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BRILL-NOETHER MATRIX FOR
RANK TWO VECTOR BUNDLES**

TAN XI1AOJIANG*

Abstract

Let X be an arbitrary smooth irreducible complex projective curve, £ — X a rank two
vector bundle generated by its sections. The author first represents E as a triple {D1, D2, f},
where D1, D2 are two effective divisors with d = deg(D1) + deg(D2), and f € H°(X, [D1] |p,)
is a collection of polynomials. F is the extension of [D2] by [D1] which is determined by f. By
using f and the Brill-Noether matrix of D; + Dg, the author constructs a 2g x d matrix Wg
whose zero space gives Im{H?(X, [D1]) — H°(X, [D1] |p,)} ®Im{HO(X, E) — H(X, [D2]) —
HO(X,[D2] |p,)}. From this and H°(X, E) = H°(X,[D1]) ® Im{H°(X, E) — H°(X,[D2])},
it is got in particular that dimH? (X, E) = deg(F) — rank(Wg) + 2.
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¢1. Introduction

Let X be a smooth projective curve of genus g over C', D = nip; + - -+ + nipx a given

effective divisor with d = deg(D) = ny+---+ny. Fori =1,--- ,k, let z; be alocal coordinate
-1
at p; with z;(p;) = 0. Let p = {u; = . bixzF} be a given collection of Laurent tails (or
szni

principal parts). The Mittag-Leffler problem is to ask which collections of Laurent tails come
from a global meromorphic function on X. Let w be a holomorphic form on X, assume at
pi, w = fi(2;)dz;, then the residue of p - w at p; is defined to be

1
Resy (- w) = 5 [ i,
Yy

where 7 is any curve homotopic to {| z; |= €} in a small neighborhood of p;.
The residue of p - w on X is defined to be

k
Res(u-w) = ZResm (1 - w).
i=1
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It is well known that p comes from a global meromorhpic function if and only if Re s(u
w) = 0 for all holomorphic forms w on X.

Now let {w, -+, w4} be alinear basis of the space of all holomorphic forms on X, for each
i assume at p;, wi(z;) = fri(zi)dz; for t =1,--- g, let Wp be the matrix of the restrictions
of {wy,--- ,wg} on D, that is,
rwi |p
wa |p
Wp = .
_’LUg |D
) iy 5?1‘”@1) fa() oty 1‘32‘”<p2>
fu(p) ot ,f““ Y1) o) i .f“““ Y (p2)
-1
For a collection of Laurent tails 1 = {u; = Y. bi2F}, we denote it as a d-dimensional
k:—’n.,j
vector

n= (bl—lab1—27"' abl—n17b2—1a"' 7b2—n27"') € Cd'

Then p comes from a global meromorphic function if and only if Wp - u* = 0. From this
one can get Riemann-Roch theorem easily.

The matrix Wp is called the Brill-Noether matrix of D. It plays a key role in the study
of Brill-Noether theory for special divisors (or special line bundles).

Now if we let [D] be the line bundle defined by D, let [D] |p be the skyscraper sheaf of
the restriction of [D] on D, H°(X,[D]) be the space of holomorphic sections of [D], then the
Mitteg-Leffler problem could be given equivalently that a vector u € H°(X,[D] |p) = C% is
in the image of the restriction map H°(X,[D]) — H°(X, [D] |p) if and only if Wp - u* = 0,
or the same, we have

Ker(Wp) = {u| pe CWp - ut =0} =2 Im{H°(X,[D]) = H°(X,[D] |p)} (%)
and in particular, we get
dimH° (X, [D]) = deg(D) — rank(Wp) + 1. ()

An effective divisor D is called special if H'(X, [D]) # 0, or if dimH°(X, [D]) > deg(D) —

g+1. Let X be the d-fold symmetric product of X, X% is a d-dimensional complex manifold,

and it is the parameter space of all effective divisors of degree d. To study special divisors
for given d and r, one defines

Ch ={D e X4 | dimH (X, [D]) > r + 1}.
It is called Brill-Noether variety. By (**), locally it can be given by
Ch={D e X | rank(Wp) < d —r}.

This means C; is a determinantal variety. From it, one gets the expected dimension of C7
is p(g,d,r)+r=9g—(r+1)(g —d+r)+r. It was conjectured by Brill-Noether and proved
by Griffiths-Harris that for generic X, C}; do have the expected dimension.

We refer to [1] for details of the Brill-Noether matrix and its applications in the study of
Brill-Noether theory for special line bundles.
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A vector bundle E on X is called special if both H%(X, E) and H!(X, E) are non-zero.
To study the Brill-Noether theory for special vector bundles, it is nature to ask in what
sense we can construct a Brill-Noether matrix Wg for E. In this paper, for rank two vector
bundles E generated by its sections (F is then called effective vector bundle), we define a
matrix Wg for which Wy shares the same properties (%) and (xx) for E as Wp for line
bundle [D].

Before giving our main theorem, we will first introduce some basic notations. Let E be a
rank two vector bundle on X with HY(X, E) # 0, let s € H°(X, E) be a non-zero section,
L, be the line subbundle of E generated by s, let Ly = E/L;. we then have a splitting of E,

O— Ly +— E+— Ly — 0.
If In{H°(X,E) — H°(X,Ls)} = 0, then H°(X,E) = H°(X,L;), and the study of
dimH?(X, E) is reduced to the study of line bundles. So to study the Brill-Noether for rank
two vector bundles, we need only to consider those vector bundles E that Im{H°(X, E)
— HO(X, La)} # 0.

Definition 1.1.21 A rank two vector bundle F is said to be generated by its sections if
there exists a splitting of E,

O0— Ly — FE— Ly — 0,
such that Ly and Ly are line bundles and both H°(X, L) # 0 and
Im{H°(X,FE) — H°(X, L)} #0.
Now let E be a rank two vector bundle generated by its sections, let
O~ L1 —E—Ly—0

be a given splitting of E. F is then an extension of Ly by L1, it is determined by an element
e€ HY(X,L; ® L3). Now let 51 € HY(X, L), 82 € Im{H°(X, E) — H°(X, Ly)} with both
s1 # 0 and s9 # 0. Assume Dy = div(s1) = mip1 + -+ mupe + - - +msps, Do = div(sy) =
npr+- - +ngps+- -+ ngpr,dp = deg(Dy),ds = deg(D2) and let D = D1+ Dy, d = dy+dy =
deg(E). Choose a local coordinate cover U = {U;, 2z}, such that U; = {] z; |< 1}, and
fori=1,---,k, we have p; € U;, with z;(p;) = 0. Since sy can be lifted to a section of E,
we have sy - e = 0, that is, e € Im{H°(X, Ly |p,) — H(X, Ly ® L})}, where L, |p, is the
skyscraper sheaf of the restriction of L; on D, and the map is induced from sequence

0~ Li®Ly—" L — Ly |p,— 0.

Let e be the image of some f € H°(X,L; |p,). f is then determined uniquely up to
Im{H°(X,L;) — H°(X,L; |p,)}. It can be represented as a collection of polynomials
f = {fi(z))}r_,, where fi(2;) is a polynomial of z; and deg(f;(z;)) < n;. So from E we
get a triple {D1, Do, f}. Conversely, for a given triple {D;, D, f}, where D; and Dy are
two effective divisors and f € H°(X,[D1] |p,), let e € H*(X,[D; — Ds]) be the image of
f, and E be the extension of [Ds] by [D;] which is determined by e. FE is then a rank
two vector bundle generated by its sections (by sp, and sp,, where sp, and sp, are the
canonical sections of [D;] and [Ds]). So to give a rank two vector bundle E generated by
its sections will be the same as to give a triple {D1, D2, f}. From now on we will write E
as E = {D1, Do, f}.

Now let D1 = mipy + - +myps + -+ +MsPs, D2 = myp + -+ - +nsps + -+ + npPp, d1 =
deg(Dy),ds = deg(D2) and let D = Dy + Dy, d = di + da = deg(E). Choose a local
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coordinate cover U = {Uj;, z;}7; such that U; = {| z; |[< 1}, and for i = 1,--- , k we have
p; € U;, with z;(p;) = 0. Assume L; and Lo are two given line bundles, Ly |p, and L |p,
are the skyscraper sheaves of the restrictions of Ly on D; and Lo on Ds.

Definition 1.2. If g = {gi(z)}j_y € H(X,L1 |p,), and [ = {fi(z:)}i, € H(X,
Ly |p,), we define g+ f = h € H (X, (L1 ® L) |p,+p,) to be an element g+ f = h =
{hi(z:)}Yr_, such that

hi(z:) = gi(2i)
fl<i<t—1;
hi(z:) = gi(z:) + 2" - fi(2)
ift <i<s;and
hi(zi) = fi(zi)
if s+ 1 <i<k. (Note here g+ f may not equal f + g).
From this definition, we get
HY(X, (L1 ® L) |py+p,) = H(X, L1 |p,) ® H(X, L2 |,).
That means for any v € H*(X, (L1 ® L2) |p,+D,), we can find uniquely v; € H°(X, Ly |p,)
and v € HY(X, Ly |p,) such that v = vy + vs.
Definition 1.3. From above direct sum decomposition, we define two projection maps

Py HY(X, (L1 ® Ls) |p,+p,) — H°(X, Ly |p,),
Py: HY(X, (L1 ® L) |p,+p,) — H°(X, Ly |p,)
to be
Py (v) = vy, Py(v) = va.

Main theorem of this paper is

Theorem 1.1. Let E = {D, Do, f} be a rank two vector bundle generated by its sections.
By using the Brill-Noether matrizc Wp of D = Dy 4+ Dy and the polynomials of f, we can
construct a matric Wg such that

Ker(Wg) = Py (Ker{P, : Ker(Wg) — H°(X,[D2] |p,)})
®Im{P, : Ker(Wg) — H(X,[Ds] |p,)} = Im{H’(X,[D1])
= HO(X7 [Dl] |D1)} @Im{HO(X7 E) = HO(Xv [DQ]) = HO(X’ [DQ} ‘Dz)}’

and since H(X,E) = H°(X,[D1]) ® Im{H"(X,E) — H°(X,[D2])}, we get in particular
that

dimH° (X, E) = deg(E) — rank(Wg) + 2.
Here Ker(Wg) = {u € C¢ = H°(X,([D1 + D2)) |p,+p,) | Wg - ut =0} and d = deg(D).

§2. Proof of Theorem 1.1
Let D =nypy + - - - + ngpi be a given effective divisor, d = deg(D) = ny + - -+ + ng. For

each 4, assume z; is a local coordinate at p; with z;(p;) = 0. If w is a holomorphic form on
X, supposing at p;, w = f;(2;)dz;, we then use

wlp= (fi(pr), - ,ﬁﬁm_n(m),ﬁ(m),_.. 7ﬁf§m_1)(m)w>
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to denote the restriction of w on D. But for a line bundle L, if s € H°(X, L) and at p;,
s = fi(z) for i =1,--- |k, then the restriction of s on D will be given by

- # (n1—1) # (n2—1)
s |p= ((m ) (p1), s fi(p1), (s — 1) (p2), s f2(p2), )
Also if Ly and Ly are two line bundles, f = {fi(z:)}r., € H*(X, L1 |p),g = {g:(z:)}; €
H(X, Ly |p), we define f-g € H(X,L; ® Ly |p) by

-9 ={fi(z:)gi(z:) (mod(z]"" )}y
For a polynomial p(z) of degree n with p(z) = ap + a1z + -+ + anz
(n+1) x (n+ 1) matrix N, to be

" we define an

ao al DY an

0 ap Ap—1
N, = ) ;

0 0 e ag

for a collection of polynomials h = {h;(2;)}%_, € H*(X, L |p), we define a d x d matrix Ny,
to be

Noy, 0 - 0
0 Np, - 0
Np, = . ) . .
0 0 - Np

Now let E = {D1, D5, f} be a given rank two vector bundle generated by its sections,
and assume Dy = m py + - +mups + - - -+ mgps, Do = nypy + -+ - +ngps + - - - + ngpr with
pi #pjifi# j. Fori=1,--- k, let z; be a local coordinate at p; with z;(p;) = 0. Let
f={fi(z)}r, € H*(X,[D1] |p,). Now corresponding to each i, for i = 1,--- , k, we define,
from m;,n; and f;(z;), two matrixes M;, N; to be

Mz’ = [O]mixm” Nz = [I]mixmm
if1<i<t—1;

Om;xm;  Omyxn, Loy xmi: Omgxng
S ol B R i ol
ift <i<s;
M; = [I]n,xn,s Ni= Ny,
ifs+1<i<k.
From M; and N; we define two d X d matrixes Mg, Ng to be

My O -+ 0 Ny 0O -+ 0
0 My -~ 0 0 Ny --- 0
Mp=1| . . . .|, Neg=|. .. )
0 0 .- M, 0 0 - N
Now let Wp be the Brill-Noether matrix for D = Dy + Dy. We define Wg by
| Wp - Mg
Wy = {WD , NE} |

WEg is a 2g X d matrix, we claim W is the Brill-Noether matrix for F, that is, it satisfies
our main Theorem.
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A special and interesting case is D; = 0; in this case Mg = Igxq, Ng = Ny, and our
theorem can be given as

Theorem 2.1. Let E = {Dy, Da, f} be a given rank two vector bundle generated by its
sections, assume D1 = 0, and let Wp be the Brill-Noether matriz for divisor Ds. Then
a vector p € H°(X,[Ds] |p,) & C% is in the image of map H°(X,E) — H°(X,[Ds])
H°(X,[Ds] |p,) if and only if

Wp t
= ()7
{WD 'Nf} g
that is,
0 0 0 ~ Wp
Im{H(X, E) > H*(X, [Ds]) > H'(X, [Ds] |p,)} = Ker( ).
Wp - Ny
and we get in particular that

Wb

. 0 . .
dimH" (X, E) = deg(E) — rank |:WD N,

[+2

We start our proof from some very basic lemmas.

First let E = {D1, D, f} be a given rank two vector bundle generated by its sections,
and let e € H'(X,[D; — D3]) be the image of f.

Lemma 2.1.81 A section s € H(X, [D3]) can be lifted to a section of E if and only if
s-e=0.

Proof. It is well known.

Lemma 2.2.14 A section s € HY(X, [Ds]) can be lifted to a section of E if and only if

s |p, -f € Im{H(X,[Dy + Ds]) = H°(X,[D1 + D] [p,)}-

Proof. From the following commutative diagram

0 — [Dl — Dg] — 52 [Dl] — [Dl] |D2 — 0
Ls Vs L3 |p,
0 — [Dl] —52 [Dl -+ DQ] —> [Dl -+ Dg] |D2 — 0

we get the following commutative diagram

= HUX,[Dd]) = HOX, [ll)l] p,) = HYX,[Di—Ds]) —
L L5 |, Vs
— HO(X, [D1+D2]) — HO(X, [Dl —sz] |D2) — Hl(X, [Dl}) —

s-e =0 means exactly s |p, -f € In{H°(X, [D1 + Ds]) — H°(X,[D1 + D] |p,)}
Proof of Theorem 1.1. Let C¢ = H(X, ([D1 + D2)) |p,+D,), and

HO(Xv ([Dl + DQ]) ‘D1+D2) = HO(Xa [Dl] |D1) D HO(Xa [DQ} ‘Dz)
be the direct sum decomposition given in Definition 1.3. For
= {hi(z:)}iy € H(X,([D1 + D3)) [p,+ps),
by definition, we have deg(h;(z;)) = m; —1if 1 <14 <t —1; deg(hi(z;)) = m; +n; — 1, if
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t <i<s;and deg(hi(z;)) =n; —1if s+ 1 <i < k. We denote u as a d-dimensional vector

1 (m1—1) 1 (ms—1—1)
=(——  _pi"™ ... h e = pTst s 1)yt s
M ((ml — 1)' 1 (pl)» ) 1(]91)7 3 ( 1 — 1)| s—1 (p 1)

1
= plmstng—1) L
(o F s =11 (s),

1 (m¢+ng—1)
hs(ps)a ) (mt + Ny — 1)|ht (pt)’ 9

1 ngr1—1
he(pe),--- - amh§+fl )(pt+1),"' )

hs—l(ps—l)a

)

1 o
hes1(ps—1), - ,mhg‘k Dpr), - ,hk(Pk))-

Then the projections
Py : HY(X,([D1 + D2)) |py+p,) = HY(X, [D1] |p,),
Py HY(X, ([D1 + D2]) |, +p,) = H(X, [Ds] |p,),
which are defined in Definition 1.3, could be given by

L (m1—1) 1 (ma—1—1)
P — plma .- h plms—1 so1),
1(/“’) ((ml - 1)| 1 (pl)’ ) 1(p1)7 ) (m871 _ 1)| s—1 (p 1)
1 _
hsfl(psfl), mhgms 1)(ps)7... 7hs(p8)7... ,
S .
1 _
Gt el € O = HOX (D] o),
1 1
P. — (vms+nsfl) R (m%) ).
R (L (0. g ()
1 (me+ni—1) L (ma)
@;;;;ﬁm @&~w%ﬁt(Mww
W T ), e ()
,(nt+1 — 1)' t+1 t+1)» s ot +1\Pt+1 )5
1

T @l k) € 0% = HO(X D) [,

Now let
ker(Wg) = {u € H*(X,[D1 + D2 |p, +p,) | Wi - p* = 0}.
For u € Ker(Wg), from Wg - ut = 0, we need to show
Py(p) € im{ HO(X, B) - HO(X, D)) > HY(X, [Ds] |,)).
But Wg - ut = 0 means exactly Wp - Mg - pt = 0 and Wp - Ng - ut = 0.
First from the definition of Mg, it is easy to see that Mg - ut = Pa(u), so Wg-Mg-ut =0

is the same as Wp, - Po(u)t = 0, where Wp, is the Brill-Noether matrix of Ds. But by the
definition of Brill-Noether matrix, Wp, - Po(i) = 0 means

Py(u) € Im{H°(X, [Da]) = H"(X, [Do] |p,)}-

Let Py(u) be the image of some s € HY(X, [Ds]), that is, Pa(1) = s |p,. But Wp-Ng-uf =0
means exactly

Npp' € Im{H(X, [D1 + Ds]) = H(X, [Dy + D2] |p,+p.)}-
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Let it be the image of t € H°(X, [D1 + Ds]). Then by the definition of Ng, we have

Ny, 0 0

0 Ny 0
BNeu)=| . | R

0 0 - Ny

this means exactly that we have {Pa(u) - f} = {s |p, -f}. What we get now is that
{s|p, -/} = P2(Np - p') = Pa(t |p,),
that is, {s |p, -f} is the restriction of ¢ on Dy. By Lemma 2.2, this means s can be lifted to
a section 7. We get
Py(p) = s |p,€ Im{H*(X, E) = H°(X,[D,]) = H°(X, D] |p,)}-

Conversely, if v € In{H(X, E) — H°(X,[Ds]) — H°(X,[D2] |p,)}, let it be the image
of s € H°(X,[Ds]), i.e. v = s |p,. Then s can be lifted to a section of E, by Lemma
2.2, this means {s |p, -f} is the restriction on Dy of some t € H°(X,[D; + Ds)), ie,
{s |p, ‘f} =t |p,- Let u = Pi(t |p,+p,) + v, where the + is defined in Definition 1.3.
Then since v € {H°(X,[D2]) = HY(X,[D2] |p,)}, and Wp - Mg - ut = 0 is equivalent to
Wp,vt =0, we get Wp - Mg - ut = 0. Since Ng - put =t |p,+p,, 50 Wp - Ng - ut = 0, we
then get 1 € Ker(Wg) and v = Py(p). From this, we get
Py(Ker(Wg)) = Im{H°(X, E) — H(X,[Ds]) = H(X,[D2] |p,)}-

Now assume p € Ker(Py(Ker(Wg))),v = Pi(u), and let 0 be the zero element in
H°(X,[D2] |p,).- Then p = v + 0 as defined in Definition 1.3. In this case, Wg - u* = 0 is
exactly Wp, - v! = 0, that means v € Im{ H*(X, [D1]) = H%(X,[D1] |p,)}. We get

Py (Ker(Py(Ker(Wg)))) = Im{H°(X, [D1]) — H°(X,[D1] |p,)}-

This gives

Py (Ker(Py(Ker(Wg)))) @ P2(Ker(Wg)) = Im{H°(X, [D1]) = H°(X,[D1] |p,)}

& Im{H°(X,E) — H°(X,[D,]) = H°(X, [Ds] |p,)}-
Since
H°(X,E) = Ker{H(X,E) = H°(X,[Ds])} ® Im{H*(X, E) = H°(X,[D2])}
= H°(X,[D1]) © Im{H*(X, E) — H"(X, [Da])},

we get in particular that dimH°(X, F) = d — rank(Wg) + 2.1 This completes the proof.
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