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Abstract

The boundedness of high order Riesz-Bessel transformations generated by generalized shift
operator on Ba Spaces (Lpm,ν (R

+
n ), am) is examined.
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§1. Introduction

A new class of function spaces, denoted by Ba, was introduced by X.X. Ding in [4]. This

class of spaces is a very natural generalization of the classical Lp spaces and also includes

some important Orlicz spaces, Orlicz-Sobolev spaces, etc.

It is well known that the kernel of classical Riesz transformations Rj depends on ordinary

shift operator and the operator Rj is bounded on Lp,ν spaces[9]. The kernel of high order

Riesz-Bessel transformations RBj depends on generalized shift operator and the operator

RBj is bounded on Lpν weighted spaces[7]. The boundedness of classical Riesz transforma-

tions in Ba spaces were investigated by W.D. Chang[3]. The aim of this paper is to prove the

boundedness of the high order Riesz-Bessel transformations RBjgenerated by a generalized

shift operator on Ba spaces.

§2. Ba Spaces and High Order Riesz-Bessel Transformations
Generated By a Generalized Shift Operator

Let B = { B1, . . . , Bm, · · · } be a sequence of Banach function spaces and a = {a1, a2, · · · ,
am, · · · } be a sequence of non-negative real numbers. Let ϕ(z) =

∞∑
m=1

amzm be an entire
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function. For f ∈
∞∩

m=1
Bm, we form a power series as follows

I(f, α) =

∞∑
m=1

am ∥f∥mBm
αm,

where ∥.∥Bm
is the Bm-norm of f . Let Rf denote the radius of convergence of the series

I(f, α) and Ba the following function set

Ba =
{
f : f ∈

∞∩
m=1

Bm, Rf > 0
}
.

The set Ba is proved to be a Banach space when we define the norm of an element f ∈ Ba

by

∥f∥Ba = inf
α>0

{ 1

α
: I(f, α) ≤ 1

}
(see [3,5]).

In this paper we will restrict the Banach spaces

Bm = Lpm,ν(R+
n ) =

{
f : ∥f∥Lpm,ν

≡
(∫

R+
n

|f(x)|pmx2ν
n dx

) 1
pm

< ∞
}
,

where ν > 0 is a fixed parameter, R+
n = {x : x = (x1, x2, · · · , xn), xn > 0}, and 1 < pm <

∞, m = 1, 2, · · · . For simplicity, we will denote ∥.∥Ba by ∥.∥ and ∥.∥Lpm,ν
by ∥.∥pm,ν .

Denote by T y the generalized shift operator acting according to the law

T y f(x) =
Γ(ν + 1

2 )

Γ(ν)Γ( 12 )

∫ π

0

f
[
x′ − y′,

√
x2
n + y2n − 2xnyn cosα

]
sin2ν−1 αdα,

where x = (x′, xn) and y = (y′, yn) with x′, y′ ∈ Rn−1. We remark that T y is closely

connected with the Bessel differential operator

Bxn =
∂2

∂x2
n

+
2ν

xn

∂

∂xn
, xn > 0

and ∆B , the Laplacean-Bessel operator,

∆B =

n−1∑
k=1

∂2

∂x2
k

+
∂2

∂xn
2
+

2ν

xn

∂

∂xn
, ν > 0

(see [8]).

The shift T y generates the corresponding convolution (B-convolution)

(f1 ∗ f2)(y) =
∫
R+

n

f1(x)
[
T xf2(y)

]
x2ν
n dx.

We note the property of the “B-convolution”: (f1 ∗ f2) = (f2 ∗ f1).
The goal of this paper is to have the proof of boundedness of the singular integral operators

generated by the generalized shift operator on Ba:

RBj f(x) = c1 (n, ν) lim
ε→0

∫
0<ε<|y|
0<yn<∞

yj
|y|n+1+2ν

T y f(x)y2νn dy,

where

c1(n, ν) = 2
n+2ν

2 Γ
(n+ 1 + 2ν

2

) 1√
π
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(see [1,2,6] for details). Boundedness of singular integrals generated by generalized shift

operator on Lp,ν(R+
n ), denoted by RBj , were investigated by Ekincioǧlu and Serbetci in [7]

that ∥∥RBj (f)
∥∥
p,ν

≤ Ap ∥f∥p,ν , f ∈ Lp,ν .

In addition,

Ap = O((p− 1)
3
2 ) as p → 1+, Ap = O(p) as p → ∞.

We first prove two lemmas needed to facilitate the computations.

Lemma 2.1.∫
{s∈R+

n : |s|>ϵ}

sj
|s|n+1+2ν

[T s(f)(x)] s2νn ds =
Γ(ν + 1

2 )

2Γ(ν)Γ( 12 )

∫
|x̃−ỹ|>ϵ

xj − yj
|x̃− ỹ|n+1+2ν

× f(y′,
√

y2n + y2n+1) y
2ν−1
n+1 dỹ,

where x̃ = (x′, xn, 0), x′ = (x1, · · · , xn−1), ỹ = (y′, yn, yn+1) and dỹ = dy1 · · · dyndyn+1.

Proof.

I =

∫
{s∈R+

n : |s|>ϵ}

sj
|s|n+1+2ν

[T s(f)(x)] s2νn ds

=

∫
|s|>ϵ

sj
|s|n+1+2ν

{ Γ(ν + 1
2 )

2Γ(ν)Γ( 12 )

×
∫ π

0

f
[
x′ − s′,

√
x2
n + s2n − 2xnsn cosα

]
sin2ν−1 αdα

}
s2νn ds

=

∫
|s|>ϵ

sj
|s|n+1+2ν

×
{ Γ(ν + 1

2 )

2Γ(ν)Γ( 12 )

∫ π

0

f (x′ − s′,
√
(xn − sn cosα)2 + (sn sinα)2) sin

2ν−1 αdα
}
s2νn ds,

we pass to the new variables x̃ = (x1, x2, · · · , xn, 0), ỹ = (y′, · · · , yn, yn+1): x
′−s′ = y′, yn =

xn−sn cosα, yn+1 = sn sinα, 0 ≤ α < π. Since the Jacobian of the transformation is equal

to s−1
n , we have

I =
Γ(ν + 1

2 )

2Γ(ν)Γ( 12 )

∫
|x̃−ỹ|>ϵ

xj − yj
|x̃− ỹ|n+1+2ν

f
(
y′,

√
y2n + y2n+1

)
y2ν−1
n+1 dỹ.

Lemma 2.2.∫
R+

n

f(s)s2νn ds =
Γ(ν + 1

2 )

Γ(ν)Γ( 12 )

∫
R+

n+1

f
(
y′,

√
y2n + y2n+1

)
y2ν−1
n+1 dy dyn+1.

Proof. The proof is obtained by means of the substitution y′ = s′, yn = sn cosα, yn+1 =

sn sinα, 0 ≤ α < π, sn > 0.

§3. The Boundedness of RBj
in Ba Spaces

It is natural to inquire about Riesz-Bessel transforms actions on (Lpm,ν , am). Our question

is: for what sequences {pm} and {am}, is the operator RBj bounded in (Lpm,ν , am)? That

is, when do we have the inequality∥∥RBj (f)
∥∥ ≤ Ap ∥f∥ , f ∈ Ba?
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It turns out that the boundedness of RBj depends only on the sequence {pm}, not on

{am}. Therefore, we have

Theorem 3.1. The Riesz-Bessel transformations RBj
j = 1, 2, · · · , n − 1 are bounded

operators on Ba spaces if and only if there exist constants α and β such that the sequence

{pm} satisfies

1 < α < pm < β, for all am ̸= 0. (3.1)

Proof. Suppose that (3.1) holds. Then by continuity, constants Ap(α) and Ap(β) are

both finite and there exists a positive number K such that Ap(α) ≤ K. Therefore, if (3.1)

is satisfied, we have Apm(α) ≤ K, m = 1, 2, · · · . Now let f ∈ Ba. By the definition of the

Ba-norm of f , we have

I
(
f,

1

∥f∥

)
=

∞∑
m=1

am ∥f∥mpm,ν

∥f∥m
≤ 1,

and so

I
(
RBj (f),

1

K ∥f∥

)
=

∞∑
m=1

am
∥∥RBj (f)

∥∥m
pm,ν

(K ∥f∥)m
≤

∞∑
m=1

amAm
pm

∥f∥mpm,ν

(K ∥f∥)m
≤ 1.

This implies that ∥∥RBj (f)
∥∥ = inf

α>0

{ 1

α
: I(RBj (f), α) ≤ 1

}
≤ K ∥f∥ .

The sufficiency has been proved.

In order to prove the necessity of condition (3.1), we need some estimates. For any

positive number l, we define two regions I(l) and J(l) in R+
n :

I(l) =
{
x : |x| ≤ l, xj > 0 j = 1, 2, · · · , n

}
,

J(l) =
{
x : |x| > 2l, 0 < θj <

π

4

}
,

where θj is the angle between o⃗x and the jth axis. We define the characteristic function

fl(x) by

fl(x) =

{
1, x ∈ I(l),
0, otherwise .

We wish to prove that∥∥RBj (fl)(x)
∥∥
p,ν

≥ B(p) ∥fl(x)∥p,ν for 1 < p < 2, (3.2)

where B(p) is independent of l and B(p) → ∞ as p → 1+, and∥∥RBj (fl)(x)
∥∥
p,ν

≥ C(p) ∥fl(x)∥p,ν for 2 ≤ p < ∞, (3.3)

where C(p) is independent of l and C(p) → ∞ as p → ∞. If we use Lemma 2.1, then for

any y ∈ I(l) and x ∈ J(l), we have

RBj (fl)(x) = cν p.v.

∫
R+

n

yj
|y|n+1+2ν

[T y
x (fl)(x)] y

2ν
n dy

= cν

∫
|x̃−ỹ|>ϵ

xj − yj
|x̃− ỹ|n+1+2ν

fl

(
y′,

√
y2n + y2n+1

)
y2ν−1
n+1 dỹ.

Since xj − yj + l ≥ x1 and
xj

|x| = cos θj ≥ cos π
4 =

√
2
2 ,

xj − yj ≥
√
2

2
|x| − l ≥

√
2

2
|x| − |x|

2
=

(√2

2
− 1

2

)
|x|.



No.1 A. S. ERBETC. I & İ. EKINCIOǦLU RIESZ-BESSEL TRANSFORMATIONS ON Ba SPACES 69

In addition, as |x| > 2l, |ỹ| ≤ l and, |x̃| = x, it follows that

|x̃− ỹ| ≤ |x̃|+ |ỹ| ≤ |x|+ l ≤ 3

2
|x|.

Thus, for any x ∈ J(l),

|RBj (fl)(x)| ≥
[
cν(

√
2− 1)

3n+1+2ν

2n+2+2ν

] ∫
R+

n+1(ỹ)

1

|x|n+2ν

∣∣∣fl(y′,√y2n + y2n+1

)∣∣∣|yn+1|2ν−1 dỹ.

By Lemma 2.2, we have

|RBj (fl)(x)| ≥
[
cν(

√
2− 1)

3n+1+2ν

2n+2+2ν

] 1

|x|n+2ν

∫
R+

n (s)

|fl(s)||sn|2ν ds

=
[
cν(

√
2− 1)

3n+1+2ν

2n+2+2ν

] 1

|x|n+2ν

∫
I(l)

|sn|2ν ds

=
[
cν(

√
2− 1)

3n+2ν

2n+1+2ν
c
ln+2ν

n+ 2ν

]
|x|−n−2ν ,

where the constant c is defined by∫
s∈I(l)

|sn|2ν ds = c

∫ l

0

rn+2ν−1dr = c
ln+2ν

n+ 2ν
. (3.4)

Let c′ =
cν(

√
2− 1)3n+2ν

(n+ 2ν)2n+1+2ν
. A simple computation shows that

∥∥RBjfl(x)
∥∥
p,ν

≥
(∫

x∈J(l)

|RBjfl(x)|px2ν
n dx

) 1
p

≥ c′ln+2ν
(∫

x∈J(l)

|x|−(n+2ν)x2ν
n dx

) 1
p

= c′ln+2ν
(
c′′
∫ ∞

r=2l

r−(n+2ν)p+n+2ν−1dr
) 1

p

= c′(c′′)
1
p ln+2ν

[ (2l)(n+2ν)−(n+2ν)p

(n+ 2ν)p− (n+ 2ν)

] 1
p

= c′(c′′)
1
p

{
2

(n+2ν)−(n+2ν)p
p

[(n+ 2ν)p− (n+ 2ν)]
1
p

}
l
n+2ν

p

= c′(c′′)
1
p

{
2

(n+2ν)−(n+2ν)p
p (n+ 2ν)

1
p

c
1
p [(n+ 2ν)p− (n+ 2ν)]

1
p

}
∥fl∥Lp,ν

,

where we have used ∥fl∥p =
( cln+2ν

n+ 2ν

) 1
p

and c′′ is a constant independent of l and p. If we

let

B(p) = c′(c′′)
1
p

{ 2
(n+2ν)−(n+2ν)p

p (n+ 2ν)
1
p

c
1
p [(n+ 2ν)p− (n+ 2ν)]

1
p

}
,

then B(p) is independent of l and tends to infinity as p → 1+. Hence, (3.2) is proved.

Next, we show that the estimate of the form (3.3) is also true. In fact, if it were not the

case, then there would exist some constant k such that∥∥RBjfl(x)
∥∥
pm,ν

≤ k ∥fl(x)∥pm,ν , m = 1, 2, · · · , and pm → ∞ as m → ∞,
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where k is independent of pm and l. In particular,(∫
I(l)

|RBjfl(x)|pmx2ν
n dx

) 1
pm

< k ∥fl(x)∥pm,ν .

Now letting m → ∞, we have ( note ∥fl(x)∥∞,ν = 1) |RBjfl(x)| ≤ k almost everywhere in

I(l), or ∣∣∣∫
I(l)

yj
|y|n+1+2ν

[T y
x fl(x)] y

2ν
n dy

∣∣∣
=

∣∣∣∫
|x̃−ỹ|>ϵ

xj − yj
|x̃− ỹ|n+1+2ν

fl

(
y′,

√
y2n + y2n+1

)
y2ν−1
n+1 dỹ

∣∣∣
=

∣∣∣∫
|x̃−ỹ|>ϵ

xj − yj
|x̃− ỹ|n+1+2ν

y2ν−1
n+1 dỹ

∣∣∣
≤ k.

Let x → 0, we have ∫
|ỹ|>ϵ

yj
|ỹ|n+1+2ν

y2ν−1
n+1 dỹ ≤ k,

which is a contradiction because the integration is divergent.

Now we can prove the necessity of condition (3.1). Let us suppose that the Riesz-Bessel

transformations RBj , j = 1, 2, · · · , n − 1, are bounded operators on Ba spaces. Then, for

all f ∈ Ba there exists a constant A, independent of f , such that∥∥RBjf
∥∥ ≤ A ∥f∥ . (3.5)

By using ( 3.2) and (3.5), it follows from the definition of the Ba-norm that
∞∑

m=1

{
am

[
B(pm) ∥fl(x)∥pm,ν

]m/
(A ∥fl∥)m

}
≤

∞∑
m=1

{
am

( ∥∥RBjfl(x)
∥∥
pm,ν

)m/∥∥RBjfl
∥∥m}

= 1.

In particular,

a
1
m
mB(pm) ∥fl∥pm,ν /

(
A ∥fl∥

)
≤ 1,

or

a
1
m
m ∥fl∥pm,ν

/
∥fl∥) ≤ A

/
B(pm). (3.6)

Note that as pm → 1+, B(pm) → ∞, so, if α in (3.1) does not exist, we may find a pm′ > 1

such that

a
1
m
m ∥fl∥pm,ν

/
∥fl∥) <

1

2
for pm ∈ (1, pm′ ] and l ∈ (0,∞). (3.7)

Without loss of generality, we assume that there exists an am′′ such that am′′ ̸= 0, pm′′ < pm′

and

0 < a
1

m′′
m′′ ∥fl∥pm′′ ,ν

/
∥fl∥) <

1

2
. (3.8)

Now choose l0 large enough so that c
ln+2ν
0

n+2ν > 1 and

M
(
c
ln+2ν
0

n+ 2ν

) 1
p
m′

< a
1

m′′
m′′

(
c
ln+2ν
0

n+ 2ν

) 1
p
m′′

,
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where M = sup(a
1
m
m , m = 1, 2, · · · ) < ∞ and c is defined by (3.4). We can see for any

pm > pm′ ,

a
1
m
m

(
c
ln+2ν
0

n+ 2ν

) 1
pm ≤ M

(
c
ln+2ν
0

n+ 2ν

) 1
p
m′ ≤ a

1
m′′
m′′

(
c
ln+2ν
0

n+ 2ν

) 1
p
m′′

,

so, by using (3.8) and the fact

∥fl0∥p,ν = (c
ln+2ν
0

n+ 2ν
),

we have for any pm > pm′ ,

a
1
m
m ∥fl0∥pm,ν

/
∥fl0∥ ≤ a

1
m′′
m′′ ∥fl0∥pm′′ ,ν

/
∥fl0∥ <

1

2
. (3.9)

(3.7) and (3.9) together give
∞∑

m=1

am ∥fl0∥
m
pm,ν

/
∥fl0∥

m
<

∞∑
m=1

(
1

2
)m = 1,

which is a contradiction to the definition of the Ba-norm, since it can be easily checked that

I(flo , 1/ ∥flo∥) = 1.

Next we prove the existence of the β in the theorem. Using (3.3) and (3.5), we obtain

(by using similar estimates)
∞∑

m=1

{
am[C(pm) ∥fl∥pm,ν ]

m
/
(A ∥fl∥)m

}
≤ 1.

Thus

a
1
m
m ∥fl∥pm,ν / ∥fl∥ ≤ A/C(pm).

Note that as pm → ∞, C(pm) → ∞; so, if β does not exist, we can find pm′ large enough

such that

a
1
m
m ∥fl∥pm,ν

/
∥fl∥ <

1

2
, for pm ∈ [pm′ ,∞) and l ∈ (0,∞). (3.10)

Similarly, we may assume that there exists a positive integer m′′ such that pm′′ > pm′ and

0 < a
1

m′′
m′′ ∥fl∥pm,ν

/
∥fl∥ <

1

2
, for l ∈ (0,∞). (3.11)

Choose l1 small enough such that c
ln+2ν
1

n+2ν < 1 and

M
(
c
ln1
n

) 1

pm′
< a

1
m′′
m′′

(
c
ln+2ν
1

n+ 2ν

) 1

pm′′
.

Then for any pm < pm′ ,

a
1
m
m

(
c
ln+2ν
1

n+ 2ν

) 1

pm
≤ M

(
c
ln1
n

) 1

pm′
< a

1
m′′
m′′

(
c
ln+2ν
1

n+ 2ν

) 1

pm′′
.

Thus, from (3.11) we have, for any pm < pm′ ,

a
1
m
m ∥fl∥pm,ν

/
∥fl∥ ≤ a

1
m′′
m′′ ∥fl∥pm′′ ,ν

/
∥fl∥ <

1

2
. (3.12)

(3.10) and (3.12) together give
∞∑

m=1

am ∥fl0∥
m
pm,ν

/
∥fl0∥

m
< 1,
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which is again a contradiction to the definition of the Ba-norm, and the theorem is finally

proved.
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