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The space-fractional telegraph equation is analyzed and the Fourier transform of its funda-
mental solution is obtained and discussed.
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§1. Introduction

It is well known that Brownian motion B is the limit, in some sense, of the telegrapher’s
process T (see [3]).
The transition function pg(z,t) = pp of B is the fundamental solution of

op _ 19°
{a@g—zaxg’ zeR, t>0, (1.1)

while the transition function pT (z,t) = pr of T is the fundamental solution of

atz +2>\8—”:028p zER, t>0,
p(z,0) = 6(z), (1.2)
pe(z,0) =0,
0 being the Dirac’s delta function.

It was discovered by Riesz!®! that the transition functions of symmetric stable processes
with characteristic functions

Uly,t) = e~ 17t/2 (1.3)
of degree 0 < a < 2 are solutions of the fractional diffusion equation
%zld‘ala‘a reR, t>0,
u(z,0) = 0(x), (1.4)
ug(z,0) =0,
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where the last condition must be considered only when 1 < a < 2.
By a‘aﬁ we mean the pseudo-differential operator defined as follows:
0 1

O|z|* 2 cos GF

where W, W are the Weyl’s fractional derivatives (see [7, p. 109])

{ (Wi‘f)(x) = ﬁddT ffoo %7
(Wef)(@) = oty dom Jo” Gyt
with m —1 < a <m, meN.

Heat and wave fractional equations have been considered by other authors (in the integral
form by Fujital? and by Schneider and Wyss[! or with fractional derivatives in both members
by Saichev and Zaslavsky(6]).

An extension of the operator (1.5) has been introduced by Feller!™ and the Fourier trans-
form of the solution of (1.4) has been proved to be, in this case, the characteristic function
of an asymmetric stable process (for a deep and complete analysis see [8]).

Our aim here is to study the solutions of the space-fractional telegraph equation, namely

%%—1—2)\%:025;%, O<a<?2 a#l,
u(z,0) = o(x), (1.7)
ut(x,0) =0,
where ¢, A are non-negative constants.
The fundamental solution of (1.7) is the transition function of some type of process whose

characteristic function has the form
—At

Unt) = 5[ (1+ )\2)\027|a

n (1 RV e A )e*t\/m}, (1.8)

_ 02|’7|a

(1.6)

2__,2 @
)et\/x 2|

for0<a<?2 a#l

It can be easily ascertained that, for o = 2, (1.8) coincides with the characteristic function
of the telegrapher’s process (see [4]). We note that in this case equation (1.7) coincides with
the classical telegraph equation (1.2) since, by definition, a\i% = g—; for o = 2 (see [1]).

Furthermore, as ¢, A\ — oo, (1.8) converges to the characteristic function (1.3) of the stable
process and the fractional telegraph equation (1.7) tends to the fractional heat equation (1.4)
(provided that c?/\ — 1).

In a certain sense the process governed by the fractional telegraph equation (1.7) (we
call it fractional telegraph process, FTP) is in the same position, with respect to symmetric
stable processes, as the classical telegrapher’s process with respect to Brownian motion.

We can present the interactions among the processes mentioned above in the following
table:

TELEGRAPH EQUATION
TELEGRAPHER’S PROCESS

HEAT EQUATION
BROWNIAN MOTION

FRACTIONAL TEL. EQ.
FRACTIONAL TEL. PROC.

FRACTIONAL HEAT. EQ.
SYMMETRIC STABLE PROC.

B

One of the basic results of this paper is the construction of a process (the FTP), whose
characteristic function coincides with (1.8). Since inverting the Fourier transform (1.8) is a
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task which overcomes our ability, we content ourselves in describing some qualitative features
of the FTP. Our approach to its construction is inspired by the following considerations.
The operator defined by formula (1.5) does not satisfy the semigroup property. In par-
ticular, we shall prove that
o™ aa/2 8@/2
= — , 1l<a<?2. 1.9
E P R 9
For this reason we can decompose the fractional equation (1.7) into the linear differential
system

{gt iegfarehs + Mo = 1), (1.10)

/2
% :zcﬁ—i-/\(f—b).

In the study of the classical telegrapher’s process appears a system similar to (1.10) (see [3])
With the substantial difference that the space derivatives are here replaced by the operator

6‘ |°‘/2 defined by formula (1.5).

We shall see that the FTP (whose distribution is related to (1.10)) possesses discontinuous
trajectories. The distribution of the length of jumps (taking values in (0,00)) is essentially
concentrated on small values and is also connected with the degree « of the operator (1.5).
The FTP differs substantially from the classical telegraph process in that it spreads instan-
taneously on the line and has discontinuous sample paths (these properties are shared by
the limiting stable process).

Another important difference with respect to the classical telegraph process is that it
develops on the imaginary axis and the role of the related Poisson process is to invert the
direction of values on the line.

§2. On the Solution of the Fractional Telegraph Equation

We consider the fractional telegraph equation

8u _ 2 O0%u
atg 3 +2\5) = ¢ Pzl l<a<?2,
u(z,0) = ( ); (2.1)
ug(z,0) =0,
where % is the Riesz fractional derivative (see [1]), to be understood as the inverse of the
Riesz potential

1 o0
¢ = —t]e7 L (t)dt. 2.2
U0 = gpayeamzg |l =t 10 (22)
The explicit representation of the Riesz fractional derivative is
o~ f
I B S ——— v/ VA we 2.3
O|z|™ ! 2 cos 4F [ v 7f]7 (2.3)

where

(2.4)

{ (WS N)(@) = trm=ay dom [ oo Gmgeet=n
(W2 ) (@) = Fomay o [ lit—
(for m = |a] + 1) are the Weyl’s derivatives. These are related to the Weyl’s integrals
{ (WP (@) = g [7o e — 0o F (e
(W= f)(a f(ff Hﬁ @1 f(t)dt
by the following relationships

(2.5)

W = (1) D), (2.6)
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where D™ is the usual m-th derivative.

The Fourier transform of the solution to problem (2.1) can be obtained explicitly and its
expression is presented in next theorem.

Theorem 2.1. The Fourier transform

+oo
U(y,t) :/ e u(x, t)dx (2.7)
of the solution to (2.1) is given by
U(7,t) _e [(1 P S )efv“**'ﬂ“
2 —app
)\ 2 2 «
+ (1 - = )e VNI 2.8
(- =)™ 2

Proof. In view of (2.3) and (2.6) we have

+oo aa
/ e”"”a|$|au(x,t)dx

— 00

+oo 1
:/ e — o W+ W u(a, ) }d

. :
—+oo
R SR [ (02w ) 4 D2w= ) u(a, t)da
2cos G J_

_in)2 +oo
(=) / er [W;(Qfa) + W:(zia)} u(z, t)dz. (2.9)

- T
2c08 G J_oo

It is easy to realize that

Wy, ) = ﬁ /;(x ) uly, Oy
+o0
- ﬁ /_oo (@ =)' oo (W)uly, )y
1t -
T I2-a) /_oo (@ =)' L0,00) (& = y)uly, t)dy. 10

Analogously
W2y (e, 1) = — / = ool
— ) - F<2 _ Oé) . y y7 y

+o00
- ﬁ/_ (v = 2)" 00 (W) uly, 1) dy

1 oo 11—« _
= m/_w (y —2) " “L(0,00) (¥ — T)u(y, t)dy. (2.10b)
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Therefore

+oo 9
/ e”xW;( _a)u(x, t)dx

) 1 +oo +oo .
= m [m et {[m (x — y) 041(0700)($ — y)u(yvt)dy} dx
(z—y=w)
1 e iy e iyw, 1—a
:m/_oo e "u(yi)dy/_oo MW g o) (w)dw
1 oo 1 .
= —_— —x z'ywd
r2—a) U(%t)/o woe
(yw = iy)

1 oo iyt i
=——U(t — “Y—d
0}

= (;)ziaU(%t) = (=i7)" U (1, 1). (2.11a)

In the same way we obtain

+oo 5
/ ey 7a)u(x, t)dx

- 1 “+oo ) +oo )
- - iy _ —a _
T T(2-a) /_oo ¢ {/_OO (¥ —2) " Lo,00) (¥ x)U(yJ)dy}dx
(y—z=w)
1 oo . oo
[ s [ i
F(Z - Oé) —o00 0
(yw = —iy)
1 +oo Zy 11—« —y 1
= mU(%t)/o (— ;) e Edy
= (i7)" U (y,1). (2.11b)

All these calculations permit us to conclude that U(y,t) solves the initial-value problem

0*U oU 2
e+ AT = = (i) (i) ) 4 (1))
ot? ot 2cos G* [ ]
2
= — 5z [(=17)" + (i7)"]
2 cos S
< (e )]
= —5——2z Lle2)* + ([vfe™2)*
2 cos 5
= _02"”07
U(v,0) =1,
Ut(’y70) =0.

It is now a simple matter to obtain the characteristic function (2.8).
Remark 2.1. The characteristic function U = U(v,t) can be written conveniently as
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follows:

-\t et\/)\z—02|'y|“‘ o e—t\/)\z—cz|'y|(’:|

0=

= Ene
9 retV A=l _ ot/ A=l
= [ =T } } (2.12)
The problem of finding the inverse Fourier transform
+o0 AZ—c2|y|o =t/ A2—c2|y|
% e [ = —;IWI“ ]d7 (2.13)

seems possible only for the special case where o = 2. In this case it is proved explicitly in
[4] that

1 +oo ) t\/A2—c2v2 _ —t\/m 1 A
e[ c Jav="n(2vVer—2). (2.14)
C

or | o N2 — 22 c

Because of (2.14) and considering the representation (2.12) it is possible to write down the
distribution of the classical telegrapher’s process in all its components, that is,

e o (V) B )
+ e_; [6(z — ct) + 6(z + ct)]. (2.15)

Nothing similar is possible in the fractional case, for 1 < a < 2. However some qualitative
features of the process, whose characteristic function coincides with (2.8), can be obtained
by a completely different approach. Our idea is to construct a process whose distribution
u(z,t) =Pr{X(t) € dz} is a solution of the fractional differential equation (2.1) and whose
related joint distributions, defined as

flz,t)de = Pr{X(¢) € dz, N(t) is even},
b(x,t)dr = Pr{X(t) € do, N(t) is odd} (2.16)
(X (t) being the current position of a randomly moving particle and N(t) the number of

events of a Poisson process), are solutions of the fractional differential system (1.10), into
which equation (2.1) can be split up.

The main difficulty is that the pseudo-differential operator (2.3) does not satisfy the
semigroup property (while the Riesz potential (2.2) does). In the next section we shall
examine this fact and obtain the announced differential system.

§3. Decomposing the Fractional Telegraph Equation
We want to show here that, for 1 < o < 2, the decomposition (1.9) is possible, where

the basic and substantial novelty lies in the sign appearing in it. This has far-reaching
implications, as the reader will realize.

Theorem 3.1. For 1 < a < 2 the following relationship holds:

“ /2 /2
(5|Eic|“f)(x) B aﬁﬂa/? (ai|a/2f) (@) (3.1)

where f is a function vanishing at infinity as |z|2~17%, ¢ > 0.
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Proof. It is convenient to write dl ‘Q sra7z as follows:

(£$;0w>
i _2C015a4ﬂ b : 3)‘;;/—; (;(—t)gté‘ e - S)Z:/:O M]
_ 2cosff11“(1—g)di/oo f(x—y)y—gf(wry)dy
T »

We can write

{2 V)

3|x|a/2 a|x|a/2
d > 1 60‘/2f u=r—w 804/2.]" u=z+w
dz J, {3‘u|a/2 u R u) }dw
_C2d / / fu— ) f(u+y)dy:|u T—w
du Yz
fu— fluty) e
du / dy} }dw
" / / Tl w2~ ule ) - folwtw =y + fletwty)
du yz (3.3)
We concentrate now our attention on
A e (3.4
0 yz

which can be evaluated by performing the transformation w +y = v, w — y = u.

Therefore we have, after some successive substitutions,

20 [° v du
~T [l nerol [ o

=90~1 /000 dv [fo(z —v) + folz + )] /01 Z%fl(l —z)lmElgy

val

_ 2(1711—‘( T(1-35) /000 dul ol — 0) + fulz + 0)]. (3.5)
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By means of the same transformation as above we have
yo [T [TLEw D heey),,
0o w:2 Yz
2% /°° Y fe(x —u) + folz +u)du
— dv
2 (V2 — u2)o/2
ga o i e dv
[folw —u) + fo(@ +u)] du m
— 9o 1/ falw —u) +{”+“ du / (1—w) 38 1yl 51du
ua
a 1 S
a1 15 =91~ 39) du
=9 F(;) e [folz —u) + fo(z +u)]. (3.6)
Now, taking into account the reflection formula
DD —2) = ——,  2#£0,£1,42,-
sinmz
and the Euler’s duplication formula
1 . 1.T(22)
[(z+-)=2"2T(= 22 #£0,—1, -2
we readily have
20471]‘—‘(%)1—‘(1 — %) 2&711—‘(% — %)F(l — %)
LG -3%) (3)
201 s
9o-1p(1 — & {F (3)~ Sm(%—%)w]
2°L TG - %)
«@ 0 1 ra-9)
_ 2a—11-\ 1— = 2
=3 (7T o8 %> T(1)T(1)21-20-e/2T(2 — )
]_"2 1 ay 1 am
Lz g) oty (3.7)
I'2—a) cos%t
Formula (3.3) can be written as
d
C?—[I—J
pel i)
B 1 I‘Q(lfg)1+cosﬂi Oofw(a:—u)—l—fz(x—ku)du
22 cos? O‘”I‘2(1 O‘) (2—a) cos% dx w1
B *© flz —w) —|—f(x+u)du
_2cos‘”F2—a da:2 o1
o f
= - = . 3.8
(- L) as

In the last step we have considered the definition (2.3) for 1 < a < 2.
Remark 3.1. We note that, for arbitrary real values p and g, it is true that

ap 8‘1 aerq
Sl Blali 7 Dlalpra

and a relationship as simple as that of Theorem 3.1 does not hold in general
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For the case 0 < a < 1, by performing substantially the same calculations as above, we
have

P V)

dlz|o/2 L 9|z|o/?
1 d2/wfu—m+fu+m
_ - du
4cos? 9FT(2 — a) da? /g w1
1  flz —u) —
P 4SS,
2cos GFI'(1 — ) dz Jg u®
o f
- (am)(f”)'
Remark 3.2. The fractional telegraph equation, in view of Theorem 3.1, can be written
as
2 e /2 /2
O S R L
ot? ot O)z|> d|x|*/2 d|x|*/2
and thus
0 9%/? 0 /2 af
= (= —i N .
(5 i |a/2)( ol |a/2)f 25 (3.9)
Assuming that
) ) 8(1/2
(— + ZCW)]‘ —Ab— Af, (3.10)
from (1.9) we obtain
0 /2 of
— —ic— 2 A1
(8t ’Ca\x|a/2>(Ab M) +205 = (3:11)
and, replacing
/2 0
i Ab—Af— —
8| |a/2f / ot
into (3.11), we get
a 92

§4. A Process Related to the Fractional System

We consider in this section the one-dimensional motion of a particle which moves forward
and backward performing jumps of random amplitude Y, with Y > 0.

We first assume that during every time interval [t,t + At) a particle can either make a
jump in the positive direction (with probability 1/2) or a jump in the negative direction
(with the same probability).

We also assume that the distribution of Y is the following one:

(4. AT) = %yﬁt% for (At)a <y < oo,
’ 0 for y < (At)&

It is clear that (4.1) assigns higher probability to small-valued jump lengths.
For example,

(4.1)

Pr{(an? <v <2i(ani) = % (4.2)
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and, for 1 < o < 2, the right end point of the interval in (4.2) is located in (2(At)a, 4(At)= ).

If we denote by N (t) the number of events of a homogeneous Poisson process of parameter
A>0and by X = X(t),t > 0 the current position of the particle, our task here is to derive
the equations governing the following probabilities

f(z,t)de = Pr{X(¢) € dz, N(t) is even},

b(z,t)dx = Pr{X(t) € dz, N(t) is odd}. (4.3)
Theorem 4.1. The integro-differential system governing (4.3) is
of la [ dy
afig/o [f(xfy’t)*f(%f)]m
la [ d
+35 [ Vet - 1w 20—,
o =aa | e - b2 (4'4)
o 22 ), VY RRIERYE
la [~ dy
+§§/0 [b(a;—i—y,t)—b(x,t)]W—i—)\(f—b).

Proof. We derive only the first equation since the other one follows in the same way. We
suppose, for the sake of definiteness, that we evaluate

flz,t + At)de = Pr{X (¢t + At) € dz, N(t + At) is even}.

In the case where no Poisson event happens in the interval of time [t,¢ + At) and N(¢) is
an even number, a point z can be reached, at time t + At, if either a jump upward (with
probability 1/2) or a jump downward (with the same probability) occurs. Another case is
where the particle is located around z and a Poisson event happens during [¢, ¢ + At) when
the cumulative number N (t) was odd at time ¢. For the random movement occurring every
At instants we can therefore write

1 [ a At
At) = (1 - MAH)| - Yyt s s
[l t+At) = (1-A t){ /(At)mf(x yt)g ran®

1 [ a At
- t)———d AALb 4 o( At
+ /(At)m flz+y, )MHQ/2 y}+ + o(At)
1 [ a At

= (1 - MAH{= e [f(z —y,t) — f(z,t)}§Wdy

1 [ a At
+ = 4 y,t) — flz,t) = ——msd

e a At
+ )= ———=dy} + AAth(z,t) + o( At
S £ i) + XM ) +o(20)

la > dy
=335 /@m e =y ) = o0} fars

+/( [f(ery,t)*f(I»t)]yHT/z}

At)2/a
+ (1 = AAL) f(x,t) + AAtb(x, t) + o( At). (4.5)
Now expanding f(z,t+ At), simplifying in both members and letting At — 0 we obtain the
first equation in (4.4).
Remark 4.1. We recall the relationships between the right-handed and left-handed
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Marchaud’s and Weyl’s derivatives:

M pe/2 = = f J? — Y, t)
DY f(z,t) = T(1— % | JTiars dy
1 d N
- %/ _ a/2d = W+/2f(17 t), (4.6a)
M e /2 o« f l""y, )
DY S t) = S /0 a7 dy
1 d [~ [fly.1) a2
T r1-9) z)dx/ (y— )a/zd y=WI'"f(z,1), (4.6D)

for 0 < /2 < 1.
It is now transparent that the integrals appearing in (4.4) can be expressed in terms of
Marchaud’s derivatives and thus

a [ dy a [ dy
Z/o [f(z—y,1) —f(l‘,t)]m + Z/o [f(z+y,t) _f(xat)]W
INGRE N o
- _¥[W 2w (1)
e ar 9°/?
=T(1- 2)c0578‘ |a/2f( 1) .
In conclusion the system (4.4) can be rewritten in the following manner
{ 9 =T(1— g)coser aamu/? +A(b—f), )
aT /2 ’
g? =I'(1—-%)cos Taama/b? + A(f—0).
Remark 4.2. Consider now the process
X'(t) =~ S (-)YOX (), (4.8)

I'(1—§)cos 4F

where ¢ > 0. Clearly X'(t) takes values on the imaginary axis, but develops according to
the rules governing the evolution of X (¢),¢ > 0. Furthermore, if N(t) is even,

o tcx
 T(1—9%)coser
and, if N(t) is odd,
s icx

I'(1—%)coser”’

so that, in terms of the coordinate z’, the system (4.7) can be rewritten as
d
{ 7{ = _walﬂﬂ’l(’/? +A0b- 1),
. /2
5= anﬁrqa% +A(f = b).

In deriving (4.9) we have taken into account that Weyl’s derivative can be written down as
follows:

(4.9)

> flx —w, t
dx w2

a2 > f(z +w, t
W— f(x7t) dx wa/2

W2 f(a,t) =
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Remark 4.3. We can show that the process whose transition function is the fundamental
solution of the fractional telegraph equation converges in the limit to the symmetric stable
process with characteristic function (1.3). Our idea is to consider the Laplace transform of
(2.8) and take the limit as ¢ — 0o, A — oo, in such a way that ¢?/\ — 1:

o0 1
/ e MUy, t)dt = S[(1+ A+ VA2 = 2y[*) (A + VA2 = e2y)
0

2
+ (1t A= VNV =PRIV = R = M)
1
V= @RI+ ) = (= @R
2

- , 4.10
1?4 22+ 2|yl 410)

It is now a simple matter to observe that

o0 2 o0 [e3

lim / e MU (y, t)dt = ——— z/ e Htem M2y,
A,c—o0,c2/A=1 Jg 2,“ + |’Y|a 0

This result corresponds to the fact that the fractional telegraph equation (1.2) converges,

as A — 00, ¢ — 00, to the fractional heat-wave equation appearing in (1.4).
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