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BOUNDEDNESS OF HIGH ORDER RIESZ-BESSEL
TRANSFORMATIONS GENERATED BY
GENERALIZED SHIFT OPERATOR ON Ba SPACES
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Abstract

The boundedness of high order Riesz-Bessel transformations generated by generalized shift
operator on Ba Spaces (Lp,, , (RY), am) is examined.
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§1. Introduction

A new class of function spaces, denoted by Ba, was introduced by X.X. Ding in [4]. This
class of spaces is a very natural generalization of the classical L, spaces and also includes
some important Orlicz spaces, Orlicz-Sobolev spaces, etc.

It is well known that the kernel of classical Riesz transformations R; depends on ordinary
shift operator and the operator R; is bounded on L, , spaces!?). The kernel of high order
Riesz-Bessel transformations Rp, depends on generalized shift operator and the operator
Rp, is bounded on L,, weighted spacesl”. The boundedness of classical Riesz transforma-
tions in Ba spaces were investigated by W.D. Changl®. The aim of this paper is to prove the
boundedness of the high order Riesz-Bessel transformations Rp,generated by a generalized
shift operator on Ba spaces.

§2. Ba Spaces and High Order Riesz-Bessel Transformations
Generated By a Generalized Shift Operator

Let B={ By,...,Bpn, -} be asequence of Banach function spaces and a = {a1, az,- -,

o0
am, -} be a sequence of non-negative real numbers. Let ¢(z) = > a,,2™ be an entire
m=1

Manuscript received October 15, 2001.
*Department of Mathematics, Ankara University, 06100 Tandogan-Ankara, Turkey.
E-mail: serbetci@science.ankara.edu.tr
sxkDepartment of Mathematics, Dumlupinar University, Kiitahya, Turkey.

E-mail: ekinci@dumlupinar.edu.tr



66 CHIN. ANN. MATH. Vol.24 Ser.B

o0
function. For f € (| B,,, we form a power series as follows

m=1
[e's)
@)=Y anl|fllE, ™
m=1

where ||.| 5 is the Bj,-norm of f. Let Ry denote the radius of convergence of the series
I(f,«) and Ba the following function set

Ba:{f: fe ﬁ Bm,Rf>0}.
m=1

The set Ba is proved to be a Banach space when we define the norm of an element f € Ba
by

17l = inf { ¢ 1(70) <1}

(see [3,5]).
In this paper we will restrict the Banach spaces

B = Ly ol®D) = {2 101, = ([ 1i@pmaiae) ™ <o),

where v > 0 is a fixed parameter, Rt = {z: z = (21,22, -+ ,Zpn), T, >0}, and 1 < p,, <
0o, m =1,2,---. For simplicity, we will denote |.|| 5, by ||.|| and H”L,, L by,
Denote by TY the generalized shift operator acting according to the law
v+ 1
T fr) = fot2)
INC2ING))
where z = (¢/,z,) and y = (v, y,) with 2’,y’ € R,,_1;. We remark that TY is closely
connected with the Bessel differential operator
0? 2v 0

0x2  xz, Oz,

™
/ f {m’ —y', V22 + 42 — 2z,y, cos a] sin? ! ada,
0

B, = Ty >0

and Apg, the Laplacean-Bessel operator,

n—1 9 2
AB* 3+8 2v 0

< Oc? 022 ooz V70

(see [8]).
The shift TY generates the corresponding convolution (B-convolution)

(f1x f2)(y /fl [T fa(y) ] da.

We note the property of the “B-convolution”: (f1 * f2) = (f2 * f1).
The goal of this paper is to have the proof of boundedness of the singular integral operators
generated by the generalized shift operator on Ba:

Rp, f(x) = c1 (n,v) hm/ |y|”+1+2V TY f(x ) Y dy,

0<e<]y|
0<yn <oo
where
n+2u n+1+2v 1
) =2 r(i) —
c1(n,v) = 5 NG
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(see [1,2,6] for details). Boundedness of singular integrals generated by generalized shift
operator on Ly, (R}}), denoted by Rp,, were investigated by Ekincioglu and Serbetci in [7]
that

125, (D], < 45 71

DV v

ferl,,.
In addition,
A, =0((p—-1)%) asp— 17, A, =O(p) as p — oo.

We first prove two lemmas needed to facilitate the computations.
Lemma 2.1.

S]' s 2v (V + 2) / xj — yj
————[T%(f)(x)] s}/ ds = — - 4
/{SEM: s >e |82 D) WWT(3) Jia—gpse [ = glni2

X FY /¥ +y2,0) yaratdy,

= (21, ,Zn-1), §= ¥ Yn,Un+1) and dj = dy: - - - dyndyn1.

where & = (2, z,,0), 2

Proof.
I= L T° z)] s?ds
A () @) 2

Ss€RE: |s|>e} |S|n+1+21/

:/ 5 { L(v+3)
jsl>e |s[" T2 L2D ()L (3)

us
X / f [33’ — ', /a2 + 52 — 2,5, cos a} sin? 1 ada}si”ds
0

_/ 5
B |s|>€ |S‘n+1+2u

(v + %) w , / 3 - 3\ e 201 )
7| n n n SIN ¢ v d an ,
{QF(V) (%)/0 f@ =4, \/(x Sp cos @)? + (s, sina)?) sin « a}s s

we pass to the new variables & = (21,22, ,,,0), T= (¥, ,Yn,Ynt1): &' =8 =9/, yn =
Ty — Sn, COS QA Ypt1 = Spsina, 0 < a < w. Since the Jacobian of the transformation is equal
to s, %, we have

F(V"' %) T; — Y / 2 2v—1 g~
I= W)T(L) /liﬂan-umf(y ,\/M) Yni1 Y-

Lemma 2.2.
f(s)s2rds = W/ f(y’, VY2 + y%+1) Yoy dy dynia.
R} F(V)F(§) RS,

Proof. The proof is obtained by means of the substitution 4’ = s, y, = s, cos @, Ypi1 =
Spsina, 0 <a<m, s, >0.

§3. The Boundedness of Rp, in Ba Spaces

It is natural to inquire about Riesz-Bessel transforms actions on (Ly,, ,, @m). Our question
is: for what sequences {p,,} and {an,}, is the operator Rp, bounded in (Ly,, ,,an)? That
is, when do we have the inequality

IRz, (F)|| < ApIfIl,  f€Ba?
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It turns out that the boundedness of Rp, depends only on the sequence {p,}, not on
{am}. Therefore, we have
Theorem 3.1. The Riesz-Bessel transformations R, j = 1,2,--- ,n — 1 are bounded
operators on Ba spaces if and only if there exist constants o and B such that the sequence
{pm} satisfies
l<a<pn<p, for all a,, # 0. (3.1)

Proof. Suppose that (3.1) holds. Then by continuity, constants A,(«) and A,(B) are
both finite and there exists a positive number K such that A,(a) < K. Therefore, if (3.1)
is satisfied, we have 4, (a) < K, m =1,2,--- . Now let f € Ba. By the definition of the
Ba-norm of f, we have

1 > am || fll;,
I f,— ) = — P <,
(% 171) 2
and so
I(RB,(f),#):i i m” im<1.
CUUKIAY = <KHfII = (K =

This implies that
. 1
|Re, (D = inf { =+ I(Re,(5)0) <1} < K]

The sufficiency has been proved.
In order to prove the necessity of condition (3.1), we need some estimates. For any
positive number [, we define two regions I(l) and J(I) in R;:

I ={z: |z|<l, 2, >0j=1,2,--- ,n},

J(1)={a: |z| > 2, O<9j<£},
where 0; is the angle between o% and the jth axis. We define the characteristic function
filz) b

1, xeIl),
filz) = {O, otherwise .

We wish to prove that

|BE, (7)), = B®) | fix)],,  forl<p<2 (3:2)
where B(p) is independent of [ and B(p) — oo as p — 17, and
|Rs, ()@, , = CO) @), for2<p< o, (3:3)

where C(p) is independent of | and C(p) — oo as p — co. If we use Lemma 2.1, then for
any y € I(l) and x € J(I), we have

R, (F0@) = e po | | ol (T2 (RO dy

2v—1 ~
= Cu/|~ " Wﬂ (y A Y2 +y721+1>yn+1 dy.
T—g|>e€

S1ncex]—yj+l>a:1and||_COSH >cos4:§,
V2 V2 |z] V2 o1
oy > | = > 22 ——:(——7) .
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In addition, as |z| > 2, |g| <! and, |Z| = z, it follows that

. - - 3
7= 1 < |3+ 131 < lal +1 < Sal.

fi (9’7 \/ Y2+ yTQLH) ’\Z/n+1|2y_1 dy.

Thus, for any z € J(1),
R \[ 3n+1+2u 1
_ > e, (V2 - 1) -

By Lemma 2.2, we have

37L+1+2u :| 1

. > _ 2v
1, (1) 2 [e0(V2 =) o e [ Vil s
3n+1+2u 1 .
- [c"(ﬁf 1)2"+2+2”} |z |nt2v /I(z)5n| o

3n+2u ln+2u
_ [Cu(\/i_l) }|?L"_n_2”,

where the constant c is defined by

! ln+2u
/ |5,|? ds = c/ Pty = ¢ . (3.4)
seI(l) 0 n+2v

Cu(\/ﬁ _ 1)3n+2u

Let ¢ = (n o+ )2 T A simple computation shows that

75,50, 2 ([ s @iy ar)”

V

1

C/ln+21/ (/ |x|—(n+2u)xiyd$) P
zeJ(l)

— C/ln+21/ (C///OO Tf(n+2u)p+n+2ufldr>
r=21
<2l)(n+2y)—(n+2y)p %
(n+2v)p— (n+ 21/)}
{ (n+2u> (n+2v>p
n+2u

{
n+2v)p n+2y »

; (n+2u) (7L+2u)p (n N 21/)%
Al
[(n+2v)p— (n+2v)]» ‘

Y

=

_ c/(cl/) = ln+21/ [

'E

(Cln+2u

1
) " and ¢’ is a constant independent of [ and p. If we
n+ 2v

where we have used || fi[|, =

let

(n+2v) — (n+20)p 1
Blp) = ({52
cr[(n+2v)p — (n+ 2v)]»
then B(p) is independent of [ and tends to infinity as p — 1. Hence, (3.2) is proved.
Next, we show that the estimate of the form (3.3) is also true. In fact, if it were not the
case, then there would exist some constant k£ such that

HRB filz Hpmyngﬁ )Hpm,w m=1,2,--- , and p,, — 00 as m — o0,
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where k is independent of p,, and [. In particular,

([ 1o, e @)™ <51,

I(1)
Now letting m — oo, we have ( note ||fi(2)[|,, = 1) [Rp, fi(z)| < k almost everywhere in
I(1), or

2v
‘/I(l) |y|n+1+2v (TY fi(z)] yn dy‘

! d
+1+2 yn+1 y’
‘/|x g >e |$ y|n v

Let z — 0, we have

Yj -1
/> |12y i1 di <k,
|9

which is a contradiction because the integration is divergent.
Now we can prove the necessity of condition (3.1). Let us suppose that the Riesz-Bessel

transformations Rp,, j = 1,2, — 1, are bounded operators on Ba spaces. Then, for
all f € Ba there exists a constant A, independent of f, such that
| Rz, f|| < AlfIl- (3.5)

By using ( 3.2) and (3.5), it follows from the definition of the Ba-norm that

{an[BGm) 1@, 1" /(AlAID"}

NE

3
Il
_

<

M8

{an(IRs, 2@, )"/ 1B, 5"} =1

1

3
Il

In particular,

aii Bom) I1fill, o /(AR <1
or
aii £, /Ifl) < A/B(pm). (3.6)

Note that as p,, — 17, B(pm) — 00, so, if a in (3.1) does not exist, we may find a p,,» > 1
such that

1 1
aii 1fill,,. ., /Il < 5 forpm € (Lpw] and I € (0, 00). (3.7)

Without loss of generality, we assume that there exists an a,,~ such that a,,» # 0, pmr < P
and

1
0<ai Al / 150D < 5 (33)

2

n+42v
Now choose [ large enough so that CT?+2U > 1 and
1

ln+2u 1 ln+21/ 1
M(C 0 ) Pt < a;n”:// (C 0 ) Pt ,
n+2v n+ 2v
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We can see for any

1

) < oo and c is defined by (3.4)

1
where M = sup(am, m = 1,2,
Pm > Pm

1 Z’I’L+2l/ 1 ln+21/ 1 | ln+2u

- 0 Pm M( ) Pl T ( 0 ) [

m (Cn+21/ cn+21/ = m cn+21/ ’
so, by using (3.8) and the fact
ln+2u
”floHp,u = (Cn_|_ 2V)7
(3.9)

Hfzollpm,, A <

we have for any p,, > pm ,

a7” ||fl0||pm l//llflO ‘ < a’

(3.7) and (3.9) together give

Z am Hflo

which is a contradiction to the definition of the Ba—norm, since it can be easily checked that

Pm,u/HfloH < Z

I(fi,, 1/ 1f, 1) = 1.
(by using similar estimates)

Z {am[C

Thus
1
ai || fill,,, o /I1ll < A/C(pm)
Note that as p,, — 00, C(pm) — 05 so, if 3 does not exist, we can find p,, large enough
(3.10)

Next we prove the existence of the 8 in the theorem. Using (3.3) and (3.5), we obtain

) 1fill,,, ™/ (ALAID™} < 1.

00).

[pm/,OO) and [ € (

such that
ES 1
@i il /I < 50 for pm e
Similarly, we may assume that there exists a positive integer m’’ such that p,,» > p,, and
0< am A, /A < for I € (0, 00). (3.11)
n+2
Choose [; small enough such that ¢ b nras <1 and
ny 1 AN
M(c—l) <am; ( ) .
n/ Pm/ n+2v/ pyr

1 ln+2u 1
A )
Ym n+2v

m//

Then for any pp, < Py,
n+2v n

L) (o)
n/ P
(3.12)

A

am | c———
n+ 2v

Thus, from (3.11) we have, for any p,, < pmr,

Iy, / 12l < a 1£ill,,.0 0 / 12 < 5

(3.10) and (3.12) together give
> amlfily, . /Ifl™ <1

m=1
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which is again a contradiction to the definition of the Ba-norm, and the theorem is finally
proved.
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