, we have

n

~ 3 Jue txo|+2/ o (t, ) d¢

k=1
< Cri3{V(DL) + W5 (T)log(1+T) + Wi(T)} < Craelloge|.

(3.47)
Then, taking xg > C14 and noting Lemma 3.2, we get (3.21).
Finally, we point out that when €y > 0 is suitably small, we have
1
Uso(T) < ky4elloge| < 55.
This implies the validity of hypothesis (3.14). The proof of Lemma 3.3 is finished.
Let
Ve(T) = max — sup {(1+4 [z —Ai(0)t])|vi(t, z)[}, (3.48)
1<i<n—1 (t, J,)EDT
UL(T) = max — sup {(1+4 [z —X(0)t])|ui(t, )|}, (3.49)
1<i<n—1 (t :E)GDT
+ (@)
Vi(T) = sup / v (¢, x)|dz, (3.50)
0<t<T Ju,, (t)

1<i<n-—1

Vi(T) = max /|vntx|dt (3.51)
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where ¢; denotes any given i-th characteristic on DI,

WaolT) = max  sup [wi(t, )] (3.52)

SISM (¢0)eDTUDT

Lemma 3.4. Under the assumptions of Theorem 1.1, there exists ey > 0 so small that for
any fized e € (0,20], on any given existence domain DL UDY of the C* solution u = u(t, x) to
Cauchy problem (1.1) and (1.10) there exist positive constants k; (i =7,--- ,10) independent
of € and T', such that the following uniform a priori estimates hold:

VE(T) < kre, (3.53)
VA(T), VA(T) < rkse|loge| + ro(e|loge|)>ToT, (3.54)
where T satisfies (3.22),
Weo(T) < Kiog, (3.55)
where
Tet™ <1 (ve(0,1) is a constant). (3.56)

Proof. We first prove that
US.(T) < CasVE(T). (3.57)

For any given point (t,) € DI by Hadamard’s formula and noting that (2.1) holds in
normalized coordinates, we have

E vkrk E Uka

—|—11n/ 3 Tul, --,Tun_l,un)uld7'>ei (i=1,---,n—1).
0 uy

ot (3.58)
Then, using Lemma 3.1 and noting (3.14) and (3.21), we get
US(T) < Ci6{VE(T) + ¢l loge|US(T)}- (3.59)

Hence, when € > 0 is suitably small, (3.57) holds.

Similarly to the proof of Lemma 3.3, we first estimate V4 (7).
Similarly to (3.23), we apply (2.24) in Lemma 2.1 on the domain AOB (see Fig.3) to get

/_ |on (t, 2)[[Ai(ult, ©)) = An(ult, x))|dt

S/ [vn (8, 2)][ A (0) + 60 — An(u(t, x)) |dt+// ‘ Z Bk (u v]wk‘dtdx
OB AOB

]kl

< /OB |vn (8, 2)|[ A (0) 4+ 60 — An(u(t, x))|dt + //AOB ‘ Z ank(u)vjwk‘dtdx

jk=1

+ / / |(Bunn (1) — Bun (ttnen) yomindtdiz
AOB

+ // | Brnn (Unen)vpwy|dtde (i =1,--- ,n—1). (3.60)
AOB
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By (2.15) and (1.8), (1.9) and noting that u = (u1,--- ,uy) are normalized coordinates, we
have

8)‘71 0,"',O,Un o

Then, noting Lemma 3.1 and (3.57) and using Hadamard’s formula, when g9 > 0 is small
enough, similarly to (3.24) we have

/‘ lon (£, 2)|dt
< Cr{V(DT) log(1 + ) + WE(T)VE(T) log(1+ T)?

+ WE(T)Vi(T)log(1 4+ T) + Wi(T)VE(T) log(1 + T) + (Voo (T)) W (T) T}

(3.62)
Hence, using Lemmas 3.2-3.3 and noting (3.22), we get
VA(T) < Choe|logel{1 + |loge|VE (T) + VA(T) + (¢|loge|) T} (3.63)
Similarly, we have
Vi(T) < Cope|loge|{1 + |loge|VE(T) + Vi(T) + (g loge]) 7T}, (3.64)

Moreover, integrating (2.8) along the i-th characteristic £ = x;(s;t, «) in Fig. 4 from ¢
to t, we obtain

vi(t, ) = vi(to,y) + /tt Z Bijk (w)vjwi (s, z;(s; t, x))ds. (3.65)
0 jk=1
Noting (2.11) and Lemmas 3.1-3.3, similarly to (3.32) we get
VE(T) < Con{e + WE(T)VE (D) log(1+T) + VL (T) Wi (T) + WL (T)VA(T)}
< Cose{1 + |loge[VE(T) + Vi(T)}. (3.66)
Thus, repeating the procedure of proving (3.19), (3.20), (3.53), (3.54) follow from (3.63),
(3.64) and (3.66).

We next prove (3.55).
Noting that, when (¢,z) € DJ:C, we have

wi(t,2)] <W(DI) (i=1,---,m), (3.67)
while, when (¢,7) € DI we have
lwi(t,z)] <WS(T) (i=1,---,n—1), (3.68)
by Lemmas 3.2-3.3, we need only to estimate sup |w,(t, z)|.
(t,x)eDT

Integrating (2.17) along the n-th characteristic £ = x,(s;¢, ) passing through any given
point (t,x) € DI we get

t n t
Wy (t, ) = wy(to, y) +/ Z ’ynjk(u)ijkds+/ (Ynnn (W) = Ynnn (Unen))w2ds
b0 k=1 fo
J#k
t
+ / Yonn (Unen)wids, (3.69)
to

where (to,y) is the intersection point of & = z,,(s;t,z) with z =z} (¢).
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Noting (2.20), similarly to (3.62) we have
[Ynnn (unen)| < Caslun|®. (3.70)
Then, using Lemmas 3.1-3.3 and noting Hadamard’s formula, we get
|wi(t,2)| < Coa{ W(DT) + (W (T))? + W5, (T)Weo (T) log(1 +T)
+ VS (T)(Weo (T))? log (1 + T) + (Voo (T)*(Wee ()T}
< Os{e +ellog e|Weo (T) + €| log e|(Wao (T))? + (e] log e ) (W (T))* T},
(3.71)
where T satisfies (3.22).
Thus, by (3.67), (3.68) and using Lemmas 3.2-3.3, we get
Weo(T) < Cog{e + €| loge|Wao (T) + (g|loge| + (] log e|)*T) (Wao (T))?}. (3.72)
Then, noting (3.56) and by continuity, completely repeating the procedure of proving (3.19),

(3.20) gives (3.55). The proof of Lemma 3.4 is finished.
Finally, we prove Theorem 1.1.

First of all, noting that v = (u1,--- ,u,) are supposed to be normalized variables, the
corresponding initial condition should be written as (cf. [11])
t=0:u=cey(z)+ O(?). (3.73)
By (1.11), it is easy to see that there exists xg € R such that

a+1 -
Mo= (= 4 O 00 0 a0 (00))

= (sup { - 1) 1 0oy @)])

weR ¢ O =0 (3.74)
Without loss of generality, we may assume that xg > 0 (otherwise, we take a translation of
the t-axis).
Let
1 9tN,
a=-— P (0). (3.75)
By (1.11) and (3.74), we have
a(ln(0)1h(0))* 1 (0)1)' (o) > 0. (3.76)
Without loss of generality, we assume that
a(ln(0)y(z0))* >0 and 1,(0)y(z0) > 0. (3.77)

By Lemmas 3.2-3.4, when ¢ > 0 is suitably small, the Cauchy problem (1.1) and (1.10)
admits a unique C' solution u = u(t,z) on the maximum determinate domain D! U D%,
where

T2 () < T(e)—12
For the time being we suppose that
T(e)e2t < 1. (3.79)

At the end of the proof of Theorem 1.1 we will show that this hypothesis is reasonable.
Let x = x,(t, o) be the n-th characteristic passing through the point (0,z¢). By the
definition of DI it is easy to see that this characteristic must enter DI at a finite time

to > 0 and stay in DI for t >ty (cf. [9] or [11]).

T. (3.78)
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On the existence domain D} U DT of the C! solution u = u(t,z), by (2.17), along
x = x,(t,x0) we have

‘% = ag(t)w? + ar(H)w, + as(t), (3.80)
where
ao(t) = Ynnn(u),
n—1
5=l (3.81)
n—1
as(t) = Z Vnjk (W) Wjwg.
3k=1
J#k

For ¢ > 0 suitably small, by (3.78) we have
to<Tp2 e <T. (3.82)

Noting (2.10) and (3.78), (3.79) and using Lemmas 3.2-3.4, integrating (2.8) along « =
xn(t,x0) gives

ot (t.20) = 00,000 < | [ 37 Bugeluw)usion(s,ma s, 20))ds

j,k=1

k#n
< Cor{V(D )W (DY) + VER)WE () + Ve (YW () log(1 + ¢)}
< Coge?(loge)?, Wt € [0,T). (3.83)

Noting that, on the existence domain D U DY of the C* solution u = u(t, z), we have
[tn (t, ) — v, (t,2)| = ‘ ka(rk(u) —ri(uper)) T en| < Coge?(loge)?, (3.84)
k=1

and noting (3.73) we have
[t (t, T (t, 20)) — €l (0)2h(0)| < C30e?(loge)?, Vit €[0,T]. (3.85)

On the other hand, on the existence domain (D} U DY) N {(t,z)| To <t < T} of the
C! solution u = u(t, x), by Hadamard’s formula and Lemma 3.4, along x = x,,(¢, ) (which
stays in DI now ) we have

[Vnn (1) = Yonn (Unen)| < Cs1(1+ 1) VE(T) < Czpette. (3.86)
Moreover, by (2.20) we have
Yann (Unen) = (el (0)¥(20))* +a(un(t, 2a(t, 20)))* = (€l (0)¥(20))*]+O(|Jun| ' *), (3.87)
where a is given by (3.75). Then, using (3.21), it follows from (3.85)—(3.87) that

ao(t) = Yonn (1) = a(eln(0)(20))* + O(e* | loge|*T*), Vt € [Ty, T). (3.88)
Therefore, for g9 > 0 suitably small, we get
1 _
ap(t) > za(el, (0)Y(x0))*, Vit e [Ty, T). (3.89)

2
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Noting (3.21) and (3.55), similarly to (3.84) we have

a@%(t,x) - wn(t, I)‘ = ‘ ];wk(rk(’UJ) _ Tk(ukek))Ten
< 03352| log 5|, V(Ll‘) c DZO U DIO' (390)

Similarly to (3.83), using Lemmas 3.1-3.4 and noting (3.82) we have
[wa(t, 2 (t, 20)) = wa (0, 20)| < Caa{(W(DI))? + Wee(To) WS, (To) log(1 + Tp)
+ (Wee(10)) V5 (To) log(1 + To) + (Voo (T0))* (Weo (T0))*To }

< Cs5€?| log&t|ma"(17“)7 vt € [0, Tp). (3.91)
Then, noting (3.73), it follows from (3.90), (3.91) that
Wy (To, T (To, o)) = el (0)1)' (x0) + O(£2| log g|@x(1:)), (3.92)
Using Lemma 3.1 and Lemma 3.3, it is easy to see that
T T
/ lax (£)]dt < cgﬁwgo(T)/ (14 1)~\dt < Cyreloge, (3.93)
T() TD
T T
/ |a2(t)|dt < ng(Wgo(T))z/ (1 + t)izdt < C39€2. (394)
T() TD
Let
T t
K = laz(t)| exp ( —/ al(s)ds)dt.
To To
We have
T T
K < / ‘ag(t”dt - exXp (/ |a1(t)|dt) < 04()82. (395)
To To

Hence, for £y > 0 suitably small, noting (3.77) we have
wn(To,LL'n(T()7.%‘0)) > K. (396)

Applying Lemma 2.2 to the initial value problem for ordinary differential equation (3.80)
with the initial data

t=1Ty: wp,= wn(TOaxn(meO))v (397)
we obtain
T T T t
/TO ap(t)dt - exp ( - /TO \al(t)|dt) < /TU ag(t) exp </T0 al(s)ds)dt
< (wn(To,J,‘n(To,xo)) - K)_l' (398)

Thus, noting (3.78), (3.88), (3.92), (3.93) and (3.95), (3.96), it is easy to get that there exists
a positive constant C independent of € and 7', such that

T(e) < Ce~ 0+, (3.99)
and C' > M.
By (3.99), when £y > 0 is suitably small, we get
T(e)e* ™ < Ce < 1. (3.100)

This proves (3.79). The proof of Theorem 1.1 is complete.



454 CHIN. ANN. OF MATH. Vol.23 Ser.B

Acknowledgement. The author would like to thank Prof. Li Ta-tsien for his careful
instruction and to thank Prof. Qin Tiehu and Prof. Zhou Yi for their help.

REFERENCES

[1] Bressan, A., Contractive metrics for nonlinear hyperbolic systems [J], Indiana University Mathematics
Journal, 37(1988), 409-420.

[2] Ciarlet, P. G., Mathematical elasticity, Vol.I, Three-dimensional elasticity [M], Studies in Mathematics
and Its Applications 20, North-Holland, Amsterdam, 1988.

[3] Hormander, L., The life span of classical solutions of non-linear hyperbolic equations [R], Institute
Mittag-Leffler, Report No.5, 1985.

[4] John, F., Formation of singularities in one-dimensinal nonlinear wave propagation [J], Comm. Pure
Appl. Math., 27(1974), 377-405.

[5] Kong Dexing, Life-span of classical solutions to quasilinear hyperbolic systems with slow decay initial
data [J], Chin. Ann. of Math., 21B:4(2000), 413—-440.

[6] Li Ta-tsien, Global classical solutions for quasilinear hyperbolic systems [M], Research in Applied Math-
ematics 32, J. Wiley/Masson, 1994.

[7] Li Ta-tsien & Kong Dexing, Initial value problem for general quasilinear hyperbolic systems with char-
acteristics with constant multiplicity [J], J. Partial Diff. Fqgs., 10(1997), 299-322.

[8] Li Ta-tsien & Kong Dexing, Global classical solutions with small amplitude for general quasilinear
hyperbolic systems [M], New Approachs in Nonlinear Analysis, Hadronic Press, 1999, 203-237.

[9] Li Ta-tsien & Kong Dexing, Breakdown of classical solutions to quasilinear hyperbolic systems [J],
Nonlinear Analysis, Theory, Methods & Applications, 40(2000), 407-437.

[10] Li Ta-tsien, Kong Dexing & Zhou Yi, Global classical solutions to quasilinear non-strictly hyperbolic
systems [J], Nonlinear studies, 3(1996), 203—229.

[11] Li Ta-tsien, Zhou Yi & Kong Dexing, Global classical solutions for general quasilinear hyperbolic systems
with decay initial data [J], Nonlinear Analysis, Theory, Methods & Applications, 28(1997), 1299-1322.

[12] Li Ta-tsien, Zhou Yi & Kong Dexing, Weak linear degeneracy and global classical solutions for general
quasilinear hyperbolic systems [J], Commun. in Partial Differential Equations, 19(1994), 1263-1317.

[13] Liu, T. P., Development of singularities in the nonlinear waves for quasi-linear hyperbolic partial dif-
ferential equations [J], J. Diff. Eqns., 33(1979), 92-111.

[14] Qin Tiehu, A constitutive equation satisfying the null condition for nonlinear compressible elasticity
[J], Chin. Ann. of Math., 23B:4(2002).

[15] Yan Ping, Global classical solutions with small initial total variation for quasilinear hyperbolic system
[J], Chin.Ann. of Math., 23B:3(2002), 335-348.



