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Abstract

The authors establish the Hilbertian invariance principle for the empirical process of a
stationary Markov process, by extending the forward-backward martingale decomposition of
Lyons-Meyer-Zheng to the Hilbert space valued additive functionals associated with general
non-reversible Markov processes.
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¢1. Introduction

1.1. Motivation and Several Known Results

Let (Q, F, (Fi)ter, (Xt)ter, (0)ter, (Px)zcr) be a Markov process valued in a Polish space
E, with transition probability semigroup (P;):er and with an invariant and ergodic proba-
bility measure p on (E, B), which is unknown. Here T = N (discrete time) or R* (continuous
time). For any initial measure v, set P, (-) := [, P.(-)v(dz) and write E”(-) := [, (-)dP,.

Let f : E — R be a fixed B-measurable function (our observable). A natural question
from the point of view of non-parametric statistics is to estimate the distribution function
F(u) = p[f(z) < u] = P,(f(Xo) < u) by the observed (X;). By an extension of the
Kolmogorov-Smirnov theorem, we have IP,-a.s.

sup [Fr(u) — F(u)] — 0,
u€eR
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as T goes to infinity, where

n—1
LS 1 ix, )<l if 0<T=neT=N;
F;(u) = nk:—O [f(Xk)<u]

% fOT ].[f(XS)Su]dS, if 0<TeT=R"
is the empirical distribution. For many statistical purposes a basic question is to establish
the corresponding central limit theorem (CLT in short) of functional type, i.e., to prove that
as T goes to infinity,
ér(u) == VT(Ff(u) = F(u)) (1.1)

converges in law to some gaussian process (£(u)) on some appropriate space B of functions
on R.

If (X, )nen is i.d.d., it is well known that the above functional CLT (FCLT in short) holds
on B ={h(u) : R— R | h is cadlag and bounded } equipped with the sup norm topology,
and (£(u))yer is the Brownian Bridge, i.e., a continuous Gaussian process with

E(u)¢(v) = F(uAv) — F(u) F(v)

(see [8]).

How to extend the preceeding FCLT to Markov processes is an old question. When
E is countable, the reader is referred to [15], [2] (in the latter paper the moderate and
large deviations are furnished). X. Chen! got very fine and complete results for general
irreducible Markov processes. Their main tool is atom’s decomposition due to Nummelin
(see [12] and [1]), which allows to reduce the question to the i.i.d. case (with many serious
technical difficulties).

When dealing with infinite dimensional Markov processes such as systems of infinite
particles or infinite dimensional stochastic differential equations, the powerful tool of atom’s
decomposition is no longer valid: other tools are required. Below we review two lines of
development which largely inspire and motivate this work.

In the reversible (or symmetric) case (i.e., P/ = P, where P} is the adjoint operator of
P; in L?(p)), Kipnis and Varadhan!® showed that under the natural minimal condition

BRI
tl}rfwf =0°(f) < o0, (1.2)
the additive functional
n—1 ¢
Si(f) == Z f(X%) or / f(X)ds accordingtot=n€T=NortecT=R" (1.3)
k=0 0

satisfies the FCLT, i.e., T~Y2(S74(f))tej0,1) converges, as T goes to infinity, in law to the
Brownian Motion (By);ejo,1] with EB? = o2(f). Moreover they showed that (1.2) is equiv-
alent to the following finite energy condition for f € L?(u),

(£, 0)] < CV/(A46,0), Vo € Li(E, 1;R) ND(A), (1.4)
where A=1— P, if T=Nor —L if T =R", £ being the generator of (P;),cp+ in L%(p).
The main tool used in this important work is the martingale decomposition approach of
Gordin! and the control of sup |g(X;) — g(X)| by means of the Dirichlet form (g, g).
t<T

The extension of this beautiful result to the non-symmetric case has attracted some
attention. Indeed, for the simple exclusion process with an asymmetric mean zero probability
kernel, Varadhan['®! established the CLT of S;(f) for all f € L3(E, ) satisfying (1.4), and
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proved even the FCLT for some special f related to the movement of a tagged particle, by
exploiting the quasi-symmetry (or strong sector property of its generator) of this process.
Here (Xi)ter is said to be quasi-symmetric (or to satisfy the sector condition), if there is
some constant K > 1 such that

(Ag, ) < K/ (A, ¢) - (Ap, ), Vo, p € D(A). (1.5)

Later for general quasi-symmetric Markov processes, Osada and Saitoh!'3! got the fi-
nite dimensional CLT for general additive functional (S¢(f)) under condition (1.4) (see [13,
(1.6)]). And they obtained the corresponding FCLT for quite general additive functionals
related to reflected diffusions. And Wul'"l established the equivalence between (1.2) and
(1.4), the FCLT, and the functional law of iterated logarithm of S;(f) for f satisfying (1.2)
or (1.4). The main tool in that work is an extension of the forward-backward martingale
decomposition of Lyons-Meyer-Zheng from the symmetric case to the non-symmetric case.

In a completely different line of development many studies are realized for an associ-
ated stationary and ergodic sequence (X,,n € Z) of uniform random variables on [0, 1],
and f(z) = x. Shao and Yul"¥ proved the weak D[0,1] convergence of &, assuming the
Cov(Xo, Xp) = O(n™%) with a > % ~ 4.373. Further, B. Morel and C. Suquet!®! real-
ized that the optimal condition for the weak L?[0, 1] convergence of £, to a Gaussian random
element is Y (2 — Emax(Xg, Xj)) < co. This motivates our main result below.

k>1

1.2. A Main Result

We are mainly interested in the FCLT of the empirical distribution &,(-) ( or &7(+) ) in
some Hilbert space as in [9]. In this paper, we assume F(u) := u[f(z) < u] is continuous.

Let Iy (u,v) := E*&,(u)én(v) and hy(x) := 1f(2)<u), We have the following invariance
principle:

Theorem 1.1. Assume the strong sector condition (1.5) (i.e., our Markov process (Xi)ter
is quasi-symmetric). If 2 — EFmax(F(f)(Xo), F(f)(X;)) is summable in the sense of Abel,

i.e., if

S (3 - Bhmax(F () (o) FOX) ) or

k>1
/OOO e @ — Efmax(F(f)(Xo), F(f)(Xt))> dt

(according to T =N or RT) converges in R as ¢ | 0, then we have
(a) Tr(u,v) := EFép(u)ér (v) weakly converges in L?(R, dF(u)dF(v)) to T'(u,v) as T goes

to infinity, and I' as a kernel operator
MO = [ D) f©)dF(w)

is of the trace class on L*(R,dF (u)dF (v));

(b) for any initial measure v < p, the law of &, on L*(R,dF) under P, converges weakly
to the Gaussian measure on L*(R,dF) with reproducing kernel given by T'(u,v).

In order to prove Theorem 1.1, we shall extend the forward-backward martingale de-
composition of Lyons-Meyer-Zheng!”'!l to the Hilbert space valued additive functionals.
The second named author!'” generalized the forward-backward martingale decomposition
of Lyons-Meyer-Zheng’s type from the symmetric case to the general stationary situation
for the partial sum S;(f) with f satisfying a finite energy condition for real f.
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This paper is organized as follows. The next two sections are devoted to extending
forward-backward martingale decomposition of Lyons-Meyer-Zheng’s type in the discrete
time and continuous time from the real valued case to the Hilbertian valued case. In section
4 we discuss the quasi-symmetric case. We complete the proof of Theorem 1.1 in the last
section.

Throughout this paper, (-,-) and || - || denote respectively the inner product and norm in
L*(E, p;R), E(-) the expectation w.r.t. P =P,. L3(E, i;R) := {g € L*(E, u;R); (g,1) = O}.
We say that (A¢)eris an additive functional, if for all s,t € T,

Agpt(w) = As(w) + Ac(0sw), P, — a.s.
(i.e., in the loose sense). A typical additive functional is (S;(f)) given in (1.3).

§2.Forward-Backward Martingale Decomposition
and Invariance Principle: the Discrete Time Case

2.1. Some Preliminary Lemmas in the Real Valued Case

We begin by recalling some results in [17].

Let T = N and write P = P;. Let P* be the adjoint operator of P in L?(E, u;R) and
P = PP "the symmetrization of P. Let Wy := L3(E,;R) = {f € L*(E, ;R); (), = 0}
equipped with norm || fllo = ||| z2(.)- It is easy to see that Vu € L3(E, u; R) := Wy,

((I-P%u,uy=0=u=0. (2.1)
Then (see [17]) I — P : Wy — Wy is injective, its inverse R§ : D(RE)(C Wy) — Wy is a
self-adjoint operator with domain D(R§) = Ran(l — P?) .

Definition 2.1. Let Wy be the completion of the pre-Hilbert space (Wo = LE(E, 1i;R),

(+,)1) where the inner product is given by

(u,v)1 := (I — P%)u,v). (2.2)
We define (W_q, || - ||-1) as the dual Hilbert space of (W1, || - ||1) w.r.t. the canonical dual
relation Wé) =Wo.

Lemma 2.1.'1 Wy ¢ Wy, W_; ¢ Wy are both continuous and dense imbedding, and
for f € LE(E, 1 R), f € W_y iff (1.3) holds; and the minimal constant C in (1.3) equals to
11l -1-

By the ergodicity of P we can define the potential (or Poisson) operators

Ry = (I —P)"!':D(Ry) = Ran(I — P)(C Wy) — W,,
Ry = (I —P*) ' :D(R;) = Ran(I — P*)(C Wy) — W,
Lemma 2.2.1' D(Ry) UD(RE) € W_; and

IFl-1 < V2l Rofllo, Vf € D(Ro), and |Ifll-1 < V2| Ri fllo, ¥f € D(Rp);

(2.3)
[Rofllr < [Ifll-1, VfeD(Ro), and |[Ryflly <|[[fll-1, VfeD(Rg). (2.4)

2.2. Forward-Backward Martingale Decomposition for H-valued Additive
Functionals

Let H be a separable Hilbert space with inner product (-,-)g and norm || - ||m; (€;)ier
(I = [1,dim(H)] N N) denotes an orthonormal basis for H. The H-valued functions will be
denoted by the bold letters f, g, ---. Let L(E, u; H) := {f € L?(E, u; H); E#(f) = 0}. The
domain of operator Ry on L2(E, u; H) is denoted by Dy (Rp). We denote the norm and inner
product in L?(E, u; H) by || - || and (-, -)) respectively. We define
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Definition 2.2. Let f € L3(E,u; H) and f; == (f,e;)u. We say that £ € WE if

— 12
Il = D Ifill2y < +oo.
i€l

Lemma 2.3. Let f € L3(E, y; H). Then £ € WE | iff there exists a constant C > 0, such
that

(f.g) <CV(Ag glu, VgeDu(4)=LE,uH) (2.5)
(recalling that A =1 — P) and
[fllws, =inf{C >0 (2.5) holds for C}. (2.6)

In particular, ||f||ws ~does not depend on the choice of the ONB (e;).
Proof. We prove it only in the case where dimH = +o0o (I = N*).
Necessary part: Note that for all g € Dy(A4),

(F.8) = (firgi) <D Ifill-1V/(Agi, 9:)

iel il
|2 a0 —
ol D (Agi gi) = Ifllwe V(A 8).
iel i€l

Hence inequality (2.5) holds with some C' < |||y .
Sufficient part: Let n > 1 and (X\;)i=1.... » € R} such that }_ A2 < 1. For each f; = (f,e;),

K3
and for any g € Wy, we have by the sufficiency assumption (2.5),

(firg) = (£, ge:)) < C\/(Ag,9),
and it follows that f; € W_;. For any ¢ > 0, we can find g; € Wy such that [|f;]|-1 <
(1+€)(fi. g:) and {Agi.g;) = L. Thus by (2.5) again,

Z)‘l”fln—l§(1+6)Z)‘Z<flvgz>: 1+5 Z)\lgzez
=1 =1

<(1+ E)Oi/\?<Agz‘7gz‘> < (1+¢)C.

=1

Taking the supremum over all such (A;), we get

Z [

for all n > 1 and € > 0. So ||f[lyz < C by letting e — 0, n — oo.

<(1+¢)C

Theorem 2.1. Let T = N. There exist three bounded linear mappings
G: W2 — Wy =L3(E, s H), (Gf,Gf)u < 2(|f]lw= )%
M7 W) — L*(Q, 7, P) o L2(Q, Fo, P),  E(IMy (F)lle)® < 2([fllwe= )% (2.7)
M W) — L*(Q,G0,P) ©L*(Q,G1,P),  E(IM{ (£)[le)* < 2([[fllw= )2,

where G, = o(Xm;m > k) is the future o-field, such that the following forward-backward
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martingale decomposition holds P-a.s. for every f € WH, |

2 ni: £(X3) = M (F) + MS (£) + GE(Xo) — GF(X,)), Vn €N, (2.8)
k=0

where
M, (F) = 6 M (F), M5 (F) =) 0, 1M (f).
k=1 k=1

In particular for each f € WH |

(a) the mazimal inequality below holds:

E* sup [|Sk(F)|f < (24n + 3)([f[lw= )% (2.9)
0<k<n

(b) the family of the laws of

1
t— 7S[m](f) E]D([O, 1],H), n>1,
n

7

on D([0,1],H) under P, is precompact for the weak convergence topology;

(c) if moreover f belongs to the closure of Rang(I — P) := {(I — P)f : f € W§ =
L3(E, u;H)} = Dy(Ro) in WY, | then there is an additive square integrable H -valued mar-
tingale (F)- (My(£))n>0 and an H -valued additive functional (A, (£))n>0 such that

Sp(f) = An(f) + M, (f), (2.10)

1
—E~ A (D)3 . 2.11
B max | A(£) i — 0 (2.11)

In particular, for any initial measure v < 1, asn goes to infinity, the law of (ﬁsm(f)) o)
tefo,1

under P, converges weakly in D([0, 1], H) to the law of an H-valued BM (B:) where the co-
variance of By is given by

E((B1,h1)u(B1,ho)w) = (Thy, ho)g, VYV hy,hy € H,

where

(Thy, ho)g := E((M; (£), hy)m(M; (£), ho)m)
= lim lE(<sn(f),h1>H<Sn(f),h2>H>, ¥ hy,hy € H. (212)

n—oo N

Here D([0,1],H) s the space of all H-valued cadlag functions on [0,1] equipped with the
Skorokhod topology.

Proof. When H = R, parts (a), (b), (c) are due to [17, Theorem 2.5].

o0
For every f = ) f;e; € H, put
i=1

G(f) =Y _G(fi)ei, My (f) :=Y M (fi)ei, M{ (f) := ZMf(fi)ez‘,

i=1 =1
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where G, M;”, M{ are defined in [17, Theorem 2.5]. They are convergent, because

E|G(E)f =B (G(f)* <2 [If:ll21 < 2([If[lwe=,)* < oo,
i=1

i=1

EIMy()|E =ED (M7 (£:))* <2) 1fill21 = 2(Ifllwe=)? < +oe,

i=1 i=1

- 2 _ — )2 2 2
E[M{ (D)l =E) (M (fi)* <2 lIfill2y = 2(lIElhwz ) < +oo.
i=1 i=1
Thus summing the forward-backward martingale decomposition for S, (f;)e; proved in
[17], we get (2.8) for the H-valued f € WH .
(a) (Following [17]) For the H-valued martingale M’ (f), by Doob’s maximal inequality

E max | M, (£)[[f; < 4E[M) (£)|[F < 4nE|[M” (£)[f; < 8nl[f[l5e
E max || M, (£) [ < 2E[|M;7 (£) % + 2E max |M7(£) — My (£) 1%
< 2E[M7 (£)[Ifz + SEIIM (£) 1 < 20n||£[|Fs

Emax | GE(Xy) — GE(Xo) [ < 2B GE(Xo)|[% + 2B max | GE(X) 3

< 2B GE(Xollfy +E ) IGF(X)%
k=1
=2(n+ DIGE|E < 4(n + DI£]15 -

By the three estimations above, we get the inequality (2.9).
(b) Since Gf € L2(E, y; H), we deduce by Birkhoff’s ergodic theorem,

1
71%1<ax(||Gf(Xk)—Gf(Xo)HH)Z —0, bothin L'P,) and P, —a.s. (2.13)
n k<n

Applying the classical FCLT to M, (f) and M7 (f), we get immediately the compactness
criteria (b).
(c) Assume at first £ € Dy (Ro). Then

n

Sn(f) = D (1= P)Rof(Xi) = My (f) + An(f), (2.14)

where

M, (f) := Zn: (Rof(Xy) — PRof(Xy-1)) (2.15)

k=
is an additive square integrable (F,,)-martingale satisfying
2

EM;, ()]l < 2n(Rof, f)m < 2n(f, £)ys (2.16)
by (2.4); and
A, () == Rof(Xo) — Rof(X,,) (2.17)
verifies
1 max ||A,(f)[|f — 0, both in L*(P,) and P, — a.s. (2.18)

n k<n
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by the classical Birkhoff’s ergodic theorem. Hence [2.10)4(2.11)] hold. (Note: the argument
above is well known, originated from Gordin*).

Now for a general f € WH, belonging to the closure of Dy(Ry) C W, we take f. €
Dy (Ro) so that [|f — f[lw: — 0as e — 0. This implies by (2.16) that V n,

M, (f.) — M, (f), in L*(P,), (2.19)
as € goes to zero, and E||M;(f) — M, (£)|% < 2(||f_szWH£1)2- M.(f) is obviously additive
and satisfies again (2.16). Consequently for each n € N,

An(f) = Sn(f) = M, (f:) — Sa(f) — M,,(f) = A, (f)  in L*(P,). (2.20)

It remains to show that (A, (f)) so defined satisfies the crucial (2.11). For this, by the
maximal inequality (2.19),

Emax (|| Ak(f) — Ax(E)lli)’
= Emax||(Sx(F) — Sk(£:)) — (M(£) — My (£))
< 2Emax (|[Su(£) = Si(£:)l|)” + 2E mave (M (£) — Mi(£e) )
<2(24n +3) (f — £, — £ )y +8n(f — o, £ —f)ym |

where Doob’s maximal inequality and (2.16) are used. It implies (2.16) by (2.18) for f..

Fix now the initial measure v < p. By the known FCLT for H-valued martingales, the
law of

1
—M f
(\/ﬁ e ))te[o,l]
under P, converges weakly in D([0,1],H) to the law of an H-valued Brownian Motion
(Bt)tG[O,l]a where the covariance of the limit BM is given by: Vhy, hy € H,
E((B1, h1)r(B1, h2)r) = E((M;(f), hy)m(Mi (f), ha)g)

= (ML (£), ) (M (), o)) = T~ E((S () Ba)is (S5 (£), o)),

n—oo n
where the last equality follows from [(2.10)4(2.11)].

Moreover since

max ([ Ax(E)

vn
in probability P, then in probability P, (for P, < P,), we see that the FCLT of S,(f) in
part (c) follows from that of (M(f)) by the martingale decomposition (2.10).
Corollary 2.1. If f € W", and

—0

liminf [|eR.f|ly= < +oo or sup|P*f|ly= < +oo,
e—0 -1 k‘ZO -1

H
then f € ID)H(RO)W“. In particular Sy, (f) satisfies the FCLT in Theorem 2.1 (c).

Proof. Let f. := f — eR.f = (I — P)R.f € Dg(Ry), where R. = (¢ + 1 — P) ™" is the
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resolvent. Note that

oo

leRetllwe, = ell (1 +) K P E s
k=0
(oo}
<e 1+¢e) Y P*E ||y < sup || PEE||gn -
kZ:O( )P E k20|| [

Hence it is enough to prove this corollary under

liIErLiglf e Rt |y < +o0.

In the last case, we can find (k) — 0 so that f.) converges weakly in WH,. But as
eR.f — 0 in W, the weak limit of f.(;) in W, must be f. Finally as the weak closure
of D (Rp) in WH, coincides with its strong closure (by Hahn-Banach), then f satisfies the
condition in (c).

Remark 2.1. The results of this section does not depend on the quasi-symmetry as-
sumption (1.5).

Remark 2.2. Up to our knowledge, for a stationary and ergodic H-valued L2-martingale
n

differences (my)x>1, the functional law of iterated logarithm for (Mn = mk) is un-
k=1
known, neither for the backward martingale (M) here. If one can prove the functional law

of iterated logarithm (FLIL in short) for M_*(f) and MY (f) here, we can obtain the FLIL
for S, (f).

§3. Forward-Backward Martingale Decomposition
and Invariance Principle: the Continuous Time Case

Let T = R*. The situation is more delicate because of the unboundedness of the generator
L of (P;) in L?(E, ). Our first assumption allows us to define the symmetrization £ of
the generator L.

(H1) D is a sub-algebra of C'(E) contained in D(£) ND(L*), so that (£+2£* , D) is essen-
tially self-adjoint in L?(FE, ). Here C(E) is the space of real continuous functions on E,
and L£* is the adjoint of £ in L?(E, u) (then the generator of (P;) in L?(u) by [5]). Let
L be the closure of (“'f* , D), which is self-adjoint by (H1) and definite nonpositive. Let
(€7,D(E7)) be the symmetric form associated to —L£7. It is the closure of

LtcL
2

E%(u,v) = % ((—Lu,v) + (u, —Lv)) = < u,v>, Yu,v € D. (3.1)

We assume in further
(H2) for any u € D(E7) N Wy, £ (u,u) =0 = u=0, u— a.s.
This condition means that —£7 : D(—L£7) N Wy — Wy is injective. Then
o= (=L : Ran(—L") = D(R])(C Wy) — D(—=L7) N W, (3.2)

is a well-defined self-adjoint operator on Wj.

Definition 3.1.'7 W, is defined as the completion of the pre-Hilbert space D(—L£7) W,
w.r.t. the inner product (u,v); = E7 (u,v) or the norm |lul|1 = /€7 (u,u). W_; is defined
as the completion of the pre-Hilbert space D(RS) w.r.t. the inner product (f,g)—1 = (RS [, 9)

or w.r.t. the norm || f||=1 = /(RS f, f)-
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For f € W' := L2(E, u; H), we say that £ € WH, _ if

1
3
€, = (D 1£il121) " < +oo,
iel
where f; := (f,e;)m and (e;);cs is an ONB of H specified at the beginning of §2.
Given f € W, by the same proof as that of Lemma 2.3, we have that £ € W, iff 3C > 0,

(f.g) <CV(Ag,g)u, VgeDu(4) (3-3)
(recalling that A = —L) and

[£llws, =inf{C > 0] (3.3) holds for C'}.
Note a difference from the discrete time case: the space W™, defined as the completion of
the pre-Hilbert space ({f € WE; [fllwe, < +oo}, |l - lw= ), is in general not contained in

WE (see [17]), unlike Lemma 2.1.
Theorem 3.1. Assume (H1) and (H2). For any f € Wi YWY, | the forward-backward
martingale decomposition below holds:

t
25,(F) = 2/ B(X)ds = M (£) + Mi(£), vt >0,P—as., (3.4)
0

where M7 (f) and M (f) are additive and cadlag in time t, linear in £ € Wi N WH, |
verifying

B (M (£)[lm)? = E(IM (F) lm)* = 2t[1£]55 (3-5)
and (M7 (f)) is an H-valued (Fi)-martingale, and (M (f)) is an H-valued backward mar-
tingale, i.e., for each T' >0, (M%_,(f))sefo,17 75 @ (Gr—t)tefo,r-martingale (though it is left
continuous).

In particular we have
(a) the mazimal inequality below holds:

E* sup [|Sy(£)||f < 14T([[f]lw= )?, YT > 0; (3.6)
0<t<T -

the family of the laws of t — —=Sn € ,1],H), n > 1, on the Banach space
b) the family of the laws of L_S.u(f) € C([0.1).H 1, on the Banach
C([0,1],H) under P, is precompact;

(c) assume moreover that f belongs to the closure of W™, N Dy(Ry) in W, | then

there are an additive square integrable cadlag martingale (My(f)) and an additive cadlag
functional (A(f)) such that

1
;E“ sup |A(f)]2 =0 (ast — +00). (3.8)
s<t

In particular, for any initial measure v < p, as T goes to infinity, the law of

(%Sﬂ(f))te[o’l] under P, converges weakly in C([0,1],H) to the law of an H-valued BM
(B:), where the covariance of By is given by
E((B1, h1)u(B1, h2)g) = (Thy, hg)y, V¥ hy, hy € H,
with
(Thy, ho)g := E((M1(f), hy)u(Mi(f), ho)m)

= lim %]E(ST(f),h1>H<St(f),h2>H.

T—o0
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Here C([0,1],H) is the Banach space of all continuous H-valued functions v on [0,1],

equipped with norm ||v|sup = Sup [ple]l}:2
tel0,1

Proof. We prove only the forward-backward martingale decomposition and only in the
case where dimH = co. The remaining parts can be established similarly as in Theorem 2.4.
For real f € W_y, by [17] (Theorem 3.3) the forward-backward martingale decomposition
below holds:
25:(f) = My (f) + M (f),
where M;7(f) (resp. M (f)) is a forward (resp. backward) additive martingale verifying
E(M; (f))? = E(M(£))? = 2t(f, f)—1

Now for f € Wil YWH, | let M;>"(f) := Y M;?(f;)e;. By Doob’s inequality we have for
i=1
all m < n,

B (sup IV () — My (£)]) < 4EIME (£) Mz (]|

<4 Z (M7’ (fi))* = 8T Z 1fkl12y =0,

k=m+1 k=m+1
as m,n go to infinity. Therefore by the Cauchy criterion and a triangular argument, there
exists an H-valued cadlag forward martingale M;” (f) in L2(E, u; H) such that

sup |[M;*(£) = M;”()|lg — 0 (n — o), VT > 0.
t<T

For the same reason there exists an H-valued cadlag backward martingale (M; (f)) such
that

sup |[M;"(f) — M (f)|lg — 0 (n — ), VT > 0.
t<T

Thus, for each ¢ > 0 we have P,-a.s.,

M;”(F) =Y M7 (fi)es, M (£) =Y M (fi)e,
i=1 i=
which satisfy

E||M; (f)I[F = EZ My(f:))? = 2tz I£ill%1 < +o0,

=1 =1

E| M, (f HHfEZMtfl f2t2||fz||21<+oo

=1 =1
Moreover, for each t € RT, we have P,-a.s.,
+oo
28, (f Zzst fi)ei =Y (M7 (fi) + M (f:)es = My (F) + M (£).
i=1
By the right continuity of t — S(f), M;”(f) + M; (f), we get with P,-probability one,
28,(f) = M7 (f) + M (f),Vt € RT.
With the same proof as that of Corollary 2.5, we get
Corollary 3.1. If 1imi(1)1f5HfO°o e‘EtPtfHWH < 400, then f belongs to the closure of
E—r —1

WH, N Dy (Ry) in WHE,. And all conclusions in Theorem 3.1 (c) hold.
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§4. Quasi-Symmetric Case

Throughout this section, the Markov process (X¢)er is quasi-symmetric, i.e., it satisfies
(1.5). In the continuous time case, we shall assume that our process (X;) is Hunt (see [10]).
The main result is Theorem 4.1 below, which is stated in [17] in the real valued case without
detailed proof.

Let A= (I — P)or A= —L according to T = N or = R', and Ry := A~'. Applying
(1.4) to u = Rof,v = Rog, we see that Ry is still sectorial. Hence the bilinear form

E-1(f,9) == (Rof,g), Vf,g€D(Ro) (4.1)

is closable, and its closure will be denoted by (£_1,D(£_1)). By [5], D(R§) € D(E-1) is also
a form core of (€_1,D(E_1)).
Lemma 4.1. If

ligélf<f, R.f) < +o0, (4.2)
then
f € ]D)(g—l)? and 5—1(f; f) S 11?1_)161f<f, Rsf> (43)

Proof. In fact, take f. = f —eR.f = AR.f, Rof- = R.f and then
liminf &_1(fc, fo) = Uminf(f — eR. f, R. f) < liminf(f, R. f) < +oo.
e—0 e—0 e—0
By [5] (Chapter VI, Theorwm 1.15, p. 314), it follows that
f ED(S—l)a 5—1(f7f) Shgélf<f7Rsf>
Lemma 4.2. For any f € D(Ry), we have f € W_; and

VEL(S f) < fll-x < KVEA(S, /). (4.4)

Proof. The left inequality in (4.4) follows from

(I1Rof11)? = (Rof, ARof) = (Rof, f) < [Rofllx - |l -1
and the fact that (||Rof|l1)? = E_1(f, f). For the right inequality in (4.4), let g = Rof. We
have for any v € D(L),

(f.u) = (Ag,u) < K+/{Ag,g) - V/(Au,u) = K\/E1(f, ) - |lullr-
Thus || fl|-1 < K+/E_1(f, f), the desired right side inequality in (4.4).
Lemma 4.3. D(Ry) C W_; and is dense in (W_q, |- ||-1).
Proof. By Lemma 4.1, for any f satisfying (4.2), f € D(é-1). As D(Rp) is a form core

of &_1, we can find fr, € D(Ry),k > 1so that (fi — f, fe— ) +E-1(fx — f, fr — f) — 0. By
Lemma 4.2, we have

1fe = fill + 1fx = fil -1 — 0O
as k,l — +oo. Consequently f € W_; and fr — f in W_;. Then D(Ry) is dense in W_j.
Since D(Ry) is dense both in W_; and D(E_1), we have D(E_1) = W_;.
Lemma 4.4. For f € L3(E, u; H), if 11§L151f(<f, R.f)) < 400, then

€15 < K liminf(F, R.£)).

Proof. Write f = " fie;, fi = (f,e;)m. By Fatou’s lemma,
icl

th inf(fi, Ref;) < liminf(f, R.f) < 4oo0.
el e—0 e—0
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Then f; € D(€_1) by Lemma 4.1. We have by Lemmas 4.2 and 4.1 that for each N > 1,
2 _ 2
IE13 =Y (fis fid-1 S K> E1(fis fi)
iel i€l
< K?> liminf(f;, Ref;) < K*liminf (f, R.f).
ey e—0 e—0
Lemma 4.5. Dy(Ro) C W2, and Dy(Ro) is dense in W (| WH, .
Proof. (1) If f € Dy(Ro), then there exists g € L3(E, u; H), such that Ag = f. Then
(£, Rf)) = (f, R(—L)g)) = (£, (1 — eR:)g))
< £l + lleR-gl) < 2[I£] - llgll-
By Lemma 4.4, f € WH,.

(2) Given f € W WH,  let f¥ := Y f,e;. Then |fV¥ — fllys, — 0, as N — oo.
i<N, iel
By Lemma 4.3, Ve > 0,3 f; . € D(Rp) such that
€
I1fi = NSRS

N
Choose f. v = > fice; € Dy(Ry). We have

i=1

N
BN —fenlfn, = D i = fiell?a <%
=1

Then
I — £ nllwe | <IIE =V wn | + [1EY — £ wllwe | < IF = Y[l + €7,

which is arbitrarily small for N large enough and € small enough.

Theorem 4.1. Let T = N or RT, and assume (1.5). For each f € L3(E, u;H), the
following properties are equivalent:

( ) fe WHl;

(b hm 1E(|S¢(F)|| € [0,00) ewists;

)
(c) o ( ) := lim sup tEHSt( M < oo
(d) hmmf((f R f>> where R. = (e + A", A=1—-P or— L.
In that case, o2 (f) := tlim 1E(S:(£)[|Z4 = 0 < £ = 0; and all the conclusions in Theorem

2.1 and Theorem 3.1 hold (without assumption (H1) and (H2) in the continuous time case).
Proof. (a)=[(b)+ all conclusions in Theorems 2.1 and 3.1]. Let f € WH,. If T = N,

Theorem 2.1 holds since
H

Da(Ro) = WH,
by Lemma 4.5. Thus all the conclusions in Theorem 2.1 are valid.

If T =R", forward-backward martingale decomposition for real f € W_; is established
in [17, Theorem 3.3]. For H-valued f € W by following the same argument as in the proof
of Theorem 3.1, the forward-backward martingale decomposition in Theorem 3.1 holds for
S¢(f). Thus as consequences of that decomposition, the parts (a), (b), (¢) in Theorem 3.1
all hold. By Lemma 4.5, the condition in Theorem 3.1 (c) is verified. Thus all conclusions
in Theorem 3.1 are true.
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By part (c) of Theorem 2.1 or Theorem 3.1, we have

1
Si(f) = My(f) + Ay(f), V€T, lim “Esup [|A,(f)[F =0,

s<t
then
o1 o .o 1 2 _ 2
Jim SEJS(E)3 = im SEIM(0)] = BIM; (£)]3 < oo, (45)

which is part (b).
(b)=(c) is trivial.
(¢)=(d) We only prove it in the continuous time case.

Bls@)l; =28 | [ CE(X), £ ududo

—9 /0 t /0 CR(E(X,), Py (X)) mdudy = 2 /0 t /0 " UE, PoEYdsdo.

Thus lim sup $E||S ()| is the lim sup in the Césaro sense of [, (f, Pf))ds, which is greater
t—o0

N
than the limsup in the Abel sense below

limsup/ e €'{f, P,f)dt = lim sup((f, R.f)).
0

e—0 e—0

(d)=(a) It holds by Lemma 4.4.
It remains to show that if o3 (f) = 0, then £ = 0. By (c) = (d) above, limsup((f, R.f)) =

e—0
0. By Lemma 4.4, ||fHer1 =0. Thus f =0.

§5. Proof of Theorem 1.1

Proof of Theorem 1.1. We only prove Theorem 1.1 in the discrete time case. In this
section the Hilbert space is H := L*(R, dF).

(a) Step 1 Recall that the distribution function F(u) := pu(f < u) = Pu(f < u) is
assumed to be continuous. Then F(f(X})) is a uniform random variable on [0,1]. Let

F~Y(r) = inf{u|F(u) > r}.
Then
[f(Xe) < ul = [f(Xp) < F7H(v)] = [F())(Xx) <], w=F"'(v).
Let hy(x) := 1[f(z)<u) — F'(u). We have (by following [9])
/+<>0 Ehy(Xo)hy(Xk))dF (u)

— 00

1 1
= /0 {E1p(r(x0) <o) LF(£(x0)) <o) AU — /O {ELp(s(xo0) <ol ELip(r(x0) <o AU (u = F~ 1 (v))

1 1
- / (B (P (1 (o) o] — 03 = / Plmax(F(f(X0)), F(f(Xy)))

< uldv - 3 = 5 — Emax(F(f)(X0). F(H)(X,).
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Let h(x) := (hy(2)),cr € L* (R,dF(u)) and (R-h), = Rchy,. We then have

“+o00 +o0 400
(Reh, B) 12ty = / (Rohu, ha)dF(u) = 3 (e + 1)1 / Eh (Xo)hu (X2)dF (1)
—0 k=0 -0

=3 e+ )7 (3 - Bmax(F()(Xo), F(F)(X4)).
k=0

and it follows that » € W, by Theorem 4.1 and by our condition. Thus by part (c) of
Theorem 2.1,
max [| A (b))
Sp(h) = My (h) + Ay, (h), E‘T — 0, (5.1)
where (M, (h)) is an H-valued additive L?-martingale.
Step 2. Recalling that T, (u, v) := Cov(&,(u), &, (v)), then Vf, g € L?(R, dF (u)), we have
by (5.1),

lim // Tp(u,v) f(u)g(v)dF (u)dF(v) = lim l]ES,L(UL,f)uﬂ)S’n(UL,g)mI)
RxR

= Tim E(M,(h), £ (Ma(h), g)s = B (h), f)ss - (M (1), g,

1
too > EIM(WE = lim TE|S, (0]
2 o
_nhﬁ\rr;o nIE/ (Sn(hw)) dF(u)—nIer;o/]RFn(u,u)dF(u)

Hence by Cauchy-Schwartz’s inequality,

sup// (u,v))*dF (u)dF (v <sup// (u, w)Tp (v, v)dF (u)dF (v)
n>1 RxR n>1 RxR

— sup { /R T (u, u)dF(u)r < 0.

n>1
Hence {I';,(u,v)} is relatively compact w.r.t. the weak topology o (L*(R,dF),L*(R,dF))
and any weak limit I" of I';, must verify

//RX]R u,v) f(w)g(v)dF (u)dF (v) = lim // (u,v) f(u)g(v)dF (u)dF(v),

for all f, g € H, where the existence of the last limit is shown above. Thus I' is unique. In
other words, I';, — I" weakly in L?(R,dF).

We now see why I is of trace on H. Let (e;);>1 denote an ONB of H = L?(R, dF (u)) and
hi = <h, 6i>L2(]R,dF)' We have

(Ceseihirar) = | / T )eu(wes (0)dF (P ()
— lim / /R T (w)es(ues (0)dF (u)dF(v)

n—+4oo
. 1

o0

Z(Feuez L2(R,dF) = ZEMl hi) = E||My(h)||72 g ar) < oo

=1
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(b) It follows directly by Theorem 4.1.
Remark. In the discrete time case, let
nt)

l
M (t,u) := % > (yxy<u — Flw)
k=0

and regard 7, = (t = (7n(t, u))uer)tcjo] as a random element in D([0,1], L*(R, dF)).
Then Theorem 4.1 is applicable (by the proof of part (a) above) and yields the following
invariance principle:

for any initial measure v < p, P, (n, € +) converges weakly on D([0,1], L*>(R, dF)) to the
law of an L*(R,dF)-valued Brownian Motion with

E (<B1>f>L2(IR,dF) <Blaf>L2(R,dF)) = //R2 L(u,v) f(w)g(v)dF (u)dF(v).
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