
Chin. Ann. of Math.
23B:4(2002),475-486.

THE DETERMINANT REPRESENTATION OF THE
GAUGE TRANSFORMATION OPERATORS****

HE Jingsong* LI Yishen** CHENG Yi***

Abstract

The determinant representation of the gauge transformation operators is establised. In this
process, the generalized Wronskian determinant is introduced. As a simple application, the au-
thors present a construction of the special τ -function obtained firstly by Chau et al. (Commun.

Math. Phys., 149(1992), 263), which involves the generalized Wronskian determinant. Also,
some properties of this determinant are given.
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§1. Introduction

The KP hierarchy [1−3] and the cKP hierarchy [4−8], in terms of the pseudo-differential
operators, are important topics in research of soliton theory. Of course, how to find a class
of the solution of these integrable hierarchies is still an attractive problem. Recently, two
kinds of gauge transformation operators have been successfully applied to solve the KP
hierarchy and cKP hierarchy[9−17]. One of them is differential type (i.e., ΨD or TD) and the
other is integral type (i.e., ΨI or TI) (see [9,15]). Chau et al[9,15] have obtained a new and
more universal determinant expression (see (3.17) in [9] ) of the τ function by successive
application of such two gauge transformation operators. This determinant[9] resembles the
well-known Wronskian determinant except that elements in the first some rows are in the
integral form. We call it the generalized Wronskian determinant. So far no one, to the
best of our knowledge, has provided a direct and simple proof of the appearance for the
generalized Wronskian determinant and discussed properties analogous to the Wronskian
determinant. On the other hand, to obtain the expression of each component in multi-
component cKP hierarchy by using gauge transformation method, the key object is the
determinant representation of the gauge transformation operators.

The main aim of the present letter is to establish the determinant representation of the
gauge transformation operators. As a simple and direct application, we will answer the first
question above-mentioned in detail.
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§2. The Determinant Representation

For the KP hierarchy and cKP hierarchy , there are two kinds of the gauge transformation
operators[9,15]:

Type I: TD(χ) = χ ◦ ∂ ◦ χ−1, (2.1)

Type II: TI(µ) = µ−1 ◦ ∂−1 ◦ µ. (2.2)

Here χ and µ are the eigenfunction and the adjoint eigenfunction of the above integrable
hierarchies, respectively. ∂ = ∂

∂x , and ∂−1 is the inverse of ∂. The symbol ◦ denotes the
product of two operators. For example,

∂ ◦ f = f∂ +
∂f

∂x
= f∂ + fx, ∂

2 ◦ f = fxx + 2fx∂ + f∂2;

on the other hand, the symbol · denotes an operator acting on something following it,
∂ · f = fx, ∂

2 · f = fxx. If we introduce the conjugate operation ∗ for two operators A and
B as

∂∗ = −∂, (∂−1)∗ = −∂−1, (A ◦B)∗ = B∗ ◦A∗,

then (
T−1
D (χ)

)∗
= −TI(χ),

(
T−1
I (µ)

)∗
= −TD(µ). (2.3)

In particular, it follows that

TD(χ) · χ = 0,
(
T−1
I (µ)

)∗ · µ = 0. (2.4)

We omit furthermore information about the generation functions χ and µ, which can be
founded in [9,13,15], and turn to the representation of the gauge transformation operator in
the following.

We would like to stress that the following discussion in this section only depends on
the form of the guage transformation operators, which does not depend on any concrete

integrable hierarchy. Take two sets of functions {f (0)i , i = 1, 2, · · · , n; f (0)} and {g(0)i , i =

1, 2, · · · , n; g(0)} as the generation function of the gauge transformation operators, and sup-
pose they satisfy following rule in the gauge transformation:

(1) The first step

T
(1)
D = T

(1)
D (f

(0)
1 ) = f

(0)
1 ◦ ∂ ◦ f (0)1

−1
, (2.5)

we define the rule of transformation under T
(1)
D as

f (1) = T
(1)
D (f

(0)
1 ) · f (0), g(1) =

(
T

(1)
D (f

(0)
1 )

)∗−1
· g(0) = −TI(f (0)1 ) · g(0), (2.6)

f
(1)
i = T

(1)
D (f

(0)
1 ) · f (0)i , g

(1)
i =

(
T

(1)
D (f

(0)
1 )

)∗−1
· g(0)i = −TI(f (0)1 ) · g(0)i , (2.7)

if i ≥ 2 for f
(1)
i .

(2) The second step

T
(2)
D = T

(2)
D (f

(1)
2 ) = f

(1)
2 ◦ ∂ ◦ f (1)2

−1
, (2.8)

we define the rule of transformation under T
(2)
D as

f (2) = T
(2)
D (f

(1)
2 ) · f (1), g(2) =

(
T

(2)
D (f

(1)
2 )

)∗−1
· g(1) = −TI(f (1)2 ) · g(1), (2.9)

f
(2)
i = T

(2)
D (f

(1)
2 ) · f (1)i , g

(2)
i =

(
T

(2)
D (f

(1)
2 )

)∗−1
· g(1)i = −TI(f (1)2 ) · g(1)i ,

(2.10)

if i ≥ 3 for f
(2)
i , under the gauge transformation of the Type I. For Type II, we may suppose

the transformed rule:
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(1) The first step

T
(1)
I = T

(1)
I (g

(0)
1 ) = g

(0)
1

−1
◦ ∂−1 ◦ g(0)1 , (2.11)

f (1) = T
(1)
I (g

(0)
1 ) · f (0), g(1) =

(
T

(1)
I (g

(0)
1 )

)∗−1
· g(0) = −TD(g(0)1 ) · g(0),

(2.12)

f
(1)
i = T

(1)
I (g

(0)
1 ) · f (0), g

(1)
i =

(
T

(1)
I (g

(0)
1 )

)∗−1
· g(0) = −TD(g(0)1 ) · g(0)i

(2.13)

for i ≥ 2 in g
(1)
i ;

(2) the second step

T
(2)
I = T

(2)
I (g

(1)
2 ) = g

(1)
2

−1
◦ ∂−1 ◦ g(1)2 , (2.14)

f (2) = T
(2)
I (g

(1)
2 ) · f (1), g(1) =

(
T

(1)
I (g

(1)
2 )

)∗−1
· g(1) = −TD(g(1)2 ) · g(1),

(2.15)

f
(2)
i = T

(2)
I (g

(1)
2 ) · f (1)i , g

(2)
i =

(
T

(2)
I (g

(1)
2 )

)∗−1
· g(1)i = −TD(g(1)2 ) · g(1)i

(2.16)

for i ≥ 3 in g
(1)
i . Obviously the gauge transformation operators can be successively applied

according to the rule in (2.5)–(2.16). For the n-step gauge transformation , as shown in
[13,15],

Tn = T
(n)
D (f (n−1)

n ) ◦ T (n−1)
D (f

(n−2)
n−1 ) · · · ◦ T (3)

D (f
(2)
3 ) ◦ T (2)

D (f
(1)
2 ) ◦ T (1)

D (f
(0)
1 ),

it is easy to get

f (n) ≡ Tn · f =
Wn+1(f

(0)
1 , f

(0)
2 , · · · , f (0)n , f)

Wn(f
(0)
1 , f

(0)
2 , f

(0)
n )

based on the Wronskian’s properties–Jacobi expansion theorem and Crum identity[13,15,18].

Here Wn(f
(0)
1 , f

(0)
1 , · · · , f (0)n ) is the Wronskian determinant. But the formula of g(n) =(

T−1
n

)∗ · g(0) can not be obtained in the the same way as [13,15]. Also, for the (n+ k)-step
gauge transformation

Tn+k = T
(n+k)
I (g

(n+k−1)
k ) ◦ T (n+k−1)

I (g
(n+k−2)
k−1 ) ◦ · · · ◦ T (n+1)

I (g
(n)
1 )

◦ T (n−1)
D (f (n−1)

n ) ◦ · · · ◦ T (2)
D (f

(1)
2 ) ◦ T (1)

D (f
(0)
1 ),

it is more difficult to find the final form of the

f (n+k) = Tn+k · f (0),

because it will encounter the generalized Wronskian determinant. However, such two ques-
tions will be solved obviously once the determinant representation of the Tn+k is established.

Now let us discuss our main result. First of all, for simplicity in the following Theorem
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2.1, we call

IWk,n ≡ IWk,n(g
(0)
k , g

(0)
k−1, · · · , g

(0)
1 ; f

(0)
1 , f

(0)
2 , · · · , f (0)n )

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∫
g
(0)
k · f (0)1

∫
g
(0)
k · f (0)2

∫
g
(0)
k · f (0)3 · · ·

∫
g
(0)
k · f (0)n∫

g
(0)
k−1 · f

(0)
1

∫
g
(0)
k−1 · f

(0)
2

∫
g
(0)
k−1 · f

(0)
3 · · ·

∫
g
(0)
k−1 · f

(0)
n

...
...

... · · ·
...∫

g
(0)
1 · f (0)1

∫
g
(0)
1 · f (0)2

∫
g
(0)
1 · f (0)3 · · ·

∫
g
(0)
1 · f (0)n

f
(0)
1 f

(0)
2 f

(0)
3 · · · f

(0)
n

f
(0)
1,x f

(0)
2,x f

(0)
3,x · · · f

(0)
n,x

...
...

... · · ·
...

(f
(0)
1 )(n−k−1) (f

(0)
2 )(n−k−1) (f

(0)
3 )(n−k−1) · · · (f

(0)
n )(n−k−1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(2.17)

the generalized Wronskian determinant. In particular,

IW0,n =Wn

(
f
(0)
1 , f

(0)
2 , · · · , f (0)n

)
,

(f
(0)
i )(k) =

∂kf
(0)
i

∂xk
,

the notation
∫
f =

∫
fdx, in which the integration constant equals zero. Additionally, for

the following Tn+k, an expansion with respect to the last column is understood, in which all
sub-determinants are collected on the left of the symbols ∂i(i = −1, 0, 1, 2, · · · , n − k); for
the T−1

n+k an expansion with respect to the first column is understood (collecting all minors

on the right of f
(0)
i ◦ ∂−1)

Theorem 2.1. For the n > k,

Tn+k = T
(n+k)
I (g

(n+k−1)
k ) ◦ T (n+k−1)

I (g
(n+k−2)
k−1 ) · · ·T (n+1)

I (g
(n)
1 )

◦ T (n)
D (f (n−1)

n ) ◦ T (n−1)
D (f

(n−2)
n−1 ) · · ·T (1)

D (f
(0)
1 )

=
1

IWk,n(g
(0)
k , g

(0)
k−1, · · · , g

(0)
1 ; f

(0)
1 , f

(0)
2 , · · · , f (0)n )

·

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∫
f
(0)
1 · g(0)k

∫
f
(0)
2 · g(0)k · · ·

∫
f
(0)
n · g(0)k ∂−1 ◦ g(0)k∫

f
(0)
1 · g(0)k−1

∫
f
(0)
2 · g(0)k−1 · · ·

∫
f
(0)
n · g(0)k−1 ∂−1 ◦ g(0)k−1

...
... · · ·

...
...∫

f
(0)
1 · g(0)1

∫
f
(0)
2 · g(0)1 · · ·

∫
f
(0)
n · g(0)1 ∂−1 ◦ g(0)1

f
(0)
1 f

(0)
2 · · · f

(0)
n 1

f
(0)
1,x f

(0)
2,x · · · f

(0)
n,x ∂

...
... · · ·

...
...

(f
(0)
1 )(n−k) (f

(0)
2 )(n−k) · · · (f

(0)
n )(n−k) ∂n−k

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,
(2.18)
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and

T−1
n+k

=

∣∣∣∣∣∣∣∣∣∣∣∣

f
(0)
1 ◦ ∂−1

∫
g
(0)
k · f (0)1 · · ·

∫
g
(0)
1 · f (0)1 f

(0)
1 f

(0)
1,x · · · (f

(0)
1 )(n−k−2)

f
(0)
2 ◦ ∂−1

∫
g
(0)
k · f (0)2 · · ·

∫
g
(0)
1 · f (0)2 f

(0)
2 f

(0)
2,x · · · (f

(0)
2 )(n−k−2)

...
...

...
...

...
...

...
...

f
(0)
n−1 ◦ ∂−1

∫
g
(0)
k · f (0)n−1 · · ·

∫
g
(0)
1 · f (0)n−1 f

(0)
n−1 f

(0)
n−1,x · · · (f

(0)
n−1)

(n−k−2)

f
(0)
n ◦ ∂−1

∫
g
(0)
k · f (0)n · · ·

∫
g
(0)
1 · f (0)n f

(0)
n f

(0)
n,x · · · (f

(0)
n )(n−k−2)

∣∣∣∣∣∣∣∣∣∣∣∣
· (−1)n−1

IWk,n(g
(0)
k , g

(0)
k−1, · · · , g

(0)
1 ; f

(0)
1 , f

(0)
2 , · · · , f (0)n )

. (2.19)

Proof. The process of the recursive construction of Tn+k shows that Tn+k is an (n +
k)-th pseudo-differential operator with a normalized leading coefficient, which annihilates

all generation functions f
(0)
1 , f

(0)
2 , · · · , f (0)n , and its conjugate operator (T−1

n+k)
∗ annihilates

g
(0)
1 , g

(0)
2 , · · · , g(0)k from (2.4). We may assume

Tn+k =

−1∑
p=−k

ap ◦ ∂−1 ◦ g(0)|p| +

n−k∑
p=0

ap ◦ ∂p, (2.20)

with an−k = 1, and

T−1
n+k =

n∑
j=1

f
(0)
j ◦ ∂−1 ◦ bj . (2.21)

It follows that Tn+k · f (0)i = 0 (i = 1, 2, · · · , n) and
(
T−1
n+k

)∗ · g(0)i = 0; explicitly,

a−k

∫
g
(0)
k f

(0)
1 + · · ·+ a−1

∫
g
(0)
1 f

(0)
1 + a0f

(0)
1 + a1f

(0)
1,x + · · ·+ an−k−1(f

(0)
1 )(n−k−1)

= −(f
(0)
1 )(n−k),

a−k

∫
g
(0)
k f

(0)
2 + · · ·+ a−1

∫
g
(0)
1 f

(0)
2 + a0f

(0)
1 + a1f

(0)
2,x + · · ·+ an−k−1(f

(0)
2 )(n−k−1)

= −(f
(0)
2 )(n−k),

...

a−k

∫
g
(0)
k f (0)n + · · ·+ a−1

∫
g
(0)
1 f (0)n + a0f

(0)
1 + a1f

(0)
n,x + · · ·+ an−k−1(f

(0)
n )(n−k−1)

= −(f (0)n )(n−k),
(2.22)

and

b1 ·
(∫

g
(0)
k · f (0)1

)
+ b2 ·

(∫
g
(0)
k · f (0)2

)
+ · · ·+ bn ·

(∫
g
(0)
k · f (0)n

)
= 0,

b1 ·
(∫

g
(0)
k−1 · f

(0)
1

)
+ b2 ·

(∫
g
(0)
k−1 · f

(0)
2

)
+ · · ·+ bn ·

(∫
g
(0)
k−1 · f

(0)
n

)
= 0,

...

b1 ·
(∫

g
(0)
1 · f (0)1

)
+ b2 ·

(∫
g
(0)
1 · f (0)2

)
+ · · ·+ bn ·

(∫
g
(0)
1 · f (0)n

)
= 0.

(2.23)
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Equations (2.22) can be solved via Cramer’s rule and result in

a−i =
(−1)n+1+k−i+1

IWk,n(g
(0)
k , · · · , g(0)1 ; f

(0)
1 , f

(0)
2 , · · · , f (0)n )

·

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∫
f
(0)
1 · g(0)k

∫
f
(0)
2 · g(0)k

∫
f
(0)
3 · g(0)k · · ·

∫
f
(0)
n · g(0)k∫

f
(0)
1 · g(0)k−1

∫
f
(0)
2 · g(0)k−1

∫
f
(0)
3 · g(0)k−1 · · ·

∫
f
(0)
n · g(0)k−1

...
...

... · · ·
...

î î î · · · î
...

...
... · · ·

...∫
f
(0)
1 · g(0)1

∫
f
(0)
2 · g(0)1

∫
f
(0)
3 · g(0)1 · · ·

∫
f
(0)
n · g(0)1

f
(0)
1 f

(0)
2 f

(0)
3 · · · f

(0)
n

f
(0)
1,x f

(0)
2,x f

(0)
3,x · · · f

(0)
n,x

...
...

... · · ·
...

(f
(0)
1 )(n−k) (f

(0)
2 )(n−k) (f

(0)
3 )(n−k) · · · (f

(0)
n )(n−k)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,
(2.24)

where i = 1, 2, · · · , k, î represents that the row containing gi is deleted;

ai =
(−1)n+1+i+k+1

IWk,n(g
(0)
k , · · · , g(0)1 ; f

(0)
1 , f

(0)
2 , · · · , f (0)n )

·

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∫
f
(0)
1 · g(0)k

∫
f
(0)
2 · g(0)k

∫
f
(0)
3 · g(0)k · · ·

∫
f
(0)
n · g(0)k∫

f
(0)
1 · g(0)k−1

∫
f
(0)
2 · g(0)k−1

∫
f
(0)
3 · g(0)k−1 · · ·

∫
f
(0)
n · g(0)k−1

...
...

... · · ·
...∫

f
(0)
1 · g(0)1

∫
f
(0)
2 · g(0)1

∫
f
(0)
3 · g(0)1 · · ·

∫
f
(0)
n · g(0)1

f
(0)
1 f

(0)
2 f

(0)
3 · · · f

(0)
n

f
(0)
1,x f

(0)
2,x f

(0)
3,x · · · f

(0)
n,x

...
...

... · · ·
...

î î î · · · î
...

...
... · · ·

...
(f

(0)
1 )(n−k) (f

(0)
2 )(n−k) (f

(0)
3 )(n−k) · · · (f

(0)
n )(n−k)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,
(2.25)

in which i = 0, 1, 2, · · · , n− k− 1, and î indicates that the ith derivative is omitted. Hence,
taking (2.24) and (2.25) back into (2.20) leads to (2.18)

Let us turn to the determination of the coefficients in T−1
n+k. The T−1

n+k is the inverse
operator of Tn+k, so it must satisfy the following relation(

Tn+k ◦ T−1
n+k

)
− = 0. (2.26)

Here for a pseudo-differential operator

A =
∑

ai∂
i, A+ =

∑
i≥0

ai∂
i,

A− = A<0 =
∑
i<0

ai∂
i.
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By (2.20) and (2.21), we have(
Tn+k ◦ T−1

n+k

)
<0

=
(
(

n−k∑
p=0

ap ◦ ∂p + a−k ◦ ∂−1 ◦ g(0)k + · · ·+ a−1 ◦ ∂−1 ◦ g(0)1 )

◦ (
n∑
j=1

f
(0)
j ◦ ∂−1 ◦ bj)

)
<0

=
n−k∑
p=0

n∑
j=1

ap ◦ (f (0)j )(p) ◦ ∂−1 ◦ bj +
n∑
j=1

a−k ◦ ∂−1 ◦ (f (0)j · g(0)k ) ◦ ∂−1 ◦ bj

+
n∑
j=1

a−(k−1) ◦ ∂−1 ◦ (f (0)j · g(0)k−1) ◦ ∂
−1 ◦ bj

...

+
n∑
j=1

a−1 ◦ ∂−1 ◦ (f (0)j · g(0)1 ) ◦ ∂−1 ◦ bj . (2.27)

Using ∂−1 ◦ f ◦ ∂−1 = (
∫
f) ◦ ∂−1 − ∂−1 ◦ (

∫
f), the above equation can be written as(

Tn+k ◦ T−1
n+k

)
<0

=

n∑
j=1

n−k∑
p=0

ap ◦ (f (0)j )(p) ◦ ∂−1 ◦ bj

+
n∑
j=1

a−k

(∫
g
(0)
k · f (0)j

)
◦ ∂−1 ◦ bj −

n∑
j=1

a−k ◦ ∂−1 ◦
(∫

g
(0)
k · f (0)j

)
◦ bj

+
n∑
j=1

a−(k−1)

(∫
g
(0)
k−1 · f

(0)
j

)
◦ ∂−1 ◦ bj −

n∑
j=1

a−(k−1) ◦ ∂−1 ◦
(∫

g
(0)
k−1 · f

(0)
j

)
◦ bj

...

+
n∑
j=1

a−1

(∫
g
(0)
1 · f (0)j

)
◦ ∂−1 ◦ bj −

n∑
j=1

a−1 ◦ ∂−1 ◦
(∫

g
(0)
1 · f (0)j

)
◦ bj . (2.28)

It is easy to see that the right hand side of (2.28) equals zero, because of (2.22) and (2.23).
On the other hand, according to the identity

f ◦ ∂−1 ◦ g =
∑
i≥0

∂−1−i ◦ f (i) ◦ g

with f (i) =
∂if

∂xi
, the T−1

n+k can be rewritten as

T−1
n+k =

∑
n−k−2≥i≥0

n∑
j=1

∂−1−i ◦ (f (0)j )(i) ◦ bj + ∂−n+k
n∑
j=1

(f
(0)
j )(n−k−1) ◦ bj

+
∑
i≥n−k

n∑
j=1

∂−1−i ◦ (f (0)j )(i) ◦ bj . (2.29)
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However, in order to satisfy Tn+k ◦ T−1
n+k = 1, T−1

n+k should be taken the form as

T−1
n+k = ∂−n+k + the lower order terms. (2.30)

So, comparing the (2.29) and (2.30) gives the following system of equations,

f
(0)
1 b1 + f

(0)
2 b2 + f

(0)
3 b3 + · · ·+ f (0)n bn = 0,

f
(0)
1,xb1 + f

(0)
2,xb2 + f

(0)
3,xb3 + · · ·+ f (0)n,xbn = 0,

...

(f
(0)
1 )(n−k−2)b1 + (f

(0)
2 )(n−k−2)b2 + (f

(0)
3 )(n−k−2)b3 + · · ·+ (f (0)n )(n−k−2)bn = 0,

(f
(0)
1 )(n−k−1)b1 + (f

(0)
2 )(n−k−1)b2 + (f

(0)
3 )(n−k−1)b3 + · · ·+ (f (0)n )(n−k−1)bn = 1.

(2.31)

From (2.23) and (2.31), the bi (i = 1, 2, · · · , n) is obtained as follows:

bi =
(−1)n+i

IWk,n
·

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∫
f
(0)
1 · g(0)k

∫
f
(0)
2 · g(0)k · · · î · · ·

∫
f
(0)
n · g(0)k∫

f
(0)
1 · g(0)k−1

∫
f
(0)
2 · g(0)k−1 · · · î · · ·

∫
f
(0)
n · g(0)k−1

...
... · · · î · · ·

...
f
(0)
1 f

(0)
2 · · · î · · · f

(0)
n

f
(0)
1,x f

(0)
2,x · · · î · · · f

(0)
n,x

...
... · · · î · · ·

...
(f

(0)
1 )(n−k−2) (f

(0)
2 )(n−k−2) · · · î · · · (f

(0)
n )(n−k−2)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (2.32)

where i = 1, 2, · · · , n. The symbol î denotes the column with f
(0)
i is deleted. The determinant

representation of T−1
n+k is obtained by taking bi back into (2.21).

Under the case of n = k, we need some modification of the formula about the T−1
n+k. We

may assume

Tn+k = 1 +
−k∑
p=−1

ap ◦ ∂−1 ◦ g(0)|p| , (2.33)

which is consistent with (2.20), but T−1
n+k must be deformed as

T−1
n+k = 1 +

n∑
j=1

f
(0)
j ◦ ∂−1 ◦ bj . (2.34)

By similar argument about Theorem 2.1, we can show
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Theorem 2.2. Under the case of n = k, the Tn+k is also given by (2.18), i.e.,

Tn+k = T
(n+k)
I (g

(n+k−1)
k ) ◦ T (n+k−1)

I (g
(n+k−2)
k−1 ) · · ·T (n+1)

I (g
(n)
1 )

◦ T (n)
D (f (n−1)

n ) ◦ T (n−1)
D (f

(n−2)
n−1 ) · · ·T (1)

D (f
(0)
1 )

=
1

IWk,n(g
(0)
k , g

(0)
k−1, · · · , g

(0)
1 ; f

(0)
1 , f

(0)
2 , · · · , f (0)n )

·

∣∣∣∣∣∣∣∣∣∣∣∣

∫
f
(0)
1 · g(0)k

∫
f
(0)
2 · g(0)k · · ·

∫
f
(0)
n · g(0)k ∂−1 ◦ g(0)k∫

f
(0)
1 · g(0)k−1

∫
f
(0)
2 · g(0)k−1 · · ·

∫
f
(0)
n · g(0)k−1 ∂−1 ◦ g(0)k−1

...
... · · ·

...
...∫

f
(0)
1 · g(0)1

∫
f
(0)
2 · g(0)1 · · ·

∫
f
(0)
n · g(0)1 ∂−1 ◦ g(0)1

f
(0)
1 f

(0)
2 · · · f

(0)
n ∂0

∣∣∣∣∣∣∣∣∣∣∣∣
,

(2.35)

but the T−1
n+k becomes

T−1
n+k = −

∣∣∣∣∣∣∣∣∣∣∣∣

−∂0 g
(0)
k g

(0)
k−1 · · · g

(0)
1

f
(0)
1 ◦ ∂−1

∫
g
(0)
k f

(0)
1

∫
g
(0)
k−1f

(0)
1 · · ·

∫
g
(0)
1 f

(0)
1

f
(0)
2 ◦ ∂−1

∫
g
(0)
k f

(0)
2

∫
g
(0)
k−1f

(0)
2 · · ·

∫
g
(0)
1 f

(0)
2

...
... · · ·

. . .
...

f
(0)
n ◦ ∂−1

∫
g
(0)
k f

(0)
n

∫
g
(0)
k−1f

(0)
n · · ·

∫
g
(0)
1 f

(0)
n

∣∣∣∣∣∣∣∣∣∣∣∣
1

IWk,n
. (2.36)

Proof. The proof is omitted because it is similar to Theorem 2.1.
Particularly, the sufficient condition about the existence of the determinant representation

of the gauge transformation operator is IWk,n ̸= 0.

We would like to point out that the Tn+k and T−1
n+k in Theorem 2.1 and Theorem 2.2

reduces to the determinant expression of Tn and (T−1
n )∗ in [11] under the case of k = 0.

§3. Example

In this section, in order to show the usage of the determinant expression of the Tn+k and
T−1
n+k, we will apply it to the KP hierarchy. This well-known integrable hierarchy can be

described as[9]

∂Bm
∂xn

− ∂Bn
∂xm

+ [Bm, Bn] = 0 (m,n = 2, 3, · · · , ), (3.1)

where Bn = (Ln)+ denotes the part of the differential operators, and

L = ∂ + u2∂
−1 + u3∂

−2 + · · · . (3.2)

An important character for the KP hierarchy is that there exists a sigle function τ(x), the
so-called tau function, such that

u2 =
∂2

∂x21
log τ, u3 =

1

2

[ ∂2

∂x1∂x2
− ∂3

∂x31

]
log τ. (3.3)

Thus the central task is to establish the final form of the tau function after the n + k step
gauge transformations. Following [9], we need to introduce linear system

∂

∂xn
ϕ(x1, x2, · · · , ) = Bn · ϕ(x1, x2, · · · , ) (3.4)

and its conjugation systems

∂

∂xn
ψ(x1, x2, · · · , ) = −B∗

n · ψ(x1, x2, · · · , ) (3.5)
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to construct two kinds of the gauge transformation , i.e.,

TD = ϕ ◦ ∂ ◦ ϕ−1, (3.6)

TI = ψ−1 ◦ ∂−1 ◦ ψ, (3.7)

as mentioned in (2.1) and (2.2).

Let us discuss the transformed result for inintial KP hierarchy B
(0)
n with initial wave

functions {ϕ(0), ϕ(0)i , i = 1, 2, · · · , n} and {ψ(0), ψ
(0)
i }. We will use them to generate gauge

transformation and its repeated iteration. Considering the results in [9] and previous (2.18)
and (2.19), the following Lemma 3.1 and Theorem 3.1 can be reduced easily, so we omit
their proof. For the n-step gauge transformation chain,

B(0)
n

T
(1)
D (ϕ

(0)
1 )

→ B(1)
n

T
(2)
D (ϕ

(1)
2 )

→ B(2)
n

T
(3)
D (ϕ

(2)
3 )

→ B(3)
n

T
(4)
D (ϕ

(3)
4 )

→ · · · → · · ·B(n−1)
n

T
(n)
D (ϕ(n−1)

n )
→ B(n)

n ,

we have
Lemma 3.1.

Tn = T
(n)
D (ϕ(n−1)

n ) ◦ T (n−1)
D (ϕ

(n−2)
n−1 ) · · · ◦ T (2)

D (ϕ
(1)
2 ) ◦ T (1)

D (ϕ
(0)
1 )

=
1

Wn
·

∣∣∣∣∣∣∣∣∣∣∣∣

ϕ
(0)
1 ϕ

(0)
2 ϕ

(0)
3 · · · ϕ

(0)
n 1

ϕ
(0)
1,x ϕ

(0)
2,x ϕ

(0)
3,x · · · ϕ

(0)
n,x ∂

ϕ
(0)
1,xx ϕ

(0)
2,xx ϕ

(0)
3,xx · · · ϕ

(0)
n,xx ∂2

...
...

... · · ·
...

...
(ϕ

(0)
1 )(n) (ϕ

(0)
2 )(n) (ϕ

(0)
3 )(n) · · · (ϕ

(0)
n )(n) ∂n

∣∣∣∣∣∣∣∣∣∣∣∣
, (3.8)

and

τ (n) =Wn

(
ϕ
(0)
1 , ϕ

(0)
2 , · · · , ϕ(0)n

)
· τ (0)

in which i = 1, 2, · · · , n.
For the (n+ k)-step gauge transformation, n > k,

B(0)
n

T
(1)
D (ϕ

(0)
1 )

→ B(1)
n

T
(2)
D (ϕ

(1)
2 )

→ B(2)
n

T
(3)
D (ϕ

(2)
3 )

→ B(3)
n · · · → B(n−1)

n

T
(n)
D (ϕ(n−1)

n )
→ B(n)

n

T
(n+1)
I (ψ

(n)
1 )

→ B(n+1)
n

T
(n+2)
I (ψ

(n+1)
2 )

→ B(n+2)
n · · · → B(n+k−1)

n

T
(n+k)
I (ψ

(n+k−1)
k )

→ B(n+k)
n ,

we have
Theorem 3.1.

Tn+k = T
(n+k)
I (ψ

(n+k−1)
k ) ◦ T (n+k−1)

I (ψ
(n+k−2)
k−1 ) · · ·T (n+1)

I (ψ
(n)
1 )

◦ T (n)
D (ϕ(n−1)

n ) ◦ T (n−1)
D (ϕ

(n−2)
n−1 ) · · ·T (1)

D (ϕ
(0)
1 )

=
1

IWk,n(ψ
(0)
k , ψ

(0)
k−1, · · · , ψ

(0)
1 ;ϕ

(0)
1 , ϕ

(0)
2 , · · · , ϕ(0)n )

·

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∫
ϕ
(0)
1 · ψ(0)

k

∫
ϕ
(0)
2 · ψ(0)

k · · ·
∫
ϕ
(0)
n · ψ(0)

k ∂−1 ◦ ψ(0)
k∫

ϕ
(0)
1 · ψ(0)

k−1

∫
ϕ
(0)
2 · ψ(0)

k−1 · · ·
∫
ϕ
(0)
n · ψ(0)

k−1 ∂−1 ◦ ψ(0)
k−1

...
... · · ·

...
...∫

ϕ
(0)
1 · ψ(0)

1

∫
ϕ
(0)
2 · ψ(0)

1 · · ·
∫
ϕ
(0)
n · ψ(0)

1 ∂−1 ◦ ψ(0)
1

ϕ
(0)
1 ϕ

(0)
2 · · · ϕ

(0)
n 1

ϕ
(0)
1,x ϕ

(0)
2,x · · · ϕ

(0)
n,x ∂

...
... · · ·

...
...

(ϕ
(0)
1 )(n−k) (ϕ

(0)
2 )(n−k) · · · (ϕ

(0)
n )(n−k) ∂n−k

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,
(3.10)
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τ (n+k) = ψ
(n+k−1)
k · ψ(n+k−2)

k−1 · · ·ψ(n)
1 · τ (n)

= IWk,n(ψ
(0)
k , ψ

(0)
k−1, · · · , ψ

(0)
1 ;ϕ

(0)
1 , ϕ

(0)
2 , · · · , ϕ(0)n ) · τ (0). (3.11)

The above Lemma 3.1 and Theorem 3.1 show that the determinant representation of
gauge transformation is convenient for us to get the transformed wave function and the
conjugation wave function. This fact is very important for us to solve the components of
cKP hierarchy , which will be discussed in future. Moreover, one can see that it is still
necessary to present the above discussion, although τ (n+k) is given in [9] without proof.

As we stated in the introduction, the Jacobi expansion theorem and the Crum identity
(see [13, 15, 18]) are important properties when we consider the repeated iteration of the
gauge transformations. By using the determinant expression of the gauge transformation
operator, we also provide alternative proof of the Jacobi expansion theorem of the Wronskian.

Comparing ϕ(n) = Tn·ϕ(0) with ϕ(n) = T
(n)
D (ϕ

(n−1)
n )ϕ(n−1) = ϕ

(n−1)
n ·

(ϕ(n−1)

ϕ
(n−1)
n

)
x
, we re-obtain

the well-known
Corollary 3.1 (Jacobi Expansion Theorem).[13,15,18](Wn

(
ϕ
(0)
1 , ϕ

(0)
2 , · · · , ϕ(0)n−1, ϕ

(0)
)

Wn

(
ϕ
(0)
1 , ϕ

(0)
2 , · · · , ϕ(0)n−1, ϕ

(0)
n

))
x

=
Wn+1

(
ϕ
(0)
1 , ϕ

(0)
2 , · · · , ϕ(0)n−1, ϕ

(0)
n , ϕ(0)

)
Wn−1

(
ϕ
(0)
1 , ϕ

(0)
2 , · · · , ϕ(0)n−1

)
W 2
n

(
ϕ
(0)
1 , ϕ

(0)
2 , · · · , ϕ(0)n−1, ϕ

(0)
n

) . (3.12)

Now we can generalize this theorem to the case of the generalized Wronskian determinant.
Corollary 3.2.(IWk,n+1(ψ

(0)
k , ψ

(0)
k−1, · · · , ψ

(0)
1 ;ϕ

(0)
1 , ϕ

(0)
2 , · · · , ϕ(0)n , ϕ(0))

IWk−1,n(ψ
(0)
k−1, ψ

(0)
k−2, · · · , ψ

(0)
1 ;ϕ

(0)
1 , ϕ

(0)
2 , · · · , ϕ(0)n−1)

)
x
=
IWk,nIWk−1,n+1

IW 2
k−1,n

. (3.13)

Corollary 3.3. For k ≥ 1,(IWk,n(ψ
(0), ψ

(0)
k−1, ψ

(0)
k−2, · · · , ψ

(0)
1 ;ϕ

(0)
1 , · · · , ϕ(0)n )

IWk,n(ψ
(0)
k , ψ

(0)
k−1, ψ

(0)
k−2, · · · , ψ

(0)
1 ;ϕ

(0)
1 , · · · , ϕ(0)n )

)
x

= −
IWk−1,n(ψ

(0)
k−1, ψ

(0)
k−2, · · · , ψ

(0)
1 ;ϕ

(0)
1 , · · · , ϕ(0)n )

IW 2
k,n(ψ

(0)
k , ψ

(0)
k−1, · · · , ψ

(0)
1 ;ϕ

(0)
1 , · · · , ϕ(0)n )

· IWk+1,n(ψ
(0), ψ

(0)
k , ψ

(0)
k−1, · · · , ψ

(0)
1 ;ϕ

(0)
1 , · · · , ϕ(0)n ). (3.14)

§4. Conclusion

Our main results, Theorem 2.1 and Theorem 2.2, are the determinant representations of
the gauge transformation operator. Applying Theorem 2.1 to the KP hierarchy, we have
provided an exact proof (Theorem 3.1) of the transformed τ function, which involves the
generalized Wronskian determinant. Furthermore, the Jacobi expansion theorem and the
Crum identity of the Wronskian determinant have been re-obtained by using Theorem 2.1.
Particularly, Corollary 3.2 and Corollary 3.3 mean the generalization of the Jacobi expansion
theorem for the generalized Wronskian determinant.

The advantage of the determinant representation of the gauge transformation operator is
that it not only brings out the transformed wave function but also leads to the transformed
conjugation wave function (see the details in Theorem 3.1). This fact inspires us to plan to
reduce the generalized Wronskian τ -function of the KP to the k-constrained sub-hierarchy,
which is similar to the work of Oevel and Strampp[19] for the Wronskian τ -function. Using
Theorem 2.1, the exact proof the binary-type τ -function introduced by [15] can be obtained.
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This new τ -function also involves the generalized Wronskian determinant, which does not
hold for the cKP hierarchy with the one component. Hence, based on Theorem 2.1, we will
consider to solve the 1-constrained KP hierarchy with one component: L = ∂ + ϕ ◦ ∂−1 ◦ ψ
in a forthcoming paper.
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