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Abstract

The author studies minimal surfaces in 3-dimensional solvable Lie groups with left invariant
Riemannian metrics. A Weierstrafl type integral representation formula for minimal surfaces is
obtained.
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¢1. Introduction

Minimal surfaces in (or more generally harmonic maps into) Riemannian space forms
have been studied extensively. As is well known, minimal surfaces in Euclidean n-space E™
are represented by the Weierestra3-Enneper integral formula.

Several kinds of generalisations of Weierstra-Enneper formula are obtained.

J. Dorfmeister, F. Pedit and H. Wu obtained a scheme to construct constant mean cur-
vature surfaces in E3 from holomorphic data in terms of loop groups®!. R. Bryant/5! estab-
lished a representation formula for constant mean curvature 1 surfaces (CMC-1 surfaces) in
hyperbolic 3-space H? of constant curvature —1.

The hyperbolic 3-space H? is represented by SLyC/SU(2) as a Riemannian symmetric
space. Bryant showed that any CMC-1 surface in H? is given by a “holomorphic data”—
5l C-valued holomorphic 1-forms which satisfy certain condition.

These two generalisations emphasize the aspect “holomorphic construction” of the
Weieratra3-Enneper formula.

On the other hand, the Weierstraf}-Enneper formula has another aspect— “integral rep-
resentation formula”.
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K. Kenmotsul'! obtained an integral representation formula for surfaces with prescribed

mean curvature in E3. The data of Kenmotsu’s representation formula are smooth maps
into the unit 2-sphere which satisfy second order elliptic partial differential equation. In
particular, in case of constant mean curvature surfaces, the partial differentail equation
coincides with the harmonic map equation into S2.

C. C. Gées and P. A. Q. Simées [ obtained an integral representation formula for
minimal surfaces in hyperbolic 3-space and hyperbolic 4-space. The data of the formula due
to Gées and Simdes are smooth maps into S? which are solutions to certain second order
elliptic partial differential equation.

Independently, M. Kokubul'® obtained an integral representation for minimal surfaces
in H™. Kokubu’s formula coincides with the formula due to Gées and Simoes for n = 3,4.
Thus Kokubu’s formula is a generalisation of Gées-Simdes’ formula to general dimension.

To obtain such a representation formula, Kokubu introduced a matrix group model of
hyperbolic space. By using the matrix group model, Kokubu clarified the differential geo-
metric meaning of the data for the formula due to Gdes-Simoes-Kokubu. More precisely
every minimal surface in H? is constructed by a harmonic map into S? with certain singular
metric (Kokubu metric). Moreover Kokubu showed that the harmonic map becomes the
normal Gaufl map of the minimal surface. Note that Kokubu’s formula is valid for simlpy
connected Riemannian space forms of nonpositive curvature.

The formulae due to Kenmotsu, Gées—Simdes and Kokubu are generalisations of the
Weieratra3-Enneper formula from the viewpoint of integral representation formula with
data derived from solutions to second order elliptic PDE’s.

The underlying Riemannian manifold of Kokubu’s model is a warped product represen-
tation of H™. It is easy to see that the matrix group model used by Kokubu is solvable.
For instance in 3-dimension, according to the polar decomposition (Iwasawa decomposition)
of SLyC, the hyperbolic 3-space H® = SL,C/SU(2) is identified with the solvable part of
SLoC. It seems to be interesting to generalise Kokubu’s formula to 3-dimensional solvable
Lie groups with more general left invariant metrics.

The Minkowski motion group F(1,1) is a typical example of 3-dimensional solvable Lie
group. The Minkowski motion group equipped with natural left invariant metric has been
studied in some contexts. For example, O. Kowalskil'” proved that simply connected proper
3-dimensional generalised Riemannian symmetric space is isometric to FE(1,1). Tsunero
Takahashi®?!) proved that this is the only (simply connected) 3-dimensional homogeneous
Riemannian manifold isometrically immersed in hyperbolic 4-space with type number 2.

The Euclidean 3-space, hyperbolic 3-space and Minkowski motion group are included in
the following 3-parameter family of Riemannian homogeneous spaces (R?, g[j1, f12, f13]),

glur, po, pg) = e~ 2t da? 4 e 22t dy? 4 p3dt?.

Here p11, 1o are real constants and p3 is a positive constant. Every homogeneous Riemannian
manifold in this family can be represented as a solvable matrix group with left invariant
metric.

In this paper, we shall generalise Kokubu’s formula to minimal surfaces in (R3, g[u1, pa,

13])-
According to the classification of all 3-dimensional unimodular Lie groups, there exist
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3-dimensional solvable Lie groups of another type (see [6,18]). The model space of such a
class is Euclidean motion group E(2). This paper will end with some remarks on surfaces
in E(2) furnished with the standard left invariant flat metric.

§2. Solvable Lie Groups

Let (R(t),+) be a real line. For any real numbers p; and ps we define a representation
P = Pui,p2 of R(t) on (Rz(xv y),+) by

ettt
P = Puius : R(t) = GLaR;  p(t) = ( 0 e“2t> . (2.1)

Then the semi-direct product group G of R(t) and R?(z,y) via p is R3(x,y,t) with multi-
plication:
(z,y,t) - (2,9, 1) = (z + ety + ey [t +1). (2.2)
The unit element of G is 0 = (0,0,0). The inverse element of (z,y,t) is given by (—e #'tx,
—e M2ty —t). In particular if gy = po = 0 then G is (R3(z,y,t), +).
The Lie algebra g of G is R? with commutation relations:
[E1, Ea] =0, [Eo, H] = —pz B, [H, Er] = pn By (2.3)

with respect to the basis F; = (1,0,0), E2 = (0,1,0), H =(0,0,1).
These formulae imply that G is solvable. In fact the derived series {D'};en of g is given
by
REI@RE27 M1 7&07 H2 7&07

RE;, 0, =0,
oi=lgg=q 70 e 02 := [0',9'] = {0}.
RE;,, p1 =0, pz #0,
{o}, p1 = p2 =0,
The left translated vector fields of Fy, Es, H are
0 0 0

_ ot 9 —et2t = 2.4

AT 2Ty ot 24)

We shall equip an inner product (-,-) on g so that {Ey, E2, F3 = H/us} is an orthonormal
basis of g. Here us is a positive constant. Then the left translated Riemannian metric

9 = glp, pa, ps) is

glpn, pa, pa] = €721 da? e dy? + pide. (2.5)
Hereafter we shall denote G = G(u1, it2, p3) the Lie group G with left invariant metric
glp, p2, pis).

§3. Matrix Group Model of G(u1, 2, us)

The Lie group G(p1, 2, us) can be realised as a closed subgroup of affine transformation
group GL3R x R? of R3. In fact G is imbedded in GL3R x R? by ¢ : G — GL3R x R3;

1 0 0

0 emt 0
L(Z, Y, t) = 0 0 eugt

0 0 0

t
€T

3.1
; (31)
1
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It is obvious that ¢ is an injective Lie group homomorphism into GLsR x R?. Hence G is
identified with the following closed subgroup of GL4R:
1 0 0 t

0 et 0 =z
0 0 emt o z,y,t R ). (3.2)
0 0 0 1
The Lie algebra g corresponds to
0 O 0 w
0 mw 0 U
00 yw v u,v,w €R H. (3.3)
0 0 0 0
The orthonormal basis {F;}?_; is identified with
00 0O 0 0 0O 0 0 0 1
[0 0 01 (o000 1[0 m 0 0
E1_0000’E2_0001’E3_£00u20
0 0 0O 0 0 0O 0 0 0 O

The Levi-Civita connection V of G(u1, e, p3) is given by the following formulae:
Vi By =B, Vi By =0, Vi B =—"1E,
M3 M3
Ve, b1 =0, Vg, B = &Eza, Ve, E3 = —&E% (3.4)
M3 M3
VESE]. = VE3E2 = VESE;J, =0.

The Riemannian curvature tensor of GG is described as follows:

2 2

Hip2 1 M1 2 K3
R, =-""2 Rl.=-"1 RZ.,=-22 3.5
212 12 313 2 323 12 (3.5)

The Ricci tensor field Ric is given by
2 2
Ry = I ;— Mz)’ Ryy =  p2(m 2+ /Jz), Ras — 1 +2M2 (3.6)
M3 M3 M3

The scalar curvature s of G is
_ _3 2 2
5= 2(#1 + 13 + pap2).
H3

The natural-reducibility obstruction U defined by

is given by
UE,E) = LBy, Uy, By) = 2B, (3-8)
H3 K3
U(E,, Es) = —2%}31, U(Es, E3) = —2“723]52.

Note that U measures the non-right-invariance of the metric. In fact U = 0 if and only if g
is right invariant (and hence biinvariant). The formulae (3.8) imply that g is biinvariant if
and only if 1 = po = 0.

For later use we shall introduce a left invariant almost contact structure on G. Define a
linear endomorphism Fy on g by

Fo(Ey) = B2, Fo(Es) = —Ey, Fo(E3)=0.
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We denote the left translated endomorphism field of Fg by F. Then the triple (F,¢,n)
defined by & = e3, n = psdt gives a left invariant almost contact structure compatible to g
(see [2]). Since 1 is exact, this almost contact structure is not contact. The formulae (3.4)
imply that the vector field £ is Killing if and only if p; = ps = 0.

Example 3.1 (Euclidean 3-Space). If we choose 3 = ps = 0, pug = 1, then G is
isomorphic and isometric to Euclidean 3-space (E3,+). In fact G is a translation group of
R3.

Example 3.2 (Warped Product Model of the Hyperbolic 3-Space).

Let p1 = po = ¢, us =1, ¢ > 0. Then G is a warped product model of hyperbolic 3-space

of curvature —c?:

H?*(—=c®) = (R*(z,y,t), e (da” + dy®) + dt?) . (3.9)
Namely H3(—c?) is represeted as a warped product E'(t) x.— E?(x,y) with base E! and
fibre E2. Kokubu used this matrix group model G(c,¢c,1) to obtain his Weierstral type

representation formula for minimal surfaces'®. In this case, the left invariant almost contact
structure satisfies

(VxF)Y = =c{n(Y)FX + g(X, FY)}, Vx§ = —c{X —n(X)¢} (3.10)

for all X,Y € X(G). These formulae imply that H3(—1) = (G(1,1,1); F, &, n) is a Kenmotsu
manifold3:14].

Example 3.3 (Riemannian 4-Symmetric Space). Let pu; # 0, ps # 0, us # 0. Then G
is isomorphic to the following closed Lie subgroup of GLyR x R?:

ettt 0 g

0 ety r,y,tER ;. (3.11)
0 0 1
In particular if 41 = —po = 1, then G is isomorphic to the identity component of the isometry

group of the Minkowski plane E? = (R?(z,y), dxdy). The Riemannian homogeneous 3-space
G(1,-1, u3) is a Riemannian 4-symmetric space of dimension 3 which is not a Riemannian
symmetric space. The 4-symmetric space representation of G is G = G/{0} with fourth
order automorphism 7:

T(z,y,t) = (—y,x, —t). (3.12)
0. Kowalski proved that G(1,—1, u3) is the only proper simply connected generalised Rie-
mannian symmetric space of dimension 3 (see [17, Theorem VI.2]). In particular G(1, —1, u3)
is irreducible. Furthermore Tsunero Takahashi showed that G(1, —1,1) can be isometrically
imbedded in hyperbolic 4-space H*(—1). He proved that simply connected Riemannian ho-
mogeneous 3-space (M3, gys) can be isometrically immmersed in H* with type number 2 if
and only if M3 is isometric to G(1,—1,1) (see [21]). G(1,—1,1) has been called Takahashi’s
B-manifold. Note that G(1,—1,1) is the model space Sol® of 3-dimensional solvegeometry
in the sense of W. M. Thurston[?2.

Remark 3.1. (1) The hyperbolic 3-space H?>(—c?) = G(c, ¢, 1) does not admit any left
invariant contact Riemannian structure. In addition H?(—c?) does not admit any other Lie
group structure (see [3, p. 413]).

On the other hand, the Minkowski motion group E(1,1) admits left invariant contact
Riemannian structure whose Webster scalar curvature W and torsion invariant 7 satisfy
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4/2W = —||7|| (see [20, Theorem 3.1]).
(2) Both H® = G(1,1,1) and E(1,1) = G(1,1,—1) can be realised as hypersurfaces in
hyperbolic 4-space H* (see [21]).

§4. Harmonic Map Equation

Let ® be a Riemann surface and K a Lie group with left invariant metric. We denote by
£ the Lie algebra of K. For a smooth map ¢ : ® — K, we denote by « the pulled-back one
form of the Maurer-Cartan form of K. If K is a matrix group, « is given by

a= ¢ tdp. (4.1)
The t-valued 1-form « satisfies the following equation:
1
do + §[a Aa) =0. (4.2)
The equation (4.2) is a complete integrability condition of the existence for a map ¢ satisfying
¢ tdp = a (see [11, p. 54, Proposition]).

Let z be a local complex coordinate of ©. We decompose a with respect to the conformal

structure of D;
a=daddz+a"dz.
Then (4.2) is rewritten as
0 0
%a” - %O‘/ + [/, a"] = 0. (4.2")
For a smooth map ¢ : ® — K, the energy of ¢ is

1
B(o) = [ ldePav.
D

A smooth map ¢ is a harmonic map provided that ¢ is a critical point of the energy.

Now we recall the harmonic map equation for ¢, i.e., the Euler-Lagrange equation of
E(y) in terms of a.

It is known that ¢ is harmonic if and only if

%o/ + %a” +2U(/, ") = 0. (4.3)
Here U is the natural-reducibility obstruction defined by (3.7) (see [8, Corollary 2.4], [16,
Lemma 3.1]).
The integrability condition (4.2") together with the harmonicity (4.3) are equivalent to
0 1 g

= . (4.4)

—ad + U, ") = 5[0/,0/’}, o

0z

Here we recall the following fundamental fact (see [15, Section 3] ).

Lemma 4.1. Let ¢ : ® — K be a harmonic map. Then o = ¢ tdp satisfies (4.4).
Conversely assume that ® is simply connected. Let v be a t-valued 1-form satisfying (4.4)
on ®. Then there exists a harmonic map ¢ into K such that ¢~ 'dp = .

Now we shall apply these observations for harmonic maps into G(p1, p2, f£3)-

We shall write a smooth map ¢ into G(u1, e, u3) by

0(z,2) = (22, 2), 2% (2, 2), t(z2, 2)). (4.5)
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Here we used the convension x! = x, 22 = y. The (1,0)-part o’ of « is given by
2
o = Z(e_“itxi)ei + pst,es. (4.6)
i=1

The integrability together with harmonicity (4.4) for ¢ : ® — G(u1, p2, p3) is given by
xi — pi(tal +tsat) =0,
LS ot (4.7)
tz+ 2 STpie ity pt = 0.
If w1, po are nonnegative, we get the following

Proposition 4.1. Let p : © — G(u1, 2, 43) be a harmonic map from a compact Rie-
mann surface into G. If p1, pe > 0 then ¢ is constant.

Proof. Let ¢ be a harmonic map. Then the second equation of (4.7) implies ¢ is a
subharmonic function. Hence ¢ is constant by the maximum principle for subharmonic
functions. Furthermore the first equation of (4.7) implies that z° are harmonic functions
and hence constants.

Define three (1,0)-forms y,w! and w? on ® by

X = pat.dz, w'=e Filaldy, i =1,2. (4.8)
Then
o'dz = w'Ey 4+ w?Es 4+ xFs.
Further (4.7) can be rewritten as
ox = L3 paw’ Awi,
o (4.9)
ow' = i,uioﬂ A X.

Thus we get the following formulas:

Theorem 4.1. Let y,w! and w? be (1,0)-forms on a simply connected Riemann surface
D satisfying (4.9). Then the mapping ¢ : © — G defined by

o(z,2) = 2/ Re (e mt(.2) )l o H2t(22) ()2 ix) (4.10)
20 M3

is a harmonic map into G(u1, o, t3)-

Conversely any harmonic map of © into G(u1, ua, 3) can be represented in this form.

This integral representation formula is a generalisation of the formula due to Godes-
Simées!') and Kokubul'®l. In case G(c, ¢, 1) = H?(—c?), (4.10) coincides with their formula.

Arguments similar to [16, Lemma 4.5] yields the following

Corollary 4.1. Let x, w' and w? be (1,0)-forms on ® satisfying

{ Ow' = pug* i’ A x,
X® X+ w @w =0.

Then ¢ defined by (4.10) is a weakly conformal harmonic map. Moreover ¢ is a minimal

(4.11)

immersion if
XOX+ Y w @w #0.
Example 4.1. Let us take the following three 1-forms:

vV—=1/
wt = 7#3d27 W= 0, x= it} —dz, puy #0.
z4+z z2+z
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Then one can check that {w!, w?, x} satisfies the first equation of (4.9). And the data satisfy
the second equation of (4.9) if and only if 3 = p2. The data satisfy the weak conformality
(the second equation of (4.11) ) if and only if u3 = 2. Note that

X®>—<+Zwi®ﬂ>o for all pi,p2 € R, pug > 0.

Now we choose pg = p?. Then
n2-1

1 o
t=—1log|u|, *=—u "1 v, y=constant, z =u+ v —1v.
M1

Thus the minimal surface (z,y,t) is the plane determined by y =constant.

Remark 4.1. (1) Geodesics of G(1,—1,1) are explicitly described by F. Borghero and
R. Caddeol¥. We can see geodesics in (the warped product model of) hyperbolic 3-space
and Minkowski motion group G(1,—1,1) are given by similar formulae (see Cas B, Cas C
and Remarque finale in [4]).

(2) A representation formula for minimal surfaces in Heisenberg group is obtained in [12].

(3) In [1], V. Balan and J. Dorfmeister generalised the “loop group theoretic Weierstrafl
type representation” for harmonic maps from Riemann surfaces into compact Lie groups
(furnished with biinvariant Riemannian metrics)® to general Lie groups with biinvariant
semi-Riemannian metrics. Moreover they established a Weierstraf3-type representation for
maps from Riemann surfaces into arbitrary Lie groups which satisfy

%O/ + %a” =0. (4.12)
In case of ¢ : ® — G(u1, f2, it3), the equation (4.12) becomes

. 1 . .
te =0, alz = gpalts +alt) =0, i=12 (4.12)

The integrability condition (4.2") toghether with (4.12") is equivalent to
1

— 24—
T,; =T =12 =0.

Namley ¢ = (x!,22,t) is a vector-valued harmonic function.

¢5. Primitive Maps into Minkowski Motion Group

In this section we study harmonic maps into G(1,1,—1) which are solutions to certain
first order PDE. More precisely, we classify primitive maps into Minkowski motion group
G(1,1,—1). As we will see below, every primitive map is harmonic.

First of all we shall recall the notion of primitive map into generalised symmetric spaces.
For general theory of primitive maps we refer to [7].

Let N = G/H be a Riemannian k-symmetric space with corresponding automorphism
7 of G and k > 2. We denote the induced automorphism on g by the same letter. The
eigenvalues of 7 on g are {w’ | i € Z;}. Here we denote the primitive k-th root of 1 by w.
We have an eigenspace decomposition of the complexification g€ of g:

o= olil,
i€Zy,

where g[i] is the eigenspace of 7 corresponding to the eigenvalue w'. Clearly,

gy =hC and g[i] = g[—i].
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Furthermore one can check that

[alil, gls] ] =gli+j] (mod k).
Note that g[1] N g[—1] = {0} since k& > 2.

For a smooth map ¢ : M — G/H from a Riemann surface M is said to be a primitive
map if ¢*’ takes value in [g[—1] ]. Here 8’ is the (1,0)-part of the Maurer-Cartan form 3
of G/H (see [7, p. 240] and [11, p. 137]). The vector bundle [g[—1] | is the subbundle of
G/H x g€ defined by

[a[—1]lgm := Ad(g) g[-1].

Now we shall study primitive maps into the Minkowski motion group G(1,1,—1) = G/{0}
with automorphism 7 defined by (3.12). Since the primitive 4-th root of unity is v/—1,
the eigenvalues of 7 are —1, 4+/—1. One can give eigenspaces of g€ corresponding to w*
explicitly.

1 0 1
gl0] = {0}, g1 =C [ V=T, gl2l=Ch=C|0]|, gl3]=C|-V-1
0 1 0

Define Sp := g[;). Then
g€ = So @ Sp @ Ch.

Furthermore Sp defines a left invariant C'R-structure S on G(1,—1,1).

Sg = Lg.S, g€ G(1,-1,1).
One can check that the almost contact structure (F,&,n) on G(1,—1,1) defined in Section
3 is compatible to this C'R-structure. Namely C R-structure S is given by

S={X-V-1FX | X € D}.
Here D denotes the real expression of S defined by

Do = {X € g| n(X) = 0}.

Since G(1,1,—1) itself is a Lie group, the primitive map equation takes more simpler
form. In fact a smooth map ¢ : ® — G is primitive if and only if

(5:) <
al =— 1
Oz 9[-1)

Direct computatios show that ¢ : ® — G is primitive if and only if

t,=0, —V=le7lz, = etyz.

Proposition 5.1. Let ¢ : ® — G be a smooth map into 3-dimensional 4-symmetric
space. Then ¢ is a primitive map if and only if t = constant and = and e**y are conjugate
harmonic functions.

Corollary 5.1. (1) Every primitive map ¢ : © — G(1,1, —1) is a harmonic map.

(2) Let ¢ be a holomorphic function on® and put f =+ and f =) —1). Then the data

wh=e"°fudz, w?=ef.dz, x=0, ceR

define a primitive map into G(1,1,—1).
By using the almost contact structure of G(1,—1,1), one can check that the primitivity
is equivalent to the anti F-holomorphicity. Recall that a smooth map ¢ : ® — (M; F, &, n)
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into an almost contact manifold M is said to be an F-holomorphic curve if ¢ satisfies
dpoJ=Fodp.

And ¢ is said to be an anti F-holomorphic curve if
dpoJ=—Fodp.

Here J denotes the complex structure of 2.

Proposition 5.2. Let ¢ : ® — G(1,-1,1) be a smooth map. Then ¢ is F-holomorphic
if and only if vV/—1le tx, = ety, and t is constant. Equivalently t is constant and x and
—e®'y are conjugate harmonic functions.

§6. Surfaces in Euclidean Motion Group E(2)

We start with recalling the definition of Euclidean motion group F(2). Let E? be a
Euclidean 2-space. Then the rigid motion group of E? is the semi-direct product of rotation
group SO(2) and translation group (R?, +). The semi-direct product structure of SO(2) x R?
is

(4,p) - (B,q) := (AB,p+ Aq), A,BeSO(2), p,qe R’ (5.1)

The semi-direct product SO(2) x R? is isomorphic to the following closed subgroup of GL3R::
cosf —sinf =z

E(2) = sinf cosf y r,y€R, S5, (5.2)
0 0 1

We may regard (x,y,6) as a global coordinate system of E(2). Thus E(2) is R?(z,y) x St
with multipication rule:

(z,y,0) * (2',y',0") = (x +cosf 2’ —sin@ ¢,y +sinf 2’ + cosf y',0 + 6'). (5.3)
The Lie algebra ¢(2) corresponds to
0 —w wu
e(2) = w 0 w u,v,w € R ». (5.4)
0 0 0
We take a basis {E;} of ¢(2):
0 0 1 0 0 0 0 -1 0
Ei=10 0 0), Ee=(0 0 1|, H=|1 0 0
0 0 0 0 0 O 0 0 O
Then the left translated vector fields of Ey, Fo, H are
0

0 0 0 0
= —_— 1 07 = —si —_— S — = —_—
el cos@asc + sin a9’ €s sm@am + cos&ay, h 50

We equip an inner product (-,-) on ¢(2) so that {E;, Es, F3 = H/u} is an orthonormal
basis of ¢(2). Here p is a positive constant (cf. [8]). Then the left translated Riemannian
metric g, is

Ju = daz? + dy? + p2de>.
Namely, as a Riemannian manifold, F(2) is a warped product with base E?(z,y), fibre S1
and constant warping function p. Obviously, (E(2), g,) is flat.
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The Levi-Civita connection V of F(2) is described as follows:
Ve,e1 =0, Veea=0, Vge3=0,
Ve,e1 =0, Vgea =0, Vges3 =0,
Ves€1 = ;fleg, Ves€2 = f/flel, Vege3 =0.
[e1,e2] =0, [ea,e3] = p ter, [es,e1] = p tes.

Let E3(z,y, 2) be a Euclidean 3-space with natural Riemannian metric da? + dy? + dz2.
For any vector v € R?, we denote by I'(v) the discrete subgroup of (R?,+) generated by v:

I(v)={2mmv |meZ}.

In particular, if we choose v .= e3 = (0,0,1) then the factor space E3?/T'(e3) is the
underlying flat Riemannian manifold of (F(2),g1). This fundamental observation suggests
us to use group structure of E(2) for the study of surfaces in Euclidean 3-space which are
invariant under I'(es)-action. Denote by G the universal covering group G = E(2). Then
the left translation by (a, 3,7) € G is written in the following formula:

x cosy —siny 0 T «
Liapq |y | = |siny cosy O |y|+ |8
z 0 0 1 z ¥

In particular the one parameter subgroup {(0,0,7) | v € R} of G acts on R3 as helicoidal
motion group (or screw motion group) of pitch 1:

T cosy —siny 0 T 0
Lo~ |y| =|siny cosy 0 y|+ |0
z 0 0 1 z vy

The action of {(0,0,7) | v € R } decends to SO(2)-action on G = E(2).

As is well known, helicoids are helicoidal minimal surfaces, i.e., minimal surfaces which
are orbits of spatial curves under a helicoidal motion. For instance a helicoid z = tan~!(y/x)
is an orbit of z-axis under the action of {(0,0,t) | t € R}.

In fact, the helicoid z = tan=!(y/x) is given by the immersion: ¢ : R?(u,v) — E3:

o(u,v) = (ucosv, usinv, v).

By using the multiplication %, the helicoid ¢ is written in the following form:
@(U, U) = L(O,O,v) (U7 07 0)
Thus ¢ is an orbit of z-axis under the one-parameter subgroup
{(0,0,v) [ve R } = (R(v),+).

The helicoid ¢ induces a minimal surface ¢ in E3/I'(e3). In E3/I'(e3), the helicoid ¢
is regarded as S'-orbit of the z-axis. Namely, with respect to the group structure x, the
helicoid is regarded as a “rotational surface” in E3/T'(e3).

Note that since * is noncommutative,

(07 07 U) * (U’? Oa O) 7é (U, Oa 0) * (07 07 U)'
In fact,
(u,0,0) % (0,0,v) = (u,0,v).
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The image of this immersion is zz-plane. This is also obviously I'(e3)-invariant.
For more detailed study on minimal surfaces in E3/I'(v), we refer to [19]. In particular
Moriya studied moduli space of minimal surfaces in E3/I'(v).
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