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DIFFUSIVE-DISPERSIVE TRAVELING
WAVES AND KINETIC RELATIONS
IV. COMPRESSIBLE EULER EQUATIONS
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Abstract

The authors consider the Euler equations for a compressible fluid in one space dimension
when the equation of state of the fluid does not fulfill standard convexity assumptions and
viscosity and capillarity effects are taken into account. A typical example of nonconvex con-
stitutive equation for fluids is Van der Waals’ equation. The first order terms of these partial
differential equations form a nonlinear system of mixed (hyperbolic-elliptic) type. For a class of
nonconvex equations of state, an existence theorem of traveling waves solutions with arbitrary
large amplitude is established here. The authors distinguish between classical (compressive) and
nonclassical (undercompressive) traveling waves. The latter do not fulfill Lax shock inequali-
ties, and are characterized by the so-called kinetic relation, whose properties are investigated
in this paper.
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¢1. Introduction

This is the fourth paper of a series by the authors (see [3-5]) devoted to traveling wave
solutions of diffusive-dispersive models arising in continuum physics. Our previous works
were restricted to single equations and systems of two equations. We attempt here to gener-
alize the techniques and results to the (rather challenging) Euler equations for compressible
fluids in one-space dimension. We consider the following three conservation laws (mass,

Manuscript received April 17, 2002.
*Centre de Mathématiques Appliquées & Centre National de la Recherche Scientifique, UMR 7641, Ecole
Polytechnique, 91128 Palaiseau Cedex, France. E-mail: lefloch@ cmap.polytechnique.fr
*xkINSSET, Université de Picardie, 48 rue Raspail, 02109 Saint-Quentin, France.

E-mail: bedjaoui@ cmap.polytechnique.fr



18 CHIN. ANN. MATH. Vol.24 Ser.B

momentum, total energy) in Lagrangian coordinates:

vy — Uy = 0,

U — 80(1)75)36 =« (Vuz);c - 5 (ﬂvm)xm + g (Mv U?;)x7 (11)
E; — (Ev(v,S) u)x =« (Vuuw)x + (%uvi — u(uvw)w)m + (uuw ”w)z'

Note here that Lagrangian coordinates are chosen for simplicity in the presentation only,
and all the results in this paper extend straightforwardly to the formulation in Eulerian
coordinates. The main unknowns are the specific volume v > 0, the fluid velocity u, and
the specific entropy S > 0. The total energy FE is given by

2

E=c(v,S)+ % (1.2)

The coefficients v = v(v, S) and p = p(v, S) are non-negative functions of the specific volume
and the specific entropy, representing the viscosity and capillarity coefficients of the fluid,
respectively. The non-negative parameters a and S serve to measure the “strength” of the
viscosity and capillarity terms. To close the system of the equations (1.1), we must prescribe
the internal energy € = £(v,.5). We will be interested in the situation where the first-order
terms in (1.1), that is,

v — Uz = 0,

us — €y(v,8), =0, (1.3)

E; — (eo(v,8)u), =0,
form an hyperbolic-elliptic system. The typical example of interest in this paper is the
(nonconvex) equation of state for van der Waals’ fluids

e(v,8) = %a (3v —1)"aedS/(8a) _ % (1.4)

where a is some positive parameter. (Note that (1.4) requires v > 1/3.)

In this paper we will study the existence of traveling wave solutions of the system (1.1)
for a class of nonconvex equations of state. That is, we search for solutions depending only
on the variable y := x — At for some constant speed A and converging to constant states
at y = +oo. We arrive at an ordinary differential equations, and must determine which
equilibrium points can be connected by trajectories of the system. Recall that the case
when the capillarity is neglected, that is 8 = 0, has a long history in the literature (see for
instance [6,13,21] and the references therein). Our main focus in this paper is § # 0 and
the limit behavior f — 0 (vanishing capillarity) and § — oo (vanishing viscosity).

Some general remarks on the system (1.1) are now made. A simple calculation shows
that (1.1) can be rewritten in the variables (v,u, S):

v — Uy =0,

- B,
U — EU(’U,S)@« =« (Z/’wa)m - 6 (Mva:)a:w + 5 (:u’v Um)m (15)
(Es + éusvi) Sy = auui.

2
In the special case that the coefficients v and p depend upon the specific volume v only,
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which is often realized in the applications, we obtain
vy — Uy =0,
u —&0(v,8)e = a (V(v)ug), — B (A(v) (A(v) va)a) (1.6)

e5(v,8) Sy = av(v)u?

with fi(v) := y/p(v). Furthermore, it is interesting to point out that, if ¢ would be inde-
pendent of the entropy S (which is not realistic in the application) and we would ignore the
third equation in (1.6), we would arrive at a system of two equations only, that is,

0 — Opu = 0,
Opu — Byey (V) = a (V(V) us)e — B (V) (A(V) va)s) -

The system (1.7) was studied in [3] in the hyperbolic case (¢ convex) and in [5] in the
hyperbolic-elliptic case (¢ not globally convex). This system has drawn a lot of attention

(1.7)

in the literature, initiated with the pioneering work by Slemrod['6—18]. The importance of
the so-called kinetic relation in characterizing the dynamics of undercompressive waves was
recognized by Abeyaratne and Knowles!™?!| Truskinovsky!'%2% LeFloch!'%!, Shearer[%-14:15]

Hayes and LeFloch!™®! and LeFloch!*1-12],

Throughout this paper, our assumptions on the energy function ¢ = £(v,S) are the
following ones. We assume that there exist three smooth mappings v, v,v* : (0,00) —
(0,00) such that v, (S) < 0(S) < v*(9),

€ (Vx(5),8) =0, €up(0(S),S) =0, &m0 (5),S) =0, (1.8a)

E’U’U’U'U > 07 (18b)

and, uniformly with respect to the variable S in every set of the form [S, +00),

lim e, = —o0, lim &y, = +o00. (1.8¢)
v—0 v—4o00
We also assume that
es >0, €y5 <0, (1.8d)
us > 0. (1.8¢)

Finally, some technical condition on the behavior at co will be needed: for every set
[V, V] x [S,+00) C (0,00) x (0,00) there exist constants cg, Cy > 0 such that

es>co, ps<Cy andcy<pu<Coy (v,9)€V,V]x][S,+o0), (1.9)
and we assume also that
inf {(e,(v*(S5), S), S > 0} > —oc. (1.10)
It is easy to check that van der Waals’ equation of state (1.4) satisfies the conditions
above, at least in some interval of v. In particular, we have

es(v,8) = (Bv—1)"V/a 3960 5

-3
gps(v,8) = - (3v —1)717HadS/(Ba)
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Under our assumptions (1.8) the first-order system

vy — Uz = 0,
U — &4(v,8) =0,
By — (ev(v, S) u)x =0,

is of elliptic type in the region

E:={(v,9) /v.(S) <v<v*(9)}
and of hyperbolic type in H, UH*, with
Hei={(v,8) /v <v.(9)}, H" :={(v,5)/v*(S) <v}.

Finally, we close this section by casting the system (1.1) in the more compact form. We
define the total internal energy by

e=¢(v,S,vy) :5(v75)+§u(v,5)vi (1.11)
and the thermodynamics pressure p and the total pressure P by
b= _EU7
_ _ B (1.12)
P=-e,+ (ew)m =P - 9 UU(U7 S) Ui + (M(’Ua S) Ux)x7
where w denotes the derivative v,. Then, we can rewrite (1.1) in the form
vy — Uy =0,
ut—l—PI:a(Vuw)z, (1.13)

E, + (uP)m =« (l/uuz)x + 3 (ew(v,S, vz)ux)x.

An outline of this paper follows. In Section 2, we display basic properties of the system
under consideration, including some discussion of the Rankine-Hugoniot relations. The
existence of the kinetic function is established in Section 3 which is the central part of this
paper. Finally, in Section 4, we reformulate our conclusions in terms of wave curves and we
discuss important limiting cases when the viscosity or the capillarity coefficients are taken
to vanish.

As the specific entropy S must remain positive, throughout this paper we tacitly assume
that the ranges of parameters under consideration are restricted by this condition. For
instance, the specific entropy S might reach zero along a Rankine-Hugoniot curve.

§2. Basic Properties

In this section we discuss some general properties of traveling wave solutions of the system
(1.1), together with basic properties of the Rankine-Hugoniot jump relations. Any traveling
wave y — u(y),v(y), S(y) with speed A\ must satisfy

AV +u =0,
B
M +e,(v,8) = —awu) + B (uv')" — 5 (1o 0"?), (2.1)

AE" + (g4(v,5) u)/ = -« (uuu’)l + 8 (%uv’2 - u(uv')’)l + B (p v')/,
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and the following condition at infinity:

v(y) > v—, wu(y) 2 u_, Sly)—5S-, y— —oo,
v(y)
u'(y), v'(y), S'(y), v"(y) = 0, y — oo,

vy, uly) =2 uy, Sky)— Sy, y— +oo, (2.2)

where u_,v_,S_,uy, vy, Sy are constants. It will be convenient to define
Ug = uU_, vy = v_, So:=5_ (2.3)

and to search for all right-hand states (v, u4,S4) attainable via a traveling wave initiating
at (vg, ug, So). For definiteness we will assume that

A>0,

that is, we restrict attention to waves of the third characteristic family, and we also assume
that the left-hand state satisfies

v < Ux(5).

On one hand, as was already pointed out in (1.5), the third equation in (2.1) can be
replaced with

A <es+ g,usvlz) S = —avu

For X\ # 0, using the first equation in (2.1) to eliminate u, we get

(55 + gus UIZ) S =—aviv’. (2.4)

On the other hand, we can also eliminate the variable u from the second equation in (2.1):
A2 e, (0,8) = Xa (W) + B (uv')" — g (10 0")". (2.5)

The equations (2.4) and (2.5) form a (second-order) system of two equations for the functions
v=2o(y) and S = S(y).

It will be convenient to recast the problem as a first-order system of three equations.

Setting
w = ,U'(U’S) ’U/, (26)
we re-formulate the equations (2.4) and (2.5) in terms of the variables (v, w, S):
N
(v, S)’
, a v(v,S) A po(v,8) 5 1 5
=—= - A
UTTE e s) T o s It S v A0, (2.1
g —2v(v, S) Aw?

2M(U7S)QES(UaS> +ﬁMS(Uvs)w27

where

g(vo, So, v, S, )\2) = e,(v,5) — &4(vo, So) — A2 (v — ). (2.8)
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The boundary conditions (2.2) now read

v(y) 2> v, w(y)—0, S(y)—S- wheny— —o0,
v(y) > vy, w(y) —0, S(y)— S+ wheny— +oo, (2.9)
v'(y), w'(y), S'(y) = 0 when y — +o0.

For a traveling solution to (2.7)—(2.9) to exist, the states v_ = vg, S_ = Sy, vy, and

Sy, and the speed A must satisfy some compatibility conditions, the Rankine-Hugoniot
relations, which are now derived. By integration of the (conservative!) equation (2.5) over
some interval (—oo,y) and in view of (2.9) we obtain

eu(0.8) 2400, S0) N (v~ o) = aw Ao/ + B (ue'Y — D (210)
Additionally, multiplying (2.10) by v" and using the third equation in (2.7) we get
g (o) =e(v,S) — ey (vo, So) v — A% (v — vp) 0. (2.11)
By integrating (2.11) over some interval (—oo,y) we find
)\2
g,u’Ul2 = E(U, S) — 5(’1)0, So) — ED(U(), So) (’U — ’UQ) — E (U — ’Uo)2 (212)

=: f(vo, So, v, S, A?).

(Of course, (2.12) can also be derived from the third equation in (2.1).) In conclusion, if a
traveling wave exists, its propagation speed must satisfy the two Rankine-Hugoniot relations:
_ (4, 84) — (v, So) 9 (v, 54) —€(vo, So) — (v4 — vo) €u(v0, So)
N vy — U N (vy — )2 '

We investigate first the limiting case when the viscosity vanishes (v = 0) which, in view
of the third equation in (2.7), implies that the entropy remains constant: S; = Sp. In
particular, it is interesting also to study the case when both the viscosity ¥ = 0 and the

22 (2.13)

speed A2 vanish. This is the subject of the following statement. Given the hypotheses made
on the function ¢, it is not difficult to see geometrically that:

Lemma 2.1. (Definition of Maxwell states). For every (v,S) satisfying v < ©(S) there
exists a unique point (0} (v,S), SH(v,S)) which lies on the Hugoniot curve (for the third
characteristic family) leaving from (v, S) and satisfies

Sh(v,8) =S
and, denoting here by A)(v, S) the corresponding (square of the) shock speed,
_ eu(@)(v,9), 8) — eu(v, 5) 5 e(¢p(v,5),8) —e(v,5) = (¢5(v,5) = v) &y (v, 5)

Ab (v, S) = .
’ (v, 5) — v (9h(v,5) —v)?
(2.14)
Moreover, we have
0 (5 (v, 5), 8) = v. (2.15)

In particular, for every value S > 0 there exist two states v(S) < 0(S) and T(S) > v(S)
such that ©}(v(S),S),S) = 5(S) and the shock speed vanishes: Aj(v(S),S) = 0. These
points are characterized by the relations

e0(v(5),5) = & (v(5), 9),

e(@(S),S) — e(v(9),S) — (B(S) — v(9)) &y (v(S), S) = 0. (2.16)
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Note that the value @%(v, S) is given geometrically by the so-called “equal area rule”. We
refer to the values v(S) and v(S) as the Maxwell states at the entropy level S.
The Rankine-Hugoniot relations in (2.13) lead to the implicit equation

1
H(vg, So; v, S) :=&(v, S) — &(vg, So) — 3 (EU(’U, S) + &4 (vo, SO)) (v —1v9) =0. (2.17)
Thanks to the assumptions (1.8), we have
1
Hg(vo, So; v, S) = es(v,S) — 3 evs(v,9) (v —1v9) >0, for wv>wp. (2.18)

Therefore, the implicit function theorem allows us to determine a smooth function v — S =
S(vg, So; v) for v > vg. The (square of the) shock speed along the Hugoniot curve, denoted
by v +— L(vg, So;v), is

(v, S(vo, So;v)) — €4(v0, So)
L(Uo,So;U) = vV — g n Y #UO’ (219)
EUU(’U(),SQ), v = 19.
In the following lemma we investigate the properties of the shock speed along the Hugoniot
curve.

Lemma 2.2 (Definition of Characteristic States). There ezist two functions ©% = " (vo,
So) and S* = S%(vg, So) defined for allvy < ©(Sp) and all So > 0 such that ¢°(vg, Sp) > ¥(So)
and

evo (¢%(v0, S0), S*(vo, So)) = L(vo, So; ¢*(vo, So)),
Sh ’U(),So) S(’Uo,So, Uo,S())).
~(

vg, So) and S8 = S~4(vy, So) defined for all

(2.20)

Similarly, there exist two functions =% =

vo < 0(So) and all Sy > 0 such that ¢~ (UO,SO) 0(Sp) and
€00 (v0, S0) = L(vo, So; ¢~ *(vo, o)), (2.21)
S™%(vo, So) = S(ansowfh(vo,so))- .

Moreover, the function gp% satisfies
©¥(v0, S0) < @) (vo, So) < ¢ (vo,S0), o < B(So). (2.22)
Furthermore, the function v — L(vg, So;v) is strictly monotone decreasing when v € (v,
0¥ (vg, So)) and strictly monotone increasing when v € (p*(vg, Sp), +00), with
Ulgr;o L(vg, So; v) = +00. (2.23)
In the following we will say that (goh(vo, SO),S’h(vao)) and ((p_“(vo,S’o),S_h(vo,So))

are the characteristic states associated with the point (vo, So).
Proof. In this proof, we do not indicate the dependence upon vy and Sy. Define the

function
D(v) := €, (v0, S0) — €0 (v, S(V)) + €4u (v, S(v)) (v — vg). (2.24)
By differentiating (2.17) and (2.19) with respect to v we get
iy D)
S'(v) = 3 Hs(w.50)) (2.25)
oy €5, S()S'(v)  es(v,S(v)) D(v)
L) = (v —wp)? - 2Hg(v,S()) (v — )2’ (2.26)



24 CHIN. ANN. MATH. Vol.24 Ser.B

The function D satisfies
D(UQ) = ]D)I(UQ) = 0, DH(’U()) = EM,U(UQ, S()) < 0.

This implies that D(v) < 0 on some interval of the form (vp,vo + 1) with n > 0, at least.
In view of the definition of L and D, this is completely equivalent to saying that L(v) >
Eup(v,S(v)) in the same interval.

Now, assume that D remains strictly negative for all v > vg. Then, on one hand, from
(1.8¢c) we get

lim L(v) =400
v——+00

and, on the other hand, (2.26) would give I’ < 0 for all v > vy which is a contradiction. We
conclude that there exists ¢f such that D(¢f) = L/(¢") = 0 and D(v) < 0 on the interval
[’Uo7 @h).

Now, let us prove that ., (¢?, S%) > 0. First it is clear that I'(¢f) > 0 and a simple
calculation gives

D/(Qph) = 5vvv(90hv Sh)(ﬂph — ).
We deduce that &,,, (%, S%) > 0. Assume by contradiction that &,,, (% S%) = 0. Necessar-
ily, D" (%) < 0 which is contradictory since D" (%) = £y (0%, S%) (0% — v0) and eyypy > 0
by (1.8).

We claim now that I remains strictly positive for v > ¢ Otherwise, there would
exist another value (pg for which D(apg) = 0 and I/ ((p%) < 0. This would imply that
z—:vm(sag, SE) < 0. We must add here the assumption that the Hugoniot curves associated
with (1.1) are transverse to the curve defined by ¢ in the sense that any Hugoniot curve
intersects the critical curve {(f)(S), S), S > O} at one point. Thus, we obtain a contradiction.

Now, L is strictly monotone increasing for v > % and, thanks to (1.8c) and (2.19), we
easily obtain

lim ]L(’Uo, SQ; ’U) = +00.

vV—00
This implies the existence of the function =¥ satisfying (2.22).
Thanks to Lemma 2.2 and the formulas (2.25) and (2.26), we obtain the following result:
Lemma 2.3 (Monotonicity Properties of the Specific Entropy). The function v — S(vo,
So;v) is strictly monotone decreasing when v € (vg, % (vo, So)) and strictly monotone in-
creasing when v € (p%(vo, So), +00), with

S(vo, So;v) < So if and only if v < @} (vo, So). (2.27)

§3. Nonclassical Trajectories

In this section, we study the existence of traveling waves solutions of (2.7). The following
preliminary lemma determines the range of values where the (square of the) speed L is
positive.

Lemma 3.1. With each Sy > 0 we can associate a value v—*(Sp) such that v=*(S) < v(S)
and that the shock speed between the points (v™*(So),So) and its associated characteristic
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value (p*(v=*(So), So), S%(v=*(So), So)) vanishes, that is,
g0 (% (v7*(S0), S0), S*(v™*(S0), So)) = v (v™*(S0), So),
(9% (v0, So), S*(v0, So)) — €4(v0, So) >0, vy < v~ *(Sy),
4 (0% (v0, 80), 8 (v0, S0)) — €4(v0, S0) <0, v~ *(So) < vy < 1(Sp).
We deduce from Lemma 3.1 that the condition that L vanishes, together with (2.20),
gives
euu (9% (1*(S0), S0), S*(v7*(S0), S0)) =

Proof. Setting 9, (vo, So) = v (% (v0,S0), S%(v0, S0)) = L(vo, So; 9" (vo, So)), we will
prove that

0e,
: S 0.
o (vo, So) <
By differentiating (2.20) with respect to vy we obtain
et 0L  OLop?  OL
Y (9, Sp) = — 4+ — =2 = 2= (v9. S0, 0% (v, S
v, (vo, o) v + v v 8v0(v0’ 0, ¢*(vo, 50)),

since 2 (vg, So, % (v, So)) = 0. Now, using (2.19) we obtain

oL
87’00(1)07 SOa th (’U07 SO))
(5715(90h Sh) (’Uo,So, ) _Evv('[}OvSU))(@h _v0)+gv((ph7sh)_€v(v0750)
a (% — vo)? '
By differentiating (2.17) with respect to vy we obtain
oS _ (v (v0, So) — Evv(wha Sh))(‘?h — )
(UOa 507 ) - .
dvg 2e5(p%, 5%) — eus (%, 57) (% — vo)

Finally, combining the two last equations we get

855m (’U S, ) —9 (51)11(”07 SO) - gvv(‘pbv Sh)) (5S(¢uv Sh) - 5US(<ph7 Sh)(‘)oh - UO))

. \Y0,L0) —

B (v0 — %) (2e5(%, 5%) — eus (%, S9) (0% — v0))
which is clearly negative by assumptions. On the other hand,

30(0(50), S0) < Ag(u(S0), So) = 0.
Now, we have to prove that hm0 ef, (vo, So) > 0. By contradiction, assume that &%, (vo, Sp) <
0 for all vy < v(Sp). Then, from (2.19) and (2.20) we get £,(vo,So) > &,(¢%, S%). But
£o(p%, S%) > £, (v*(S%), S). Then, combining the two previous inequalities and using (1.10)
we obtain that limO £,(v*(S%), S%) = —co which contradicts (1.10).
Vo —>

Now, thanks to Lemmas 2.2 and 3.1, the (square of) the speed is positive for all vy <
v~ *(Sp) and we can define the quantities

M(vg, Sp) = \/L g, S0; % (v0, S0)), o < v~ *(So), (3.1)

M (v, So) = \/A (vo,50) = \/L(UO,S();@%(UO,SO)% v < v(S0), (3.2)

Amin (v0, So) = { A (o, S0), w0 < v™*(So),
min(v0, So 0, v*(So) < vo < 1(So)-

(3.3)
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Thanks to Lemmas 2.2 and 2.3, given A in the range (Amin(vo, So), \j(vo, So)], the Rankine-
Hugoniot relations have two (non-trivial) solutions (v, S4+) # (vo, So), with Sy < Sy, which
we denote by

(1)1,51) and (’UQ,SQ) with vg < v1 < v9.

To study the O.D.E. system (2.7), it is convenient to regard it as a system of only two
equations. Namely, the equation (2.12) derived earlier can be written in the form

B o
So,v,8,\%) = — 34
f(U07 0,V, 0, ) 2,[,Lw ) ( )
where w and f are defined in (2.7) and (2.12), respectively. Since ug and g are positive by

assumption, we have

9 2 B o 1 2 2
@(f(UQ,SO,U,S,)\ ) — Zw ) = ﬁ@u es + Busw®) > 0.

Therefore, using the implicit function theorem, the equation (3.4) allows us to express the
variable S as a smooth algebraic function (v, w) — S := S(v,w), which leads us to a reduced

form of the system (2.7):

V=
p(v,8)’ (3.5)
/__g V(UvS)A N’U(U7S) 2 l 2 '
B A ETO E R
The eigenvalues of the system (3.5) at an equilibrium point are found to be
1
a(v, S\, a, 8) = n (—ow/\ - \/aQVQ)\Q +48p (e — /\2))7
- (3.6)
5 — _ 2,2 )2 1 4 —2)).
F(v, S, \, , ) 2ﬁu( av A+ /a2 X2 1 4B j(epe — A ))

The following lemma covers the general case « > 0 and g € IR\ {0} It applies to any of
the three equilibria (vg, So), (v1,S1), and (va, Sa).

Lemma 3.2 (Properties of Equilibria). Some values v— and X being fized, let (v,0) be
an equilibrium point of (2.4).

(a) If Bu (evw(v,8) — A?) > 0, then (v,0) is a saddle point having two real eigenvalues:
oc<0<7.

(b) If B < 0 and £,y (v,S) — A2 > 0, then Re(a) and Re(F) are both positive and (u,0)
is referred to as an unstable equilibrium. If furthermore a?v? A% + 48 u(ey, — A?) > 0
then it is called an unstable node as it corresponds to two real positive eigenvalues 0 <
o < @. Otherwise, if a?v? X2 + 4 ey, — A?) < 0, it is called an unstable spiral since it
corresponds to two complex conjugate eigenvalues with positive real parts.

(¢) If B > 0 and €,,(v,S) — A2 < 0, then Re(c) and Re() are both negative and
(v,0) is referred to as a stable point. If furthermore a?v? A2 +4 8 (e, — A%) > 0 then it
corresponds to a stable node with two real negative eigenvalues o < @ < 0. Otherwise, if
a?v2 N2+ 4B u(epy — A2) > 0, it is a stable spiral with two complex conjugate eigenvalues
with negative real parts.

The dependence of these eigenvalues with respect to their arguments will be essential in
several monotonicity arguments below.

Lemma 3.3 (Monotonicity Properties of Eigenvalues). In the case 5 > 0 and in the range
of parameters where o(v, S, \, @, 8) and 7 (v, S, A, a, §) remain real-valued, more specifically
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when €,, — A% > 0 we have
do 0o 0o
. 7S7)‘7 ) <07 ay 7S7>\7 ) <07 a_
9o V5 X e F) a5 A ) da
For 8 > 0, without loss of generality and by a straightforward rescaling of the traveling

wave, we call now assuine

(v,S, A\, 8) <0. (3.7)

p=1 (3.8)

Theorem 3.1 (Existence of Nonclassical Trajectories). Given (vg, So) with vg < v(Sp)

and X in the range (Amin(vo, So), Ny (vo, So)], there exists a unique o > 0 such that (v, So)
is connected to (va,S2) by a traveling wave solution of (2.1) — (2.2).

By Lemma 2.1, we have (vg, So, A, ,1) > 0 and it is well-known that there are two

orbits leaving from vy at y = —oo and satisfying
. w(y) _
1 — = S So, A, a, 1). 3.9
y;f}m u(y) — v 1(vo, So0) T (vo, So, A, a, 1) (3.9)

A direct verification from (2.3) (by (2.3i), w and v, have the same sign) shows that one orbit
approaches this point in the quadrant Q1 = {v > g, W > O} while the other approaches it
in the quadrant Qs = {U < vg, w < O}. On the other hand, there are two orbits reaching
ug at y = +oo and satisfying

lim W)

—_— = 1). 1
yr+oo U(y) vy M(U27 SQ)Q(U27 525 )‘a «, ) (3 O)

One orbit approaches this point in the quadrant Q3 = {v > Vg, W < 0}, the other approaches
in the quadrant Q4 = {v < vg, w > 0}.

Since g, Sp and A are fixed, for simplification we denote f(v,S) = f(vo, So, v, S, \?) and
9(v,5) = g(v0, So,v, 5, %),

We now need some additional properties of the functions f and g, introduced earlier in
Section 2 for our investigation of the Rankine-Hugoniot relations.

Lemma 3.4 (Key Properties of the Functions f and g¢). (1) There exist two smooth
functions v — F(v) and v — G(v) such that

{.9)/fw.8)=0} = {(.8)/5=F@)} =Cr,

{(v,S)/g(v,S) - o} - {(’U,S)/S - G(v)} — Ce.
)

(2) We have f(v,S) >0 if and only if S > F(v).
(3) We have g(v,S) > 0 if and only if S < G(v).
(4) The two curves Cp and Cq intersect at the three equilibrium points:

CrNCa = {(v,9)/ F'() =0} = { (vo, So). (v1,51), (v2, 52) }.

(5) In the (v,S)-plane, the graph of Cr is “above” the one of Cg for v < vy and v €
(v1,v2), and “below” for v € (vg,v1) and v > vs.

Proof. The first item is a direct consequence of the implicit function theorem, since
%(v,S) =eg(v,5) >0 and %(U’S) =e,5(v,S5) <0. (3.11)

The second item is also an immediate consequence of (3.11).
On one hand, the function F satisfies

Py — 90 F W)

2500, F0))" (312
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On the other hand, for the function G we have
A2 — (v, G(v))
evs (v, G(v))

The conclusions of the lemma are clear.
Lemma 3.5. In the phase plane, a traveling wave solution connecting vy to ve necessarily
approaches the equilibrium (vg,0) at y = —oo through the quadrant Q1, and the equilibrium
(v2,0) at y = 400 through the quadrant Qy.
Proof. Suppose that such a traveling wave satisfies v < vg and w < 0 in a neighborhood
of the point (vg, 0). By continuity, since ygrfoo v(y) = vg > vg, there would exist some value

G'(v) = >0 atv=uv and v = vo. (3.13)

yo achieving a local minimum, that is, such that

v(yo) <wvo, vy(yo) =0, wyy(yo) = 0.
Then, f(v(y1),S(v(y1))) = 0. By Claims 2 and 4 in Lemma 3.4 this implies that g(v(y1),
S(v(y1))) < 0. But we may have a contradiction by the second equation in (3.5). The proof
of the second statement concerning the point (vz,0) is similar to the first one.
Next, we show that any traveling wave is monotone in some range.
Lemma 3.6. (1) If v = v(y) is a solution of the system (3.5) defined on some interval
(—00,¥) such that

lim v(y) =vp and vo <v(y) < vy

Yy——00
for all y <y, then vy, > 0 on the interval (—oo, 7).
(2) Similarly, if v = v(y) is a solution of the system (3.5) defined on some interval
(g, +00) such that

ygrfoov(y) =wvg and v < v(y) < vo

for all y > §, then v, > 0 on the interval (g, +00).

(3) If v =v(y) is a trajectory connecting (vo, So) to (ve, S2), then vy(y) > 0 for ally such
that v(y) € (v, v2).

Proof. First, let us prove the first statement. Assume by contradiction that there exists
y1 € (—00,yp) such that v(y;) € (v, v1) with

vy(y1) =0, wyy(y1) <0.

Then, we have f(v(y1),S(v(y1))) = 0, which implies—thanks to Claims 2 and 4 in Propo-
sition 3.4—that g(v(y1),S(v(y1))) > 0. But we may have a contradiction by the second
equation in (3.2). The proof of the second statement is similar to the first one. Now, let us
prove the third statement. First, note that for any trajectory connecting (vg, Sp) to (ve, S2)
we have Sy (y) < 0. Using Lemma 3.4, noting S1 < Sz < Sp and f(v,S) > 0 for v € (v1,v2),
and studying the intersection between this trajectory and Cg for v € (vg,v1), one can easily
see that along the trajectory we have necessarily v, (y) > 0 if v(y) € (v1, v2).

Proof of Theorem 3.1. For each a > 0, we consider the orbit leaving from vy and
satisfying v > 0 and w > 0 in a neighborhood of (vg,0). This trajectory crosses the v-axis
for the “first time” at some point (vy, w; («)). In view of Lemma 3.6, this part of trajectory
is the graph of a function

[vo,v1] D v = w_(v, A, ).
Moreover, by standard theorems on differential equations, w_ is a smooth function with
respect to its argument (v, A, @) € [vg,v1] X ()\min(vo, SQ),)\%(UO,SO)} x [0, +00).
Similarly, for each a > 0, we consider the orbit arriving at vs and satisfying v < vy and
w > 0 in a neighborhood of (ve, 0). This trajectory crosses the w-axis for the “last time” at
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some point (v1,w] (a)) (or equivalently for the “first time” as y decreases from +oc0). By
Lemma 3.5, this trajectory is the graph of a function

[v1,v2] 2 v = wi(v, A, @).
The function w, depends smoothly upon (v, \, ) € [v1,va] X ()\min(vo,So),)\%(vg,Soﬂ X
[0, +00).
Now, combining (2.31) and (2.3ii), we can write for each of these curves v — w_(v) and
v — w4 (v) a differential equation in the (v, w) plane:

dw Ho o
— - — = . .14
w——(v) + avdw(v) o 1g(v, S(v,w)) (3.14)
The continuous function
[0, +00) 3 a +— z(a) = wy (vi, N\, @) —w_(vi, A\, @) = w (@) — w] (@) (3.15)

measures the distance (in the phase plane) between the two trajectories at v = v;. Therefore,
thanks to Lemma 3.6, we deduce that the condition z(a) = 0 characterizes the traveling
wave solution of interest connecting vy to vo. The existence of such a root « is obtained as
follows.

Case 1. Suppose first that a = 0. In this case S, (y) = 0 along the two semi-trajectories.
Then by (3.4) we get in one hand

1, _

5 (w1 (@) = u(v1,50) f(v1,50),
and
1
5 {())? = u(v1, S2) f(v1, Sa)
on the other hand. Since pug > 0, fs = eg > 0 and Sy < Sy, we conclude that z(0) < 0.

Case 2. Consider next the limit « — co. On one hand, for a > 0, since w; > 0, we get
in the same way as above
1, _ _ _
5 (i (@))? = p(vr, $7 (1)) f(v1, 87 (v1))
with S~ (v1) < Sp. But since pug > 0, fg =g > 0, we get
1, _
5(11)1 (@))? < u(v1,80) f(v1,S0).-
On the other hand, consider the function w™. Dividing (3.9) by w we obtain

dw Ho g
— W) ——wH+avi=p-—.
dv( ) 20 K w
Inspiring from the compact form given in (1.7), we can rewrite this equation in the form

d [ w us dS g
—(— A+ ———w=p=.
\/ﬁdv(\/ﬁ)+ay +2u dv " w
Now, setting h = % and using the first and the third equations in (2.7), we obtain
dh 5 av 1

an oA 2 _ g9
dv+ VI 1+ 5EE-h? \/Hw'

2ues

(3.16)

Since f > 0 along the trajectory, and thanks to Lemma 3.4, g(v,S) < 0 for v € [v1, va].
On the other hand, thanks to (1.8) and (1.9) we deduce that h satisfies an inequality in the
form

dh acy
<

e T 3.17
dv = 14 coh? ( )



30 CHIN. ANN. MATH. Vol.24 Ser.B

where ¢, and ¢y are two positive constants.
Now, integrating (3.17) over the interval [vi,vs], recalling that w) (o) = wy (v1), and

setting hi (o) = wf(a)’ we find

Vi

1
hi () + 3¢ hf‘(a)?) > acy (v —v1). (3.18)

It is clear from (3.18) that lim hi(a) = +oo. Using that wi (o) = \/uthi > ch{ and
a—s

combining (3.16) and (3.18), for large values of a we get w{ (o) > w (), and so z(a) > 0.
Henceforth, by the intermediate value theorem, there exists at least one value « such that
z(a) =0,
which establishes the existence of a trajectory connecting (vg, Sp) to (va,Sz). Thanks to
Lemma 3.5, it satisfies v, > 0 globally.
The uniqueness of the solution « of z(«) = 0 is checked as follows. Suppose that there
would exist two orbits w = w(v) and w* = w*(v) associated with distinct values a and
a* > «, respectively. Then, Lemma 3.3 would give

E(’U(L SOa )‘7 CY*, 1) < 6(007 SO7 A7 «, 1)7 Q(UQa 527 >\7 Oé*, 1) < Q(UQ, 527 )‘7 a, 1)
So, in the (v, w) plane, there would exist v3 € (vg, v2) satisfying
dw* dw
=t >~ (v3).
w(vs) = w*(v3), 7o (v3) = - (vs)
Comparing the equations (3.14) valid for both w and w*, we get

w(us) (%(US) - d;‘; (vg)) = (" — @) v Aw(vs). (3.19)

Now, since w(vs) # 0 (the connection with the third critical point (vq,0) is impossible), we

obtain a contradiction, as the two sides of (3.19) have opposite signs. This completes the
proof of Theorem 3.1.

Remark 3.1. It is not difficult to see also that the functions wi introduced in the proof
of Theorem 3.1 satisfy

a — wj (a) is monotone decreasing, (3.20)

a +— wi () is strictly monotone increasing. (3.21)

In particular, the function z(a) := w; (@) — w (@) is strictly monotone increasing.

Theorem 3.2 (Definition of the Critical Diffusion). Given (vg,So) with vo < v(So),
consider the function
A € (Amin(v0, S0), A (vo, So)] + (A, vo, So)
which, to a speed A\, associates the unique value o such that there is a nonclassical traveling
wave trajectory of (2.1) — (2.2) connecting (vg, So) to (ve,S2). Then, a(\, vy, So) is a strictly
monotone decreasing function of X, mapping the interval (Amin(vo, So), A3 (vo, So)] onto some
interval of the form [0, max(vo, So)), where
max(V0, So) = +00  if v7*(So) < vy < v(Sh), (3.22)
amax(vOa SO) < +00 ’Lf vy < vi*(SO)' .

Then, taking (vo, So) with vo < v™*(Sp) and a = amax(vo, So), there exists a traveling wave
solution of (2.7) connecting (vo, So) to (va,S2) = (v1,S1) = (pf, S%).
Proof. Setting

)\S = )\2, BS()\S) = \/Ysa( )\371}0)50)’
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the proof of Theorem 3.7 in [4] can be immediately adapted to the situation under consid-
eration. First, we see that (s is a strictly monotone decreasing function of A\s. Since

Bs(A?)
)\ b
we deduce the monotonicity property of a with respect to A. Second, using Theorem 4.1 in
[4], we can derive (3.22). Finally, it is also easy to see that the proof given for the second
statement in Theorem 4.1 in [4] can be easily adapted and we can establish the existence of
a traveling wave solution to our system, in the case vg < v™*(Sy) for & = amax(vo, So)-
The value auax(vo, So) will be called the critical diffusion at (vg,Sp): Nonclassical tra-
jectories leaving from (v, Sp) exists only when o < amax(vo, So) and aumax(vo, So) is finite.

O[(A, Vo, SO) =

¢4. Kinetic Functions and Shock Sets

Thanks to Theorem 3.2, given (vg,Sp) with vo < v(Sp) and 0 < & < @max(vo, So),
there exists a unique real A = \’(vg, Sp) in the interval ()\inf(UO,SO),)\%('UO,SO)] such that
a = a(N(vo, So), v, So). We now discuss the existence of classical traveling wave solutions
of (2.7).

Theorem 4.1 (Classical Trajectories). Given (vg,So) and a real a > 0 we have the
following properties:

Case 1. v(Sp) < vy < v4(Sp). For 0 < X < £4y(v9,S0)) there exists a traveling wave
solution of (2.7) connecting (vo, So) to (v1,S1).

Case 2. v *(v9) < wvg < v(S0).

o If X(v9,S0) < A < e4u(v0,80)), there exists a traveling wave solution of (2.7) con-
necting (vg, So) to (v1,S57).

e If 0 < A < N (vo,S0), there is no traveling wave solution of (2.7) connecting (vo, So)
to (v1,57).

Case 3. vy < v~ *(5).

o If @ < umax(vo, So) and N’ (vg, So) < A < €4u(v0,So), there exists a traveling wave
solution of (2.7) connecting (vo, So) to (v1,S1).

e If & < amax(vo,S0) and A% (vo, So) < A < N (vo,So), there is no traveling wave
solution of (2.7) connecting (vo, So) to (v1,S1)

o If & > umax(vo, So) and A (vg, So) < A < e4u(v0,So), there exists a traveling wave
solution of (2.7) connecting (vo, So) to (v1,S1).

The proof of this theorem is the same as the one given in Theorems 5.1 and 5.2 in [4],
with some minor modifications to adapt the arguments to our system along the lines of what
was discussed earlier. We omit these details. Combining together the results in Theorems
3.2 and 4.1 we deduce:

Theorem 4.2. Given (vg,Sy), vo < v *(So) and & > amax(vo,So), there exists a
traveling wave solution of (2.7) connecting (vo, So) to (va,S2) = (v1,S1) = (v*, SP).

Given a > 0, thanks to the monotonicity of the function v — L(vg, Sp,v) along the
Rankine-Hugoniot curve on [ (vg, Sp), 00), one can define the kinetic function associated
with nonclassical shocks,

(v0, So) + v := ¢, (v, So),

where vy = ¢ (vg, Sp) is the unique point satisfying vo > ¢%(vg, Sp) with

)\b(Uo,So) _ \/571(”275(110750»1)2)) — &4(v0, So)

V2 — Vo
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This definition makes sense for all v™*(Sp) < vy < v(Sp). Also, in the range vy < v~*(Sp),
if @ > amax(vo, So), we can set by continuity (thanks to Theorem 4.2)

vf(vo, So) = ¢*(vo, So)-

In the same manner, for a given (vg, Sp) with vy < v(Sp) and A = \’(vg, Sp), we may
introduce the function (thanks to Lemma 2.2)

(v0, So) > v1 := @*(vo, So)
such that
L(vo, S0, ¢* (v0, S0)) = L(vo, So, ¥4 (v0, So)) = N’ (vo, So)”
with
vo < ¥ (v0, So) < ¥*(vo, So) < @2 (vo, So).

Concerning the case v(Sp) < v < v4(Sp), we introduce the quantity @5 (vo, So) where

b (vo, So) = inf {v > vo/L(vo, So, ¥ (vo, 50))} =0.
Finally, using these functions and Theorems 4.1 and 4.2, we obtain
Corollary 4.1. Given (vg, So) with vg < v,(Sp) and a > 0, the shock set
S(vo, S0) = {(v,S)/there ezists a traveling solution of (2.7) connecting (vo, So) to (v,5)}
is given by

{(0,8()/v0 v < (w0, 50) } U { (2 (0, 50), 5 (v, 50)) } w0 < w(S0),

{(v,S(v))/vo <wv< @E(UO,SO)}, v(Sp) < vy < vx(Sp)-

Now, we generalize a formula for the kinetic function which was derived in [5] for the
2 x 2 model.
Theorem 4.3 (Kinetic Function). Given oo > 0 and Sy, the function

vo € (0,u(S0)) — ¢ (vo, So)
fails to be globally monotone. More precisely, it satisfies

v0(V(S0), So) (,  €us(¥(S0), So)

2, — w90/, 00)
Bup (L50):50) = S 50) (1 es((S0), S0)

with

S('Uo, So) =

(5(So) —Q(so))) >0 (4.1)

vlolgo o, (V0,S0) = +00. (4.2)

Proof. Given, o > 0 and a real Sy, the function vg > 902 (vo, Sp) satisfies the implicit
relation
e0 (2 (10, 50), S° (v0, S0)) — €4 (v0, S0) = N (v0, S0)? (2 (vo, So) — vo). (4.3)

By differentiating the last equation with respect to vy we get

0¢%, 05
unlhr 8°) Go (w0, S0) + 2us (¢, S°) oo

= % ()\b(vo, 50)2 (2, (vo, So) — 'Uo))).

First, let us prove that %(Q(SO), So) =0.

(vo, S0) — €vv (o, S0)
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Indeed, multiplying (3.16) by h we get
dh avX h 1 )
h—+2 =c 7S —¢ 7S _ )\b _
et BEUE TR

Integrating the last equation over (vg, ¢’ (vo, So)) we obtain

©? (v0,50) vh 1

2a X (vg, So) / dv
Vo \/> L+ 2Z§5 h?

#o,(v0,50) 1
:/ (20(0,8) — a(vo, 50)) dv — X (v0,50)? (0, So) — vo)*.
vo
Now, since A’ (vg, Sp) — 0 when vy — v(Sp) we can write
N(Uo So)
2 b ~ N0 H0)
a N (vo, So) D(v, 5)’

where

e (v0,50)
N (vg, So) = / (ev(v,S) — €4 (vg, So)) dv

Vo

©? (v0,50) vh 1
D(vg, So) ::/ dv.
vo \/> L+ 2555 h2

It is clear that N (v(Sp), Sp) = 0 and gf)v( (S0), So) exists and D(v(Sp), So) > 0. We deduce

that %(Q(S@), So) is finite and then

N’ ; aN’
Bug (v(S0), So) = 2N’ (v(S0), So) 00

Now, by differentiating the identity
f(vo, So, ¢ (v0, So), S (vo, So), A’ (vo, So))?
1. .2
=e(py, S”) — £(v0, So) — v (v0, So) (% — v0) — A (00, 50) (9% — v0)* =0

(v(S0), So) = 0. (4.5)

2
with respect to vg, and using (2.16) and (4.5), we obtain
05 e (0(50),S0) ,
o w50}, So) = 22 B2 ((50). S0) — (u(S) o) (1.6

Finally, plugging (4.6) and (4.5) in (4.4) we obtain (4.1).
Now, we have to prove (4.2). First, we know that
X (9, 80)% < evulph, S°) and e,(v*(S"),S") < eu(¢h, S°).
Then

Ev(v*(sb)a Sb) — &y(v0, So) < 5v(‘PExv Sb) €y(vo, So) < 61}1}(()000 Sb)( — V).
Finally, using (1.8c) and (1.10) we deduce (4.2).

To conclude, let us point out the following asymptotic properties of the kinetic function
which are deduced from Theorem 3.9 and the continuity properties of solutions of (2.7) with
respect to parameters a (and ().

Theorem 4.4 (Asymptotic Properties). For every fized So > 0 we have the following:
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(1) There exists a continuous function k° : (0,v7*(Sp)) +— (0, +00) such that
@ (vo, So) = ¢ (vo, o) provided o k¥ (vg, So) > 1,
K3(vo, So) — 400 as vy — v *(Sp).

(2) For each v < v(Sy) we have

@ (vo, So) = ©h(vo, So)  as o — 0.

REFERENCES

[1] Abeyaratne, R. & Knowles, J. K., Kinetic relations and the propagation of phase boundaries in solids,
Arch. Rational Mech. Anal., 114 (1991), 119-154.

[2] Abeyaratne, R. & Knowles, J. K., Implications of viscosity and strain gradient effects for the kinetics
of propagating phase boundaries in solids, STAM J. Appl. Math., 51(1991), 1205-1221.

[3] Bedjaoui, N. & LeFloch, P. G., Diffusive-dispersive traveling waves and kinetic relations, III, An hyper-
bolic model of nonlinear elastodynamics, Ann. Univ. Ferrara Sc. Mat., 47(2001), 117-144.

[4] Bedjaoui, N. & LeFloch, P. G., Diffusive-dispersive traveling waves and kinetic relations, I, Nonconvex
conservation laws, J. Differential Equations, 178(2002), 574-607.

[5] Bedjaoui, N. & LeFloch, P. G., Diffusive-dispersive traveling waves and kinetic relations, II, An hyperbo-
lic-elliptic model of phase transitions, Proc. Royal Soc. Edinburgh, 133A(2002).

[6] Gilbard, D., The existence and limit behavior of the one-dimensional shock layer, Amer. J. Math.,
7(1951), 256-274.

[7] Hayes, B. T. & LeFloch, P. G., Nonclassical shocks and kinetic relations : Scalar conservation laws,
Arch. Rational Mech. Anal., 139(1997), 1-56.

[8] Hayes, B. T. & LeFloch, P. G., Nonclassical shocks and kinetic relations : Strictly hyperbolic systems,
SIAM J. Math. Anal., 31(2000), 941-991.

[9] Jacobs, D., McKinney, W. R. & Shearer, M., Traveling wave solutions of the modified Korteweg-deVries
Burgers equation, J. Differential Equations, 116(1995), 448—467.

[10] LeFloch, P. G., Propagating phase boundaries: Formulation of the problem and existence via the Glimm
scheme, Arch. Rational Mech. Anal., 123(1993), 153-197.

[11] LeFloch, P. G., An introduction to nonclassical shocks of systems of conservation laws, Proceedings
of the “International School on Theory and Numerics for Conservation Laws”, Freiburg/Littenweiler
(Germany), 20-24 October 1997, ed. D. Kroner, M. Ohlberger and C. Rohde, Lecture Notes in Com-
putational Science and Engineering, 1998, 28-72.

[12] LeFloch, P. G., Hyperbolic systems of conservation laws : Classical and nonclassical shock waves and
kinetic relations,, ETH Lecture Notes, Birkhauser, 2002.

[13] Pego, R. L., Nonexistence of a shock layer in gas dynamics with a nonconvex equation of state, Arch.
Rational Mech. Anal., 94(1986), 165-178.

[14] Schulze, S. & Shearer, M., Undercompressive shocks for a system of hyperbolic conservation laws with
cubic nonlinearity, J. Math. Anal. Appl., 229(1999), 344-362.

[15] Shearer, M. & Yang, Y., The Riemann problem for the p-system of conservation laws of mixed type
with a cubic nonlinearity, Proc. Royal Soc. Edinburgh., 125A(1995), 675-699.

[16] Slemrod, M., Admissibility criteria for propagating phase boundaries in a van der Waals fluid, Arch.
Rational Mech. Anal., 81(1983), 301-315.

[17] Slemrod, M., The viscosity-capillarity criterion for shocks and phase transitions, Arch. Rational. Mech.
Anal., 83(1983), 333-361.

[18] Slemrod, M., Vanishing viscosity-capillarity approach to the Riemann problem for a van der Waals
fluid, in “Non-classical continuum mechanics” (Durham, 1986), London Math. Soc. Lecture Note Ser.,
Vol. 122, Cambridge Univ. Press, Cambridge, 1987, 325-335.

[19] Truskinovsky, L., Dynamics of non-equilibrium phase boundaries in a heat conducting nonlinear elastic
medium, J. Appl. Math. and Mech. (PMM), 51(1987), 7T77-784.

[20] Truskinovsky, L., Kinks versus shocks, in “Shock induced transitions and phase structures in general
media”, R. Fosdick, E. Dunn, and H. Slemrod ed., IMA Vol. Math. Appl. 52, Springer-Verlag, 1993, 185~
229.

[21] Weyl, H., Shock waves in arbitrary fluids, Comm. Pure Appl. Math., 2(1949), 103-122.



