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THE NAGUMO EQUATION ON
SELF-SIMILAR FRACTAL SETS
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Abstract

The Nagumo equation
ur = Au+bu(u—a)(l—wu), t>0

is investigated with initial data and zero Neumann boundary conditions on post-critically finite
(p.c.f.) self-similar fractals that have regular harmonic structures and satisfy the separation
condition. Such a nonlinear diffusion equation has no travelling wave solutions because of the
“pathological” property of the fractal. However, it is shown that a global Hélder continuous
solution in spatial variables exists on the fractal considered. The Sobolev-type inequality plays
a crucial role, which holds on such a class of p.c.f self-similar fractals. The heat kernel has an
eigenfunction expansion and is well-defined due to a Weyl’s formula. The large time asymptotic
behavior of the solution is discussed, and the solution tends exponentially to the equilibrium
state of the Nagumo equation as time tends to infinity if b is small.
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§1. Introduction

The Nagumo equation in IR™ (N > 1) reads
uy = Au+ bu(u —a)(1 —u), t>0, (1.1)
where b > 0 and 0 < a < 1. The equation (1.1) is used as a model to describe the spread of
genetic traits or the propagatoin of nerve pulse in a nerve axon!!1%:29 There has been an
extensive study of (1.1) on the real line IR (see for example [1,5,6,15,17,29]).

Our concern here is different. We work with (1.1) on a certain class of self-similar fractal
sets in IRY, of which the Sierpinski gasket is most typical. The Sierpinski gasket in IR? is
defined as follows. Let F; : IR* — IR? be given by

1
Fi(z) = 5(33—191') +pi, r€R? i=1,2,3,
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where {p1,p2,p3} = Vp is the set of vertices of a triangle in IR? with each side of length 1.
) 3
The Sierpiriski gasket in IR? is the closure of V, = U Vin with V,, = U Fi(Vip—1),m >1
m=0 i=1
(see Fig. 1).

Fig.1

The reader may think of the Sierpinski gasket in IR? as an example when encountering a
p.c.f. self-similar fractal I mentioned in this paper.

Laplacians have been defined on a certain class of self-similar fractals (see for example
[3,4, 8, 12, 14, 21, 23]). In particular, Kigami®"! defined a standard Laplacian on post-
critically finite (p.c.f.) self-similar fractals that have regular harmonic structures. Note that
the Laplacian defined on a fractal degenerates to the usual second derivative if the fractal
set degenerates to an interval on the real line IR.

A remarkable difference for (1.1) on fractals from on classical domains is that (1.1) has
no travelling wave solutions on fractals, that is, (1.1) has no solutions of the form u(t,z) =
u(x — ct) with wave speed ¢ > 0.

In this paper we show that (1.1) with initial data and zero Neumann boundary conditions
has a unique solution on p.c.f. self-similar fractals if the Sobolev-type inequality (2.8) holds
on fractals (see below); in particular, on p.c.f. self-similar fractals which possess regular
harmonic structures and satisfy the separation condition. We also demonstrate that the
solution decays exponentially to its spatial average over the fractal V', that is, to

alt) = /V u(t,z) du(z), t>0,

if b is small, where p is a regular Borel measure supported on V so that u(V) = 1 and
0 < u(U) < oo for any open subset U of V. Such a measure exists for most basic self-similar
fractals. The key is to employ the Sobolev-type inequality!'*18:23] (see also [24,25]).

The arrangement of this paper is as follows. In Section 2 we give the heat kernel by using
the eigenvalues and eigenfunctions. This is reminiscent of Mercer’s theorem on classical
domains%. A Weyl’s formulal®? gives rise to the uniform convergence of eigenfunction
expansion of the heat kernel for ¢ > 1 > 0. In Section 3 we prove the existence and
uniqueness of global non-negative solution of (1.1) with non-negative initial data and zero
Neumann boundary condition. The equation (1.1) admits an invariant interval [0, 1] on p.c.f.
self-similar fractals as on classical domains, that is, solutions of (1.1) lie in [0,1] if initial
values lie in [0, 1]. This comes from a maximum principle on self-similar fractals. Finally,
in Section 4 we discuss the large time behavoir of the solution of (1.1), and show that the
solution of (1.1) decays exponentially to that of the associated ordinary differential equation.

§2. Preliminaries

Let D > 2 be an integer. An iterated function system (IFS) is a family of contraction
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mappings {F1, Fp,--- ,Fp} on RY that is, F; : RY - R" (1 <i < D) and

|Fi(z) — Fi(y)| < aglz —y| forall z,y € RY, (2.1)
where 0 < o; < 1 and |.]| is the Euclidean metric. If (2.1) is replaced by equality then
F; is a similitude. For an IFS {Fy, F5,--- ,Fp} on IRY there exists a unique, non-empty

D
compact set V C IRY satistying V = | F;(V) (see [11,p.30]). Such a set V is called the
i=1

attractor of the IFS {Fy, Fy,--- , Fp}; if the F; are all similitudes, V' is called a self-similar
fractal. AnIFS {Fy, Fy,- -, Fp} satisfies the open set condition if there exists a non-empty

D
bounded open set U € IR™ such that |J F;(U) C U with this union disjoint. For an IFS
i=1
{F1,Fs, -+ ,Fp} of similitudes satisfying the open set condition there is a unique number
D
d¢ > 0 such that ) aff = 1. Such a dy is the Hausdorff dimension of the self-similar fractal

=1
V of the IFS {Fy, Fs, -+, Fp} (see [10, pp.118-120]).

A certain class of self-similar fractals, termed post-critically finite (p.c.f.) self-similar
fractals, was introduced in [9,12]. Let ). be a shift space based on S = {1,2,---, D},
that is, > = {w : w = d192--- withi, € § forall k¥ € IN}, where IN is the collection of
all positive integers. For the self-similar fractal V of an IFS {F;, Fs, -, Fp} we define a
mapping 7 : Y, — V by

T(w) =[] Fiigein (V)
1

ﬁjg

for all w = 4yig--- € >, where F; j,...;,, = F;, o Fj, 0---0F; . It is easy to see that 7
(oo}

is well defined since [\ Fj iy-i,, (V) is a singleton, due to the contraction property of F;
1

(1<i<D). Let

A= FE(V)nE(V), T=7"A), P= Dok(ﬂ),

i,jES k=1
i#£]
where o is a shift map, that is, o(i1iaiz---) = i2i3---. We call V a post-critically finite

self-similar fractal if the post-critical set P is finite. Let Vy = w(P), termed the boundary
of V. Then V is the closure of V, under the Euclidean metric, where V, = J V,, and

m=0
Vis1 = U F;(Vy,) with V,,, C Vg1, m > 0 (see [19, Lemma 1.3.10]). Let L?(V) be the
i€s
usual space of square integrable functions on V' with respect to p, with the norm || . ||2, and

D(W) a dense subspace of L?(V). A Dirichlet form W on V is a non-negative, closed,
Markovian and symmetric bilinear form on D(W') x D(W) (see [16, pp.3-5]). The Dirichlet
form on p.c.f. self-similar fractals may be obtained in the following way. Let V be a p.c.f.
self-similar fractal in IRY, with the boundary Vo = {p1,pa, - Dno} (no > 2). Define a
quadratic form Wy on V) by

1
Wo(u,v) = 3 > ciilulp) = ulp) (W) — v(p)))
1<i,j<ng
for u,v : Vo = IR, where ¢;; = ¢;j; > 0. We suppose that Wy is irreducible, that is,
Wo(u,u) =0 if and only if u is constant on Vj. (2.2)
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We inductively define a quadratic form W, 11 on V11 by

Wint1(u,v) = ir;l Wi (uo F;,vo Fy) (2.3)
i=1
for m > 0 and u,v : Vi1 — IR, where r; > 0 for all ¢ € S. For u: V) — IR, we define
Wi (u,u) = min{Wi(v,v)| v: V3 = R and v|y, = u}. (2.4)
A p.ct. self-similar fractal V is said to possess a harmonic structure, denoted by (J,r), if
there exist an ng x ng matrix J = —(¢;;) and a vector r = (ry,r2,--- ,rp) such that
Wy (u, u) = Wo(u,u), (2.5)

for all u : Vo — IR. The harmonic structure (J,r) is said to be regular if r; < 1 for all
i €S (see [21,22]). It is an open question whether or not a general p.c.f. self-similar fractal
possesses a regular harmonic structure although a positive answer was obtained for nested
fractals in [26, 28]. For a p.c.f. self-similar fractal V' with a harmonic structure, we see that
W,y is increasing in m. Thus we may define

W(uu) = lim_ Wi (u,0), (2.

for all w : Vi, — IR (possibly W (u,u) = co). The W in (2.6) is only defined on V,. By a
continuous extension such a W may be viewed as the Dirichlet form on V' with the domain
D(W) dense in C'(V), the space of all continuous functions on V. Note that this construction
of Dirichlet form does not depend on the measure p on V.

Let V be a p.c.f. self-similar fractal in IR™ which possesses a regular harmonic structure.
The V satisfies the separation condition if for all m > 1 and wy,ws € S™, there exist some
dp > 0 and some d € (0, 1) such that

dist (F,,(V),Fo,(V))= min {|lx —y|} > 6o d™ (2.7)
zEF,, (V)
yEFMQ (V)
whenever F,, (V)N F,,(V) =0. If V is a p.c.f. self-similar fractal having a regular harmonic
structure and satisfying the separation condition (2.7), then the Sobolev-type inequality

u(z) — u(y)| < clz — y|PW(u,u)? (2.8)

holds for all z,y € V and all u € C(V), where ¢, 8 > 0 and W (
V given by (2.6) (see [18]). For the Sierpinski gasket in RV~
¢=2N +3 and 5 =log((N +2)/N)/log4, and

W(u ) = Tim <NN+2>m S fule) —u(y)

u,u) is the Dirichlet form on
(N > 3), we have (2.8) with

ja "yl
(see [14,23]). Define
HV)={ueCV)| W(u,u) < co}. (2.9)

Then H(V) is a Hilbert space with the norm ||ul| = /W (u,u) + [|ul|3, where ||ul|2 is the
1
L?-norm given by [ullz = (f;, u(z)? du(x))?.
By the Arzela-Ascoli Theorem, we see from (2.8) that

H(V)<— C(V) compactly. (2.10)
Let Vp be the boundary of V. The Neumann derivative (du) : Vj — IR of u was defined in
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[19,21]. For the Sierpiniski gasket in RY "' (N > 3), we have

@ =~ im (F2) X @) -ue). pev

m—o0
TEVin
|z—p|=2""
(see [20,21]).
Let HY(V) = {u € H(V)| (du) exists on Vy and (du)|y, = 0}. We say u € H' (V) admits
a weak Laplacian Au if there exists Au € L?(V) such that

W(u,v) = —/‘/Au(a:)v(x) du(z) for all ve H(V), (2.11)

where W (u,v) = 1 [W(u+ v,u+v) — W(u — v,u — v)] is the inner product of u,v € H(V).
If Aw is continuous on V\Vj, then Aw is actually the standard Laplacian given by Kigamil2!l
(see the argument in [14]).
Given the Laplacian A as in (2.11), we solve the eigenvalue problem
—Au = Au, (du)|y, =0. (2.12)

Using the standard techniquel?”-3% and (2.10), we obtain that (2.12) has a sequence of eigen-
functions {¢, }n>0 in H*(V) which forms an orthonormal basis of L?(V') and corresponds
to non-negative eigenvalues {Ay, },>0, that is, oo = 1,||¢nll2 = 1 for n > 1 and

Wigo ) = | eio)ei@) dut) =0, i#3 (2.13)
W (pn,v) = )\n/ on(z)v(x) du(z) for allv € H(V),n > 0, (2.14)
1%
with 0 =X <A <A <+oo <Ay <o )\, = 00 as n— 00. From (2.14) we see that

For n > 1, there exists a point xg € V such that |@,(z)| < 1 since ||¢n|l2 = 1. Tt follows
from (2.8) and (2.15) that

1
su‘g lon ()] < lon(zo)| + csu‘[; 2 — 20|° W (n, pn)? < MAZ  foralln > 1, (2.16)
re fas

for some M > 0.
Motivated by [9] on classical domains, we define the heat kernel K : (0,00) x V xV — IR
by

Kta,y) = ™" pal@)ealy)
n=0 . (217)
=1+ Z e Mt o (@) pn(y), t>0 anda,y eV
n=1

(see also [2,8,19]). Note that a Weyl’s formula c;A\%/2 < p(\) < e A%/2 holds for all large
A (see [22]), where ¢1,¢2 > 0 and d, € [1,2) is the spectral dimension of V' and p(A) is the
number of eigenvalues not greater than A. Thus

bin?/d < X\, < byn?/% for allnm>1 (2.18)

for some b1, be > 0. From (2.16) and (2.18), we see that the series on the right-hand side of
(2.17) is uniformly convergent for all z,y € V and all ¢ > n > 0. Thus K is well-defined on
(0,00) X V x V. Moreover, K is uniformly Holder continuous in z,y € V for all t > n > 0,
that is,

|K (t, 29, y2) — K(t,21,91)| < ea(|z2 — 21]° + |y2 — v1]?) (2.19)
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for all #1,x2,y1,y2 € V and all t > n > 0, by virtue of (2.8) and (2.16).
The weak Laplacian A in (2.11) is equivalent to the infinitesimal generator of the semi-
group {P;,t > 0}, that is,

|(Pou—u)/t —Aull, =0 ast—0 (2.20)
if and only if Au € L?(V) exists, where
Pala) = [ Kito,put) duty), we V). (2.21)
1%
Proposition 2.1. Let K be defined in (2.17). Then

K(t,z,y) >0 fort>0andz,y €V, and (2.22)

/ K(t,xz,y) du(y) =1 fort>0 andz € V. (2.23)

1%

Proof. Let t > 0 be fixed. We show that for v € L?(V) with u > 0,
Pou(z) >0, zeV. (2.24)

To see this, let u(z) = > anpn(x) € L*(V), where a, = [, on(@)u(z) du(z). It follows
n=0
from (2.17) and (2.21) that

Pou(z) = Z an € o, (z). (2.25)
n=0
Thus
/ Pou(z)u(z) du(z) = Z a2 et >0
14 n=0

for all u € L?(V), giving (2.24). Therefore, (2.22) follows immediately from (2.24), (2.21)
and the continuity of K on (0,00) x V' x V. Noting that

/ po(z) du(z) =1 and / on(e) du(z) =0, n>1,
Vv 1%

we see that for t >0 and z € V,

oo

[ Kl duts) = - e on@) [ gula) dute) = 1
v b v
giving (2.23).

Proposition 2.2. Let Au ezist and be continuous on V\Vy. If u reaches its mazimum
(minimum) at xo € V\Vy, then

Au(zg) < 0(> 0). (2.26)
Proof. See [19, Lemma 5.2.4].

¢3. Existence and Uniqueness

Let V be a p.c.f. self-similar fractal which has a regular harmonic structure and satisfies
the separation condition (2.7). Let V; be the boundary of V. Consider
ug = Au+bu(u—a)(l —u), t>0,zeV\V, (3.1
with initial and zero Neumann conditions
uli—o = uo(z), €V,
(du)|lv, =0, t>0, (3.2)
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where b > 0,a € (0,1), and (du) denotes the Neumann derivative. We assume that ug
satisfies (dug)|y, = 0.

A function u : (0,7) x V — IR is said to be a (local) weak solution of (3.1), (3.2) for
T > 0 if u satisfies

u(t,z) = Pug(z —l—b/ dT/ Kt —7,x,y)f(u(r,y)) du(y), (3.3)
for t € (0,7T) and x € V, where f(u) = u(u —a)(1 —u) and
Pyug(z / K(t,z,y)uo(y) du(y), t>0andz e V. (3.4)

A function v : (0,T) x V — IR with (du)|y, = 0 is said to be a (local) strong solution of
(3.1), (3.2) for T > 0 if Aw exists on V\V; and w satisfies (3.1) pointwise on (0,7") x (V\V),
and the initial condition

hm/ fu(t, 2) — uo(@)|? du(z) = 0. (3.5)

Lemma 3.1 (Local Existence). Let ug € C(V). Then (3.1), (3.2) has a local weak
solution on (0,t1) x V' for some t1 > 0 that is continuous up to {0} x V.
Proof. Local existence of weak solution of (3.1), (3.2) follows from the standard approx-

imation procedure. We sketch the proof for completeness.
Let ug(t,x) = Pyug(x). Define

g (£ 7) = Prug(z) + b / dr / K(t—72,9) f(um(r,9) du(y), m>0.  (3.6)

It is not hard to check that

|um (t,2)] <2My on (0,t1) x V (3.7
for all m > 0, where My = sup |ug(z)| and t; = 1/b(1 + My)(a + My), and that
zeV
[t 1(8) = tm () [|oo = sup [tmt1 (8 @) = um(t, @)l
Ly)™
< () sup ||u1(t) — uo(t)|leo, t € (0,11),

m! te(0,t1)

where L = b‘ TE%?\Z |f'(s)|. Therefore {u,,} converges to some function v on (0,¢;) x V', and
0
u is the weak solution of (3.1), (3.2) on letting m — oo in (3.6) and using the dominated
convergence theorem.
It remains to show that such a w is continuous on [0,%;) x V. Let

z(t,x) E/O dT/VK(t—T,l‘,y)f(U(TaZ/)) du(y)
t—h
_ / dr / K(t—7,2,) f(u(r, ) du(y)
0 \%
N /t_th /V K(t -7 2,9)f (u(r,y)) du(y)

=20 (t, @)+ 2B (tx), 0<h<t.

We see that 2%(¢, z) is continuous on (0,¢;) x V for fixed h € (0,t) since K is continuous on
(0,00) x V x V. Note that there is some ¢z > 0 such that

|2(t, ) — 21 (t,2)| = |25 (t,2)| < s h
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for all h € (0,¢) and all (¢t,2) € (0,t;) x V. Thus z is continuous on (0,t1) x V. Clearly z
is continuous at {0} x V. Thus z is continuous on [0,¢;) x V. On the other hand, it is easy
to see that Puug(x) is continuous on (0,¢1) x V since K is continuous on (0,00) x V x V
(this does not require the continuity of the initial data ug). In order to prove that Pyug(x) is
continuous at {0} x V, we shall use the continuity of ug. We first assume that ug € H(V),

and write ug(z) = > anen(x). We see that
n=0

o0
Z az ), < oo.
n=0

It follows from (2.8) that
lim sup | Pyuo(z) — uo(x)|* < e lim W (Pyuo — uo, Pruo — uo)
—

t—=0 ey
o0 (3.9)
< g lim Y (e —1)%aZN, =0.
t—0 o
Thus Pyug(z) is continuous at {0} x V if ug € HY (V). Let ug € C(V). There exists a
sequence of {uf} in H'(V) such that

lim sup |ug(z) —up(z)| =0 (3.10)

n—oo zeV

since H (V) is dense in C(V'). Note that by (2.23),
| Pruso(w) = Prug ()] < sup ug (y) = uo(y)] (3.11)
ye

for all £ > 0 and x € V. Therefore
lim sup |Pyug(x) — uo(z)]
t—0 €V
< lim sup (| Pruo() — P (@) + | Pt () — w ()] + [ () — ()]
t—0 eV
<2 sup |ug(x) —up(x)] - 0 asn — oo,
zeV
proving the continuity of Pyug(z) at {0} x V if ug € C'(V). Thus u(t,x) = Pug(z)+b 2(t, x)
is continuous on [0,t1) x V.
The initial data ug is said to satisfy the regularity condition if
0
aPtuo(m) is bounded on (0,00) x V. (3.12)
An example when (3.12) holds is

WW=AKW%WMMW@,

where v > 0 and wy(y) € LY(V).

Lemma 3.2 (Regularity). Suppose that the initial data ug satisfies the regularity condi-
tion (3.12) and that u is a weak solution of (3.1), (3.2) in (0,t1) x V for some t; > 0 and
continuous up to {0} x V. Then 2%(t,x) exists on (0,t1) x V. Moreover,

0
Ault,z) = ai;(t,x) —bf(u(t,z))  on (0,t) x V. (3.13)
Proof. The proof given here is the same in spirit as in [13]. We first show that wu is

uniformly Lipschitz continuous in ¢, that is,
lu(t + h,z) — u(t,z)| < csh forall (¢,z) € (0,1 — h) x V, (3.14)
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for h > 0 small. To see this, we have from (3.3) that for (¢,2) € (0,t; —h) x V,
u(t + h,x) — u(t, )

= Pppuo(x) — Poug(z) + b/t dT/VK(T, z,y) f(u(t +h—7,y)) du(y) (3.15)

t
40 [Ldr [ Ko e+ b =) - fult = 7)) (o).
0 v
Using the boundedness of v and (3.12), it follows from (3.15) that, setting
g(t) = sup |u(t + h,x) —u(t,z)| for t e (0,t1 —h),
zeV
t
g(t) < Mih+ 06/ g(t — 7) dr for some My, cg > 0.
0

Applying Gronwall’s inequality, we see that there exists some ¢s > 0 such that g(t) <
cs b forall (t,x) € (0,t; — h) x V, giving (3.14). Therefore, & Si(t,x) exists for all z € V
and almost every ¢t € (0,¢1). From this, it is easy to see that the function z given in (3.8)
satisfies that BZ exists pointwise on (0,¢1) x V, and

%(t,x) :/ K(t,2,y)f(uoly)) duly)

/dT/ K(t—r71,2,y) ?( (1, ))g—(T,y) dr on (0,t;) x V.

Thus 2%(¢,z) exists on (0,1) x V.

It remains to check (3.13). Clearly APug(x) = 3%’“" (t,z) on (0,00) x V. We claim that
Az(t,x) = gt (t,x) — f(u(t,z)) on (0,t1) x V. (3.16)
To see this, note that K satisfies the semigroup property
/‘/K(sl,m,y)K(SQ,y,w) du(y) = K(s1 + s2,z,w) for sq,s9 >0 and z,w € V.

Therefore, we have from (2.12) and (3.8) that for h > 0,

Pax(t.z) = /Khxm (t.y) du(y)
/Kha?y U dT/K 7y, w) f(u(r,w)) du(w) | du(y)
:/0 dT/VK(t—Fh—T,x,w)f(u(T,w)) dp(w) (3,.17)

t+h
:z(t+h,z)f/t dT/VK(tJrhf'r,x,w)f(u('r,w)) dp(w).

Note that for ¢ > 0,

1 t+h
lim — dT/ K({t+h—1z,w)f(u(r,w)) du(w) = f(u(t,x)).
h—0 + v
Thus we have from (3.17) that for ¢ > 0,
Az(t,x) = hm ]11 [Prz(t,z) — 2(t,x)] = %(t,x) — f(u(t,z)),
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giving (3.13).

Lemma 3.3 (A Priori Estimates). Let u be a strong solution of (3.1), (3.2) in (0,T] x V
for some T > 0 and continuous at {0} x V. Assume that the initial data uy € [0,1] on V.
Then

0<u(t,z) <1, (t,x)€[0,T]xV. (3.18)

Proof. Suppose that there exists a point (tp,xo) € (0,7] x V such that u(to,xo) is the
maximum of u over [0,T] x V. We have that u(to, z¢) < 1; otherwise, it follows from (2.26)
that

ou
0< a(toﬁvo) = (Au+bu(u —a)(l —u))|(ity,z) <0,

giving a contradiction. Therefore, we have that u(t,z) < 1on (¢,2) € [0,T] x V. In a similar
way, we get that u(¢,z) > 0 on (¢t,z) € [0,T] x V.

Theorem 3.1 (Global Existence and Uniqueness). Assume that the initial data ug €
C(V) satisfies (3.12) and ug € [0,1] on V. Then (3.1), (3.2) has a unique global strong
solution with 0 < u(t,xz) <1 on (0,00) x V.

Proof. The global existence follows immediately from Lemmas 3.1, 3.2, 3.3. We show
that the solution is unique. Suppose that there are two solutions u; and us. Let v = us —ug

and p(t) = sup |ua(t, ) — ui(t, z)|, t > 0. By (3.3), we have
eV

¢
p(t) < const./ p(T) dr, t>0,
0

giving p(t) = 0 on (0, 00).

§4. Asymptotic Behavior as t —oo

In this section we discuss large time behavior of the solution of (3.1), (3.2). It is shown
that the solution of (3.1), (3.2) decays in the L?-norm to the solution of the associated
ordinary differential equation if b is small.

Theorem 4.1. Let u € [0,1] be a strong solution of (3.1), (3.2) and b be small. Then
there exists constants ¢z, > 0 such that

[ utt.) ~ @) dua) < creme (4.1)
for all t > 0, where i
a(t) = /Vu(t,x) du(z). (4.2)
Proof. Let
I(t) = %/v lu(t,z) —a(t)|* du(z), t>0. (4.3)
We claim that
220 1(t) < W(u—1u,u—1u) for allt >0, (4.4)

where A; > 0 is the least positive eigenvalue of (2.12). To see this, let ¢ > 0 be fixed. Since
ue HY(V), we write

u(t,x) = Z an(t) (Pn(x), z eV,
n=0
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where a,(t) = [, u(t, z)pn(z) du(z). It follows that
lu(t, z) —a(®)3 =Y an(t)®
n=1
On the other hand,
W(u— t,u—a) =W(u,u) = z:an(t)2 W (pn,on) = Zan 2 An > )\1Zan
n=0
since A\g = 0. Therefore, we have that for all ¢ > 0,
Mlu(t,z) —a(t)]|3 < W(u—a,u — a),
giving (4.4).
From (4.3) and (4.4), we see that, using (4.2),
() = | ()~ a(0) (G 00) - 0] duta)
.\ Ou
— [ (utt.o) - a(e) 5 (t.2) dutz)
v
=—W(u—uu—u)+b / (u(t, z) —a(t))(f (u(t, ) — f(u(?))) du(z)
1%

< —2MI(t) + 200 I(t) = —al(t), t>0,

where L; = Jmax |f'(u)| and o = 2(Ay — bLy) > 0 for b small. Therefore, we have
I(t) < cre™™, >0,
giving (4.1) for b small.
Remark 4.1. Let @ be given in (4.2). Then @ satisfies
du
GO =)+ av). 50) = [ uo(o) duto). (45)

where ¢ satisfies |q(t)| < cse™*, t > 0. To see this, note that

du ou

GO = [ Gt du@) = [ [dutt.a)+b st )] duta)

5 / F(ult, 2)) dyu(x) = bf (@) + b / [F(u(t 2)) — F(a(t))] du(z),

1%
and (4.1) implies that

t) < b/v [f (ult, @) = f(a(®))| dp(z) < cse™™".

Thus the solution of (3.1), (3.2) decays to the solution of the associated o.d.e. (4.5). Similar

results on classical domains were obtained in [7].

Remark 4.2. From Theorem 4.1, we see that there exists {t;};>1 with t; — oo as j — oo
such that u(t;,z) - A as j — oo for all x € V, where A is a constant. And (4.5) says
that f(A) =0, which gives rise to A = 0,a or 1, the only possible equilibrium state of (1.1)

for b small.
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