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Abstract

The authors study the bifurcation problems of rough heteroclinic loop connecting three
saddle points for the case 81 > 1, B2 > 1, 83 < 1 and 18283 < 1. The existence, number, co-
existence and incoexistence of 2-point-loop, 1-homoclinic orbit and 1-periodic orbit are studied.
Meanwhile, the bifurcation surfaces and existence regions are given.
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§1. Introduction

In recent years, the bifurcation problems of heteroclinic and homoclinic orbits in higher
dimensional space were studied and many results were obtained. For example, [7, 8, 9, 10]
discussed the problems of the homoclinic loop bifurcations. In [11], Zhu and Xia studied the
bifurcations of heteroclinic loop with two saddle points (abbr. 2-point-loop). And in [12],
Tian and Zhu considered the bifurcation problems of fine 2-point-loop. In [13], the authors
studied the bifurcations of rough 2-point-loop for the case 5; > 1, B2 < 1, 8182 < 1, where
Bi = pi/ i, —p} and Al are the principal eigenvalues of unperturbed system at saddle point
pi, ¢ = 1,2. In this paper, we consider the following C” system

z=f(2) +9(z ), (1.1)
and its unperturbed system
s = (o), (1.2)
where 7 >4, z ¢ R™*" e R, 1>3,0< |u| <1, g(2,0) = 0. For i =1,2,3, we assume
f(pi) =0, g(pi, p) = 0 and
(H1) z = p; is a hyperbolic critical point of (1.2). The stable manifold W7 and the un-

1
stable manifold W} of z = p; are m-dimensional and n-dimensional, respectively. Moreover,
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—pt, Al are the simple eigenvalues of D, f(p;) such that the other eigenvalues of D. f(p;),
—pl, AF satisfy
—Re pl < —p? < —pl <0< A <\ <Re \F, (1.3)

where 1 < j <m, 1<k <n and p? and \} are some positive constants.
(H2) System (1.2) has a heteroclinic loop I' =T'; UT'y UT's, where

Fi={z=r;t):t€R}, ri(+00)=rit1(—0) =pit1, ra(t) =71(t), ps=Dp1.

For any point P; € I';, dim(Tp, W N Tp, W3, ) = 1, Wi = W},
(H3) Define ef = Jim #i(t)/[i(t)]. Then, ef € T,,W;* and ¢; € T,
—Foo

f pisa Wi are unit
eigenvectors corresponding to A} and —p} 1, respectively.

(H4) span (T, oy W, T,y Wi 1, e;:l) =R t>1,

span(T,, iy Wi, Ty iy Wiy, e;20) = R <=1,
where ef =e], e; =e3.

Under the hypotheses (H1)—(H4), [14] studied the bifurcations of rough heteroclinic
loop with three hyperbolic saddle points (abbr. 3-point-loop) for the case 3; = pi/\} > 1,
i =1,2,3. In this paper, we study the problems of bifurcation of rough 3-point-loop I' for
the case 81 > 1, B > 1, B3 < 1, B18283 < 1. Under some transversal conditions and the
nontwisted condition, we discuss the existence, uniqueness, incoexistence and the related
bifurcation surfaces of 1-heteroclinic 3-point-loop, 2-point-loop, and 1-homoclinic orbit near
I" . Meanwhile, we also discuss the existence, number and existence regions of 1-periodic
orbits and 2-fold 1-periodic orbits near I', and the coexistence, incoexistence of 3-point-loop,
2-point-loop, 1-homoclinic orbits, 1-periodic orbits and 2-fold 1-periodic orbits near I". Our
results show that the bifurcation pattern studied here is much more complicated than that
studied by [14].

Remark 1.1. Under the hypotheses (H1) and (H2), the hypotheses (H3) and (H4)

are generic (refer to [11]).

§2. Local Coordinates and Bifurcation Equations

In this section, we use the linear independent solutions of the linear variational equation
along I'; as the demanded local coordinates to construct the Poincaré map. The method
was suggested and used by [9, 12], which is similar to and easier than that in [8, 11].

Suppose that U; is a sufficiently small neighborhood of p; and (H1)—(H4) hold. Then,
for |u| small enough, there always exists a C” transformation such that system (1.1) has the
following form in U;:

i = M) + -] 2+ 0W[O) + O))

i = [=p10) + -] ¥+ OW[O(x) + O(uw)] 1)
i = [BL(p) + -] u+ 0@)[0(x) +0(s) + O(W), |
b = [=B2(w) + -] v+ O()[O(y) + O(x) + O(u)],

where AL(0) = AL, p}(0) = p!, Re o(B(0)) > A9, Re o(—B2(0)) < —pf, 2 = (2,5, u",0°)",
reRYye R, ue R, ve R™ L and (2.1) is C"~ L. Thus, in U;, we have
rnwt={z:u=u(z),y=0,v=0}, TNW={z:2=0,u=0,v=1v(y)},
Wit ={z:2=0,y=0,v =0}, W ={z:2=0,y=0,u=0},
Wi ={z:y=0,v=0}, Wg={z:2=0,u=0},
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where u(0) = 4(0) = 0, v(0) = v(0) = 0, W** and W;* are the strong unstable and stable

1 K3
manifold of p;, respectively.

The sign * means transposition. Denote
ri(t) = (ri (), r{ (8), (ri*(0)", (r (1) )"
—T? and T} are the moments such that
ri(=T7) = (8,0,8,,07),  ri(T}) = (0,6,0%,67)",
where § is small enough so that
{(z,y, 0™, 0%)" < |z, [yl |ul, [v] < 26} C Ui
Consider the linear system
= Df(ni(t))> (2.2)
and its adjoint system
¢ = —(Df(ri(t)))"¢. (2.3)

Due to [11, 14], system (2.2) has a fundamental solution matrix Z;(t) = (2}(t), 22(t),
% (t), 2] (t)) satisfying

2 (1) € (T yWi) N (T W), 22(t) = —ia(8)/ 1+ (T},
Z(t) € (T, W) N (T, yWi1)s 2z (1) € (TryyWi) N (Tr, iy Wika),
wit w0 wit 1 0 wi o0
wk? 0 0 wh 0 1 w32 0
Zi(_Tz'O) = wz13 23 w§-13 ) Zi(Til) = 0 0 w33 BE
6 6 0 wzl‘1 wHt w w34 1

where W = W7, w?! < 0, w}? # 0, det w}? # 0, det wi* # 0. Moreover, for § small enough,
(@) <1 for j£2,
(W)Y <1 for j=3,4,
|} (W) M| < 1 for j#3,
TwihH ™Y <1 for j+#4.

[Jw;?

[l

Thus, we select 2} (t), 22(t), 23(t), z2(t) as a local coordinate system in the small tube
neighborhood of I';. Denote

@i(t) = (67 (), 47 (1), 07 (1), 97 (1)) = (Z7' ()"
Obviously, ®;(t) is a fundamental solution matrix of (2.3).
Let wi? = A;|w}?|. We say that I' is nontwisted as A = AjAyAz = 1, and twisted as
A = —1. In this paper, we only consider the case A = 1.
Make a transformation as following

where N; = (nl,0, (n?)", (n))*. Denote by S0 = {z = (=T  [al, |y, lul, |v| < 26},
St ={z = hy(T}) : |z, |y, Jul, |v] < 26} the cross sections of ['; at t = =T and t = T},
respectively, where ¢ is small enough so that S? C U;, S} C U;yq, Uy = Uy.
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Now, we construct the Poincaré map F; = F! o F?: S} | — S} where

Fig €S 1—aq €S), Fl:qeS —q €5

Denote
g0 = (@090, (W), (W)*)* = ri(=T0) + Zi(~TP)NY,
NP = (0, (%), (n4))",
g = (x},yl, ()", (0])7)" = ri(T}) + Zi(T})N,
Nil _ (n;’l,O, (n%,s)*7 (n11,4)*)*7 i=1,2,3,

and

ro(Ty) = r3(T3), Zo(Ty) = Zs(T5), Ny = Nj.
Using the expressions of Z;(—T7) and Z;(T}), we have 2 ~ §, y! ~ 4,

K2

= ()08 - ) ),

nf? = uf = 8, — wl (i)l + [Pl el - et T, 24)

i 7 i % i

n(_),4 — (w44)—1U0

i 7 7

L1 1 31/, 33y—1, 1
nyt=xp —wp (W) Ty,

n® = ()t

14 141 14, 31 34v/, 33v—1. 1 , 1
n;" = —wity + (0w = wi) (wi) Ty + v — 6y

For simplicity, we may as well assume p} > Al. Let 7; be the flying time from ¢ ; to ¢?,
and s; = e‘A%(”)”, which is called the Silnikov time. Then by [11, 14], we obtain the map
F} which is given by

ni? =nd? + Mp+hot., j=1,34 (2.6)
and the map F? : S} | — 89 ql | — ¢¥, S} = S} defined by
ol ~ss, 0~ S;i(u)//\i(u)(g, .
ul |~ 8233(/t)/>\i(u)u(i)7 W0~ S??(u)//\i(u)v}i17 '

if we neglect the higher order terms.
We call

_ too
M = [ War0,0)dt, =123, =134
Melnikov vectors, and (s;,u?,v)_,), i = 1,2,3 Silnikov coordinates.

Thus, by (2.4)—(2.7), we get the expression of the sucessive function G;(q} ;) = Fi(q}_;)—
q} as following

Gl = 5[(w112)_15§)3(u)//\3(u) —sip1] + Mg+ hot.,

3

G5 — wlg(wm)—lésp}(u)/ki(u) _ (w33)—1883~1¢»1(M)/A}+1(lt)u(_)+1
[ 1 u 1 [ 7 1 1+ 7
+ M?p+ho.t.,
2 1
Gl = v} + 6, + wldsigr + (wl) L N M+ bt (2:8)
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Remark 2.1. If p} < \! and pjl > )\; for j #14,1 <4,j <3, then we take s; = e=Pi(Ti,

In this case, (2.7) becomes

@ms

and (2.8) becomes
Gi = 0[(w;*)  si — siy
63 = b, — w(u!

+ M?p+hot.,

G} = —v} + 8, +w}dsii1 + (w?‘l)_lsB?(#)/p}'(”)v}fl + My +ho.t.,

o
Giy = 6l(wi2) tsy

A )/pl(u)(; y? ~ 5,0,
B? Lu
T /pi(w) 0 U? ~ s i (1)/p; (;)Uil_17

1]+ M}y +ho.t.,

) 158 ( 33) 1 Bl+1( )/ 1+1(M) O

z+1 z+1

K3

/X)) Sf\i(u)/ﬂ},(u)]

3

_ (/X 33 \—
GS 0 R - 13( 12) 153?_‘1 (w)/ 1(#)7(10;531)

1= U W;—1

+M§_1u+h.o.t.
Gz 1:—’UZ 1+5 +w
+ M} p+ho.t.

55 /Pl(u)_~_( ) 153"2’1(“)//\’1”1(”) 1

i—1

+M}! p+hot.,

1 1
1,Bi(m)/pi (u)u?

(2.7)

(2.8")

(2.8”)

Remark 2.2. If p} > A\l and pj < )\} for j #1, 1 <4,j < 3, then we only need to take

t — —t; the others are similar.

Remark 2.3. There is a 1 — 1 correspondence between the 3-point-loop, 2-point-

loop, 1-homoclinic loop and 1-periodic orbit of (1.

(G1,G3, G5, G, G3,G3, G, Gy, G3) = 0.

(2.9) is called the bifurcation equation.
Remark 2.4. G; is C"~2 with respect to Q in the region s; > 0, so > 0, s3 > 0 and at

least C1 at s1 = s = s3 = 0.

1) and the solution @ = (s, s, s3,
ud,ud, ud, vi, vi, vi) of the following equation with s; > 0, s3 > 0, s3 > 0:

(2.9)

§3. Bifurcations of 2-Point-Loop and 1-Homoclinic Loop from T’

(AX) Bi=pj/A >1,i=1,2,
Denote

R?zz{ﬂi
R%:a:{,ui
R:%l:{,“:
RE = {p:
3 =A{u:

={u:

Bs = p3/A§ < 1, B1B2f3 < 1.

My >0,A3Myp <0, |p| < 1},
Mgp >0, A Mip <0, |p| <1},
Mip>0,AoMyp <0, |p| < 1},
Mip>0,A3Mzp < 0,[u] < 1},
Myp >0, A Mipu <0, || <1},
Mgp > 0,A5Myp <0, |p| < 1}

Suppose that hypotheses (H1)—(H4) and (AI) hold. Then the following theorem are

true.
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Theorem 3.1. (1) If M; # 0, then there exists a unique surface L; with codimension 1
and normal vector M} at p = 0, such that (1.1) has a heteroclinic orbit connecting p; and
pit1 near I'; if and only if u € L; and |u| < 1.

If rank (M}, Mjl) =2,4,7=1,2,3,i%#j, then L;j = L; N L; is an (I — 2)-dimensional
surface and 0 € L;; such that (1.1) has two heteroclinic orbits near I'; UT; as p € L;; and
lp| < 1.

If rank(M{, M3, M3) =3, then L = Ly N Ly N L3 is an (I — 3)-dimensional surface and
0 € L such that (1.1) has a 3-point-loop near T as p € L and |u| < 1, that is, T is persistent.

(2) If M3 # 0, M3 # 0, then there exists an (I — 1)-dimensional surface L3, C R3,
tangent to Ly at p = 0 such that (1.1) has a unique heteroclinic orbit I'S, near Ty U T3 if
and only if p € L3,. Moreover, if M} and Mj are linearly independent, then (1.1) has a
unique 2-point-loop I'15 connecting p1 and ps if and only if u € L1 N L§2.

If Ms # 0, M{ # 0, then there exists an (I — 1)-dimensional surface L, C Ri; tangent
to Ly at = 0 such that (1.1) has a unique heteroclinic orbit Ty near T's UTy if and only
if w € Li;. Moreover, if M3 and M} are linearly independent, then (1.1) has a unique
2-point-loop T'a3 connecting pa and p3 if and only if n € Ly N L.

If M} #0, M} # 0, then there exists an (I — 1)-dimensional surface L%, C R3, tangent
to Lo at p = 0 such that (1.1) has a unique heteroclinic orbit F%l near I'y Uy if and only
if w € L3,. Moreover, if M3 and M3 are linearly independent, then (1.1) has a unique
2-point-loop T'3; connecting ps and py if and only if p € Ly N L3;.

(3) If rank(M{, M}, M}) = 3, then there exist surfaces L3 C RP, L3' C R3' and
L% C Ri? all with codimension 1 and normal vector M3 at pp = 0, such that (1.1) has a
unique homoclinic loop connecting p1, pa and p3 for p € L33, L3' and Li%, respectively.

(4) The 3-point-loop, 2-point-loop and 1-homoclinic orbit cannot coezist.

Proof. For the study of the bifurcations of (1.1) near T, we only need to consider the
solutions of equation (2.9). It is not difficult to see that the equation (G%,G3,G3,GY, G3,
G3%) = 0 always has a solution u) = u?(s1, s2,s3, 1), v} = v}(s1,82,83,1) i = 1,2,3 for 4,
lul, s1, s2, s3 sufficiently small. Substituting it into (G1,G3,G1) = 0, we get

Sg = (wP)*ls?l + 07 M+ hout.,
sé/53 = (wi?)'sh? + 07 ' Mip+hot., (3.1)
s1= (ws?)tss 4+ 6 'Mip +hot..
(1) Suppose that (3.1) has zero solution s; = s = s3 = 0, then (3.1) reads as
M}yu+hot. =0, i=1,2,3. (3.2)

If M} # 0, then, by the implicit function theorem, (3.2) defines a surface L; with codimension
1 and normal vector M} at p = 0 such that the ith equation of (3.1) has a solution s; =
siv1 =0as p € L; and |pu] < 1, that is to say, I'; is persistent.

Moreover, if rank(Mil,Mjl) = 2,14 # j, then L;; = L; N L; is an (I — 2)-dimensional
surface (refer to [1]) such that the ith and jth equations of (3.1) have a solution s; = s3 =
s3 = 0 for p € L;; and |u| < 1, that is, I'; and T'; are both persistent. Particularly, if
rank(Mi, M3, M}) = 3, then L = L; N Ly N L3 is an (I — 3)-dimensional surface such that
(3.1) has a solution s; = s = s3 =0 as p € L and |pu| < 1, that is, T is persistent.
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(2) Suppose that s; = s =0, s3 > 0 is a solution of (3.1). Then (3.1) becomes

M}p+hot. =0, (3.3)
s3 = —6 'w3*Mzpu +h.o.t., (3.4)
(=0 w2 M}l 4+ hoot )P = 67 Mlp + ho.t.. (3.5)

By the implicit function theorem, (3.5) defines an (I — 1)-dimensional surface L3, in the
region M3 u > 0, A3M3p < 0 with a normal vector M3 at g = 0, which means L3, is tangent
to Ly at u = 0. Thus, for u € L3, and |u| < 1, the second and third equations of (3.1) have
solution s; = sy = 0, s3 > 0, which means that (1.1) has an orbit '}, heteroclinic to p;
and ps and situated in the neighborhood of T's UT's. Moreover, if M| and M are linearly
independent, then (3.1) has a unique solution s; = sy = 0, s3 > 0 as u € Ly N L3, and
|| < 1, which means that system (1.1) has a unique 2-point-loop I'13 near I' connecting p;
and py for p € Ly N L3, and |u| < 1, where Ly N L3, is an (I — 2)-dimensional surface.

In the same way, we can discuss the case sy = s3 =0, s1 > 0 (resp. s3 = s1 =0, s2 > 0)
and obtain the surface L, (resp. L3;) in the region Mju > 0, Ay Mip < 0 (resp. Mip >0,
AsM3pu < 0) tangent to Ly (resp. Lo) at pu = 0, such that system (1.1) has an orbit '3,
(resp. T'%;) heteroclinic to ps and p3 (resp. p3 and p;) and situated in the neighborhood of
I3 UTy (resp. I'1 UT) as p € Li; (resp. p € L3) and |u| < 1. Moreover, if MJ and M{
(resp. M3 and M) are linearly independent, then system (1.1) has a unique 2-point-loop
Ia3 (resp. I'z1) near I' connecting ps and p3 (resp. ps and p;) for u € Ly N Li; (resp.
we LyN L) and |u| < 1.

(3) Suppose that (3.1) has solution s; = 0, s > 0, s3 > 0. Then (3.1) becomes the
following form:

sy =0 'M}u+ho.t., (3.6)

53 = —0 'wi*M3pu+ho.t., (3.7

OTIM )P = wi? (=6 wiMip /83 _ S witMyp 4+ hoo.t.. 3.8
3 M3

In the region {u: Mip > 0, AsMiu < 0, |u| < 1}, (3.8) defines an (I — 1)-dimensional
surface L?3 which is tangent to Lo at p = 0. Clearly, for u € L?3, system (1.1) has a
1-homoclinic orbit I'?3 homoclinic to p; in the neighborhood of T

Similarly, we can discuss the case s = 0, s3 > 0, s;1 > 0 (resp. s3 =0, s1 > 0, so > 0)
and get the surface L3' (resp. Li? ) situated in the region {u: Miu > 0, AyMiu < 0,
lu| < 1} (vesp. {u: Mip > 0, AoMiu < 0, |u| < 1} ). L3' and Li? are both tangent to
Ly, and system (1.1) has a 1-homoclinic orbit I'3! (resp. I'3') homoclinic to py (resp. p3) as
p € L3t (vesp. p € LE?).

(4) By the above discussion and the existence regions defined above, it is easy to see that
3-point-loop, 2-point-loop and 1-homoclinic orbit cannot coexist.

The proof is complete.

§4. Bifurcations of 1-Periodic Orbits from T

At first, we give three lemmas which are on the bifurcation results of rough 2-point-loop
(for the detail of proofs, see [13]).
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Suppose that system (1.2) has two saddle points, f1 > 1, B2 < 1, f182 <1, A1 = Ay =1,
rank(M], M3) = 2 and all hypotheses of Section one hold. Denote R? = {u : Mip > 0,
Miu <0, |u| <1}, Ry = {u: Miu <0, Mju >0, |u| < 1}. Then, we have the following
three lemmas.

Lemma 4.1. (1) There exists an (I — 1)-dimensional surface L; with normal vector M}
at = 0, such that (1.1) has a heteroclinic orbit joining p1 and ps near T'; if and only if
we€ L and |p| < 1,4 =1,2. Moreover, (1.1) has a heteroclinic loop near T if and only if
lu] < 1 and p € Lia = Ly N Lo which is an (I — 2)-dimensional surface.

(2) There exists an (I — 1)-dimensional surface L? C R? (resp. Ly C R}) tangent to Ly
at =0 such that (1.1) has a unique homoclinic loop T3 (resp. ') connecting py (resp. pz)
for € L? (resp. p € L).

Lemma 4.2. In R?, there are an (I — 1)-dimensional surface i% near n = 0 tangent to
Ly at u = 0, and three open regions (R?); with boundaries L1 and L3, (R?)s with boundaries
L? and IN/%, and (R2)o with boundaries f/% and Lo, such that

(1) System (1.1) has ezactly one simple 1-periodic orbit near T as p € (R?);.

(2) System (1.1) has exactly one simple 1-periodic orbit and one 1-homoclinic orbit ho-
moclinic to p1 near T as u € L3.

(3) System (1.1) has exactly two simple 1-periodic orbits near T' as p € (R?)s.

(4) System (1.1) has a unique two-fold 1-periodic orbit near T' as p € L3.

(5) System (1.1) has not any 1-periodic and 1-homoclinic orbit near T as p € (R?)g.

Lemma 4.3. In the region R}, there are two open regions (R3)o and (R})1 with bound-
aries L1, L} and Ly, Ly, respectively, such that

(1) (1.1) has not any 1-periodic orbit and 1-homoclinic orbit near I' as pu € (R)o.

(2) (1.1) has exactly one 1-homoclinic orbit homoclinic to ps near I' as p € L.

(3) (1.1) has ezactly one simple 1-periodic orbits near I' as p € (R3)1.

Now, we consider the periodic orbits bifurcated from the heteroclinic loop, that is, con-
sider the solutions of (3.1) satisfying s; > 0, s2 > 0, s3 > 0. For simplicity, we assume

(ATT) A = Ay = Ay = 1.

Now, we have

Riy = {p: Myp >0, Mzp <0, |p| <1},
Ry = {p: Mzp >0, Mip <0, |p| <1},
REy = {p: Mip>0,Myp <0, |p| <1},
R ={u: Mip>0,Mzp <0,[u| < 1},
R3Y = {p: Myp >0, Mip <0, |u| < 1},
RV = {u: Mjp>0,Myp<0,|ul <1}.

Theorem 4.1. Suppose that hypotheses (H1)—(H4), (AI) and (AIl) hold. Then

(1) System (1.1) has ezactly one 2-point-loop T'12 and one simple 1-periodic orbit near T’
as p € LyNL3y and || < 1. Moreover, the 1-periodic orbit is persistent for i changes near
LN L?2

(2) Near Ly N L3,, there erists an open region Sia, such that (1.1) has ezactly two 1-
periodic orbits near I as u € S1a. Meanwhile, L3> and L3' are the boundaries of Sya.
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Proof. By (3.1), we get

Di/ﬁs(sl — 5_1M§,u)1/’63 = (s’f1 + 6_1w%2M11u)62 + 6_1w%2(w%2)ﬁ2M21,u +hot., (4.1)
where Dy = (wi?)(wi?)%s (wi?)?2Fs. Let Vi(s1) and Ny(s1) be the left and right hand of
(4.1), respectively.

If u € Ly N L3,, that is, (3.1) has solution s; = sy = 0, s3 > 0, then, by (3.1), (3.3) and
(3.4), we have

S Mlp+hot. =0, s;=(wi?)"'s? +hot., (4.2)

and Mip > 0, Miy < 0. Let 55 = =5 'M}u. By (3.1), (3.5), (4.1), (4.2) and some
simplicity calculation, we can easily get V;1(0) = N1(0) and

' L

Vi(s1) = BSD%/ﬂS(& +5)Y% 1 L hot., Ni(sy) =B850 L hot..

Obviously, 0 = N;(0) < V4(0) = %D}/BS(&)UBTI + h.o.t. Therefore, there exists a
positive number 1, 0 < §; < §1, such that

Vi(s1) > Ni(s1) for 0 < s1 < 81 < 51. (4.3)

On the other hand, it is easy to see that
Vi(s1) = Dy/%*(28,)/P5 < Ny(51) = (51)7% + 6~ "wl2(w!?)P2 M1y + hoot. (4.4)

as 0 < 51, |pu| < 1 and 182 < 1/8s.

Combining (4.3) with (4.4), we see that V1 (s1) = Ni(s1) has at least one solution s; = s}
satisfying 0 < s7 < 57.

Now, we prove Ni(s1) > Vi(s1) as 51 < 51 < 1.

It is not difficult to see that

. 1 1
Vi(s1) = :Di/ﬁ:‘ (s1+5)Y%" 1 L hot. < EDi/ﬁ:’ (251)/%~1 L hoo.t.

1 _ .
= ﬁ(2D1)1/53(31)1/63_1 + h.o.t. < Blﬁgsflﬁz ! + h.o.t. = Nl(sl),
3 (4.5)
as 0<51 <51 K1,0< |M| < 1and 318: < 1/53.
By (4.4) and (4.5) we obtain Ny(s1) > Vi(s1) as 51 < 1 < 1.
Next, we prove the uniqueness of the positive solution.

Based on the fact that V;(s1) — N1(s1) = 0 has solutions s; = 0 and s; = s}, one can see
that V1 (s1) — N1(s1) = 0 has at least one solution s; = §; in (0,51). That is,

- 1 B B o . N _
Vl(Sl) = B—Di/ﬁg(sl + 81)1/5‘3 1_ N1(81) = 5152(81)5152 1 + h.o.t., (46)
3
S 1 —i—— 1-81 828
"L (B1BafBs) TR DFPIED (5, 4 5)) D + huot.. (4.7)
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It follows from §;1/(51 + 81) < 1 as 0 < |u| < 1 that we have
*[Vi(31) — Ni(31)]/ds:?

= 1 EBBS éDIﬁ% (§1 + 51)1%372 _ (ﬁlﬂQ . 1)ﬂlﬁ2(§1)5161_2 +hot.
= 1 5353 (51 + 51)*1‘./1(51) — (B1fa2 — 1)(51)71]\71(51)

= — 3 )IN 3 1- 53 . §1 B

G UE) TR [53(5152 -1) 51 +5 <0

as 0 < |u| < 1. Therefore, s; = si is the unique sufficiently small positive solution of
equation Vi(s1) = Ni(s1). Moreover, it turns out that (3.1) has a unique sufficiently small
positive solution sy = s3, s3 = s3 corresponding to s; = s7. That is, in addition to a 2-point-
loop T'12, system (1.1) has a unique simple 1-periodic orbit near I' for u € Ly N L3,. Clearly,
st is a simple zero of Vi (s1) = Ni(s1) which is persistent under small perturbation of y. So,
since p changes in a sufficiently small neighborhood of L; N L3,, the simple 1-periodic orbit
mentioned above can not vanish.

Thus, we have shown the first conclusion of the theorem.

By p1 > 1, 52 > 1, the bifurcations of 2-point rough heteroclinic loop (cf. [11]), it is not
difficult to check the conclusion (2) of the theorem, we omit the detail.

Theorem 4.2. Suppose that hypotheses (H1)—(H4), (AI) and (AIl) are valid. Then,
the following conclusions are valid.

(1) For p € Ly N L, system (1.1) has not any 1-periodic orbit except the 2-point-loop
I'ag near I'.

(2) In region R3' N Ry there is an (I — 1)-dimensional surface igl such that system
(1.1) has ezactly one 2-fold 1-periodic orbit for p € E%l, where, E%l is situated in an open
region bounded by L, and L3'. Moreover, there exist three open regions (R3'); C R3* N R3,,
i =0,1,2, with boundaries L3 and f)gl, L3' and Ls, and E%l and L3', respectively, such
that

(i) (1.1) has no 1-periodic orbit for p € (R3%)o.

(i) (1.1) has exactly two simple 1-periodic orbits for p € (R3')a.

(iii) (1.1) has ezactly one 1-homoclinic orbit and one simple 1-periodic orbit for u € L3*.

(iv) (1.1) has ezactly one simple 1-periodic orbit for u € (R3%);.

(3) In region Ri; N Ri%, there are two open regions (Ri?)o and (R3%), with boundaries
Lo, Li? and L%, Li,, respectively, such that system (1.1) has not any 1-periodic orbit for
w € (R3?)o, exactly one 1-homoclinic orbit for p € Li? and exactly one simple 1-periodic
orbit for p € (Ri?)1, respectively.

Proof. Due to (3.1), we have

Va(s2) = Na(s2), (4.8)
where
Va(s2) = Dé/ﬁl (s9— 6 'M}p+hot)/P,
Dy = wi?(wi?)Pr (wh?)P1Ps,

Na(s2) = (52 + 6w M} pu+ h.o.6.)% 4 6~ wi?(ws?) My + heovt.
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If u € LyN L, ie. (3.1) has solution sy = s3 = 0, s; > 0, then V5(0) = N2(0). By (3.1),
we can easily get Mipu > 0, Mip < 0 and
ST Mlp+hot. =0, s3=(w?) #5255 £ hot., (4.9)
(67 *M3p+hot.)? + 5 wiMip +hot. = 0. (4.10)
Let 53 = —6 1M p. Substituting it into (4.8) and using (4.9) and (4.10), we have
Va(sa) = Dy/ "' (s5 + 52 + hoo.t.) /1,
Ny(so) = s52% 4+ DYP1 (5, + hoo.t) /51, (4.11)

: 1
Va(s2) = ED%“” (s3+ 82 + hoot.) /A1,

Na(s2) = Baf3s52% ™1 4 hoo.t.. (4.12)
Notice that f203 < 1/81 < 1 means

: 1 .
1<) = FD;/ﬁl(gz +h.ot )17 < 400 and No(0T) = 400,
1

for 0 < |u| < 1. So, Va(0) < No(0F). Thus we have
Va(sg) < Na(s2) as 0 < |ul,s2 < 1. (4.13)
On the other hand, it is easy to see that, for 8283 < 1/8; < 1,

. 1 .
VQ(SQ) < FD%/Bl (82 + h.O.t.)l/Bl_1 < Bgﬁ3$§2’8371 + h.o.t. = NQ(SQ) (414)
1

as 0 < |pul,s2 < 1.

Combining (4.13) with (4.14), we have Va(s2) < Na(s2) for 0 < so = O(|u|). That is to
say, for 1 € Ly N Lis, (3.1) has not any solution satisfing 0 < sy < 1.

Thus, we have shown the first conclusion of the theorem.

The conclusions (2) and (3) can be obtained by the bifurcation results of 2-point-loop for
the case B2 > 1, B3 < 1 and B2833 < 1 (see Lemmas 4.1, 4.2 and 4.3 or [13]).

Theorem 4.3. Suppose that hypotheses (H1)—(H4) hold, and (AI), (AIl) are valid.
Then, the following conclusions are valid.

(1) For p € Ly N L3, system (1.1) has not any 1-periodic orbit except the 2-point-loop
I'31 near .

(2) In R? N Ry, there is an (I — 1)-dimensional surface LY such that system (1.1) has
ezactly one 2-fold 1-periodic orbit for p € E%S, where, E%3 s situated in an open region
bounded by L3 and L33. Moreover, there exist three open regions (R¥); C R33N R%,,
i =0,1,2, such that (1.1) has not any 1-periodic orbit for u € (R#3)q, evactly two simple
L-periodic orbits for i € (R33)a, exactly one 1-homoclinic orbit and one simple 1-periodic
orbit for u € L?3, exactly one simple 1-periodic orbit for p € (R?)y, respectively. Here
(R23)o, (R¥)1 and (R3*)y have boundaries Ly and L3®, L?* and L3,, and L3* and L33,
respectively.

(3) In R%, N RL2, there exist two open regions (R3?); and (R3?); with boundaries L3,
Li% and Li%, Ls, respectively, such that system (1.1) has no 1-periodic orbit for u € (Ri?)s,
ezactly one 1-homoclinic orbit for yu € L3 and exactly one simple 1-periodic orbit for y €
(R3?)%, respectively.
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The Proof is similar to that of Theorem 4.2.
Remark 4.1. For the case A; = A; = —1, 41 # j, A1AA3 = 1, we can discuss in a
similar way.
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