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THE TRACE SPACE INVARIANT AND
UNITARY GROUP OF C*-ALGEBRA**

FANG XI1AOCHUN*

Abstract

Let A be a unital C*-algebra, n € N U {oo}. It is proved that the isomorphism A, :
Ug(A)/DUF(A) — AffT(A)/A (w1 (Uf(A))) is isometric for some suitable distances. As

an application, the author has the split exact sequence 0 — AffT(A)/AQ (w1 (UJ(A))) 4
U"(A)/DU™(A) 4 U™(A)/U§(A) — 0 with i4 contractive (and isometric if n = oco) under
certain condition of A.
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§1. Introduction and Preliminary

For more than ten years much progross has been made in the classification of simple
amenable separable C*-algebras. Recently some work focus on the non-real rank zero case,
in which the trace space (or the affine space on trace space) is suggested to be considered as
an invariant. For this reason, the relations between the unitary group and the affine space on
trace space have been studied and applied, but only in the stable case. For more application
it is needed to consider the nonstale case (especially if the considered C*-algebras are not
the inductive limits). In this note we investigate the nonstable relations between the unitary
group and the affine space on trace space by using some distances. The results in this note
can also be considered as the nonstable similarity and extension of stable case.

Let A be a unital C*-algebra. For each integer k, we denote the unitary group of My (A) by
U*(A), and the subgroup of U*(A) consisting of all elements connected to the unit of Mj,(A)
by U§(A) . Viewing U*(A) (UF(A))as a subgroup of UF1(A) (UST1(A)) by identifying
diag (u, 1) with u for any u € U*(A)(UE(A)), we let U®(A) = kli)nolo U*(A) as a topological

group with the inductive limit topology coming from the inclusion U¥(A) C U**1(A), and
similarly let U§°(A) = klim Uk(A) as a topological group with the inductive limit topology
—00

Manuscript received June 29, 2001.

*Department of Applied Mathematics, Tongji University, Shanghai 200092, China.
E-mail: xfang@online.sh.cn

x+xProject supported by the National Natural Science Foundation of China (No0.10271090).



116 CHIN. ANN. MATH. Vol.24 Ser.B

coming from the inclusion U§(A) C UF1(A). For any n € N U {oc}, we let DU™(A) and
DU (A) denote the commutator subgroup of U™(A) and UJ'(A) respectively.

Let Af fT(A) denote the space of continuous affine real-valued function on the state space
T(A) of A. Let n:[0,1] — UF(A) (n € NU {oo}) be a piecewise smooth path of unitaries

from 1. We define Al (n) € AffT(A) by
e .
BL)@) = 5 [ Wl (0 )dt, w € T(A).
™ Jo
By [1, Lemma 3] (see also [11, §3]), Al (n) is homotopy invariant, and

A () = Ay () + A, (m2).
So Al defines a homomorphism
Ay (UG (A)) = AFFT(A),
where 71 (U} (A)) is the first fundmental group of UJ'(A). In particular,
AL (m (UGe (A4))) = p(Ko(A)),
where p is the canonical homomorphism from Ky(A) to AffT(A) (see [2, 10.10]). So AL
defines a group homomorphism (called the de la Harpe-skandalis determinant, if n = co)
Ap : Ug'(A) = AfFT(A)/ AL (m (U (A)))
by An(u) = q(AL(n.)), where g is the quotient map from AffT(A) to
AfFT(A)/AL(m(Ug (A)))

and n,, is any piecewise smooth path in UJ'(A) from 1 to u.
Let n € N U {c}, g, ¢°, ¢ be the quotient maps from AffT(A), UJ(A), and U™(A)

to AffT(A)/AY (m1 (U (A))), Uy (A)/DUF(A), and U™(A)/DU™(A) respectively. The dis-

tance Dy on UJ(A)/DUJ(A) is defined by
Da(q°(u), ¢"(v)) = inf{luv" — || : ¢ € DU (A)}

for any u,v € Uj(A), the distance D’y on U™(A)/DU"(A) is defined by

Diu(d (u), ' (v)) = inf{luv” —¢|| : ¢ € DU(A)}

for any u,v € U™(A), and the distance d4 on Af fT(A)/A%(m(Uf(A))) is defined by
_ 2 if d(q(f),a(9)) = 3,
600 = { o s ) o) s < |

for any f,g € AffT(A), where
d(q(f),a(g)) = inf{|lf — g = hl : h € A (7 (U (A)))}-
For n < oo, there are standard contractive mappings
. Ur(A Um(A
(tA)n,m(n <m): (4) — (4) .

DU"(A) DU™(A)

U (A) U™ (A)
DU (A) DU (A)’
defined above coincides with that defined by inductive limit. Similarly

It is easy to see that is the inductive limit of ( (i A)n,m) and the quotient

U=(A)

distance on ——=£
DU (A)

Ug™(A)
DU (A)

for
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§2. Main Theorem

1 [11,Theotem 3.2.]

Lemma 2. For n € NU {oo}, A,, induces a homeomorphic group iso-

morphism

Ap o Ui (A)/DUG(A) = AfFT(A) /A% (m (U (A)))-

In particular,

Ug®(A)/DUG®(A) = AffT(A)/p(Ko(A)).

Proof. It is proved in [11]. For application, we write the inverse ®,, of A,, as follows:
By duality theorem, for any element £ in Af fT(A), we have a € Ay, with £(7) = 7(a) for
any 7 € T(A), and so we can denote £ by a. Then we define ®,(q(£)) = ¢°(e*™**) and this
®,, does the job.

Note. By the proof of [11, Theorem 3.2] we also have that for every a € M, (A)sq,
A, (g% (e?™)) = q(a), where

a(w) = (tr @ w)(a) (Vw € T(A)), tr is the canonical trace state on M,,.

Theorem 2.1. Let A,, : Uj(A)/DUJ(A) — AffT(A)/AY(m1(UF(A))) be as above,
where A is a unital C*-algebra. Then, with the distances defined in §1, A,, is an isometric
group isomorphism.

Proof. The only part we need to prove is that A, is isometric. By Lemma 2.1, the
inverse map of A,, is ®,, with ®,(q(a)) = ¢°(e2™), where a(w) = w(a), a = a* € Ag,,
w € T(A). Since

eiaeibe—i(a—i-b) — lim eiaeib(e—ia/ne—ib/n)n c DUO(A)
n—oo

(see [11, §1]), i.e. €€’ = e~"@+b) module DUy(A), we have
DA(qO(eQﬂiu)7qO(e27rib))
= inf{|[e*™ e 2™ _q| : u € DUF(A)}
= inf{||e*™" @Yy —u|| : u € DUF(A)}
(where w is some element in DUy (A))
= inf{|[e?"(@=Yy — 1| : u e DUF(A)}.
On the other hand, let sup{|w(a)|: w € T(A)} = ||la|| (a € Asq), and
Ay = {z —y| Hau} CAstx= chz‘, and y = Zcfci},

then ||a| = inf{||a — z| |z € Ao} by the proof of [11, Lemma 3.1]. So, if d(q(a), ¢(b)) < 1/2,
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then
da(4(). q(b)) = |>m(0(@a0)
= inf{|62””‘i_5_&” —1]: c€ Ay, and é € A0 (my (UF(A)))}
= inf{|e2™lle=b=c=zll _ 1| ¢z € Ay, ¢ € A)(m (UF(A))),
T = Zcic;‘ — Zc?ci}
= inf{|e*™llo=t= — 1| . d € A, d € AY(m (U5 (A)))},
(since & = 0,& € Al (7 (Ug (A)))
= inf{|e2™lle=b=dl _1|. d € A,,, ¥ c DUF(A)},
(since d € A0 (m (UR(A))) iff €™ ¢ DUF(A) by Lemma 2.1)
= inf{||e?"(e=0=d _1|| . d € A,,, ™4 € DUF(A)}

(since d(q(a),q(b)) < 1/2,and by the simple spectrum computation).
So, if d(q(a), q(b)) < 1/2, then for any € > 0, we can take d € A, with e2d ¢ DUF(A))

and
da(q(a), q(b)) > [|e*™ =0~ D — 1| —e.

Since there is w € DUy(A) C DU (A) such that
e2m’(a—b)e—27rz'd

w = 2rila—b=d)
and since 2™ € DUF(A), we have
Da(g(e27%), 0(270)) < [|2milat)g=2midy, _ 1| — ||2rile=b=d) _ 1|
< da(q(@), q(b)) + e
Since
Da(@®(e®™),¢°(e*™)) <2, Da(d®(e®™),q°(¢*™)) < dalq(@), q(b)).
If Da(q%(e2ma), ¢°(e?®)) < 2, for any 0 < & < 2 — Da(q°(e?™),¢%(e?®)), there is
up € DU (A) such that
27@ Dy — 1] < Da(g®(2™®), (™)) + & < 2.
Let e2m¢ = e2™(@=by with ||¢|| < 3, and d = a — b — ¢ (the existence of c is given by the
inequality above), where ¢ € M,,(A)s,. Then
a(d) = qa—b—&) = qla—b) —q(?)
= Ap(g°(e 2?0 = Ay (q°(ug))
= A (q°(uo)) = 0.
So d e A0 (7, (UF(A))). Therefore
da(g(a),q(b)) < [0 D — 1| = |2 Py — 1
< Da(g*(€¥™9), 0 (e2™)) 4 € < 2,
since it implies that

A(a(@), a8)) < (@ —5) —d] < fla—b—d] < 5.
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So if Da(q°(e?™%), ¢ (e2™*)) < 2, then
da(q(a),q(b)) < Da(q°
If Da(q%(e?™?),q%(e2™®)) = 2, then d(q(a),
DA(QO( 27ma) ( 2mb))

2ma) q (€2wib)).

(e
q(b)) = 2, since, otherwise,
< da(q(a), q(b)) <2

by the discussion above.

Corollary 2.1. With the notation as above, if the natural map from 71 (UJ(A)) to
m1(U§°(A)) = Ko(A) is surjective, then, for each k with k > n and k € N, the following
natural maps are isometric group isomorphisms:

Ug(A) | US(A) _ AFJT(A)
DUG(A)  DUy(A)  p(Ko(A))
Lemma 2.2. With the notation as in §1, for any n € N U {oc}, we have that
DUJ(A) C DU™(A)NUy(A), DUF(A) C DU™A)NUF(A);

and that

DU™(A) C DUS"(A), DU"(A) C DU"(A).
In particular, we have
DU®(A) = DU®(A), and DU (A) = DU(A).
Proof. Clearly DUJ(A) C DU"(A)NUJ(A) and
DUG(A) € DUA(A) N UL (A)
by the definition. Let u,v € U™(A). We have
diag (v v uw, 1,1, 1)
= diag (v %, 1,1,1)diag (v™*, 1,1, 1)diag (u, 1,1, 1)diag (v, 1,1, 1)
= diag (u™ ", u, 1, 1)diag (v™1, 1,v, 1)diag (u,u™*, 1, 1)diag (v, 1,01, 1).
So diag (u=tv~tuv,1,1,1) € DU§"(A), and therefore
DU™(A) C DUy™(A), and DU"(A) C DU (A).

Corollary 2.2. With the notation as above, if the natural map from 7 (UJ(A)) to
m1(U§°(A)) = Ko(A) is surjective, then, for each k,n with k >n and k € N,

UF(A) N DUF(A) = DUE(A).

Proof. It is enough to prove that
UF(A) N DUF(A) C DUE(A).
In fact, for any x € UF(A) N DU*(A), 2 € DUS*(A) N UE(A) by Lemma 2.2. Therefore

x € DUE(A) by Corollary 2.1.
The following Lemma 2.3 is known to experts. Since no reference including its proof is

known to me, and the concrete isomorphism is needed, we include its proof here.
Lemma 2.3. Let A be a unital C*-algebra, SA be the suspension C*-algebra of A. For
any integer n,

(UG (A)) = U"(SA) /UG (SA).
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Proof. Let F(n,A) = {f : T — U™(A)|f(1) = 1a1,(a)}. For any f, g € F(n,A), we
define f ~ g iff f is homotopic to g with 1 € T fixed. Then ~ is an equivalence relation,
and m1 (Uy(A)) = F(n, A)/ ~. Since A has a unit 14, it is easy to see

SA={f € C(T,A)|f(1) € Cla}
by identifying g + a1 with g + ae, where a € C, g € SA, 1 is the added unit of S,’\;L and e
is the unit of C(T, A). So we view SA as a subset of C(T, A) later. Now we define
Uy (U™ (A)) = Fn, A)/ ~ = UN(SA)/UF(SA),  W([f]) = [(2i;)],
where f € F(n,A), (z;;) € U"(SA), x;5(t) = f(t)i; ( the (4, 7)-th element of matrix f(t) €
U™(A)). Since x;5(1) = f(1)ij = Ladij, xij € SA. Let x;(t) = (f(t)*)i; = (f(t)j:)*. Then
(wi5)(w5;) = (@) (i) = 1y 5
and so (x;5) € U™(SA). First we note that ¥ is well-defined. In fact, let [f] = [g], then
there is an F': [0,1] x T + U™(A) which is continuous and satisfies
F(0,t) = f(t), F(1,t)=g(t), F(s,1)=1n,a)(Vse€[0,1],t€T).
Let (x1,) € UM(SA), a1, (t) = g(t)ij, and (=3,) € U"(SA), 25,() = F(s,)55. Then s = (3
is continuous. Since F' is continuous, therefore uniformly contmuous on [0,1] x T, (2f;) is
a continuous path in U™(SA) connecting (20) = (wij) to (z;) = (};). Therefore [(x;;)] =
[(275)], 1e. W([f]) = W([g]). It is well known that [f]x [g] = [f-g], where (f-g)(t) = f(£)g(t),
and X is the standard multiplication on elementary group by connecting two paths from and
to 1 into one path from and to 1. From this, it is easy to see ¥ is a group homomorphism.

Let (z;;) € U™(SA). Then (zi;) = (yi;) + (ayje), where y;; € SA, (a;;) € U™(C). Let

(@ij)* (i) = (2i). Then
(i) = (@iz)(2i5) +1ppn(5a))-
Since U™(C) is path connected, [(z;;)] = [(2i;) + 1
define

ain(&y) I UM (SA) /UG (SA). Now we
® : UM(SA)/UF(SA) = m(U™(A)) = F(n, A)/ ~, - @(((wiy)]) = [f];
where f(t) = 2;;(t) + 1o, 1) € UM(A). If (2};) = (yi;) + (a]e) € U"(SA) such that
[(#;)] = [(i5)], then there is a continuous path (x7;) € U”(SA) (0 <s<1) from (zy5) to
(z3;)- Let (z3;) = (y;;) + (a;e). Since M, (C) = ( A) /M (SA), (a;;) is the continuous
path from («a;;) to (), and
(23) = (a3;)"(yi;) = ()" ((23;) — (agje))
is the continuous path in M, (SA) from (z;;) to (z];). Let
F:[O,I]XT%UTL(A), F(S,t)z( ij( ))+11un(14)).

Clearly F'is continuous. Let f' € F(n,A), f'(t) = 2/;(t) + 1a,a)- Then F(0,-) = f,
F(1,-) = f', so [f] = [f']. Therefore ® is well-defined. It is not difficult to check that
U = id and PV = id, which completes the proof.

Corollary 2.3. Let A be a unital C*-algebra, SA be the suspension C*-algebra of A. If
there is an integer k > 0 such that

UM(SA)/UF(SA) = Ki(SA) (= Ko(A))
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is surjective, then for every n >k,
m (U (4)) (= m(U"(A))) — m(Ug™(4)) (= Ko(A4))

18 surjective.
Proof. Clearly for every n > k, the natural map

in : U(SA) /U (SA) — K1 (SA)
is surjective. Let j,, be the homomorphism
m(Ug (A)) (= m(U"(A))) = m(Ug®(A)) (= Ko(A4)).
Then, by the proof of Lemma 2.3, it is easy to check that j, = i, V. Therefore j, is
surjective.

For a C*-algebra A, if n > csr(SA) (the central stable rank of SA), by [8, 10.10], then
the natural map of GL(n — 1,SA)/GL%(n — 1,SA) to K1(SA)(= K1(SA)) is surjective,
and also by [8, 10.12], if n > Bsr(SA) + 2 (where Bsr(A) is the Bass stable rank of A),
then the natural map of GL(n, SA)/GL°(n,SA) to K1(SA)(= Ki(SA)) is isomorphic. It is
well-known that

GL(n,SA)/GL"(n, SA) = U™(SA) /U (SA).
Since csr(gjél) -1< BST(%) < str(g;l) = str(SA) by [8, 4.10], we have the following
theorem by Corollary 2.3.

Theorem 2.2. For a unital C*-algebra A, if SA is of stable rank n, then we get
that the natural map 7 (U™(A)) — K1(SA) = Ko(A) is surjective, and the natural map
71 (U T2(A)) — K (SA) = Ko(A) is isomorphic, therefore

Uy (A)NDU"(A) = DU (A)

by Corollary 2.2.
Theorem 2.3. (1) For a unital C*-algebra A with U} (A)NDU™(A) = DUJ(A) (n € N)
(In particular, when SA is of stable rank n by the Theorem 2.2), we have a split exact

sequence

0= AffT(A)/AS(m1(Ug (A)) = U™(A)/DU(A) = U™(A)/Ug (A) = 0,
where 14 is contractive with the quotient distance D'y on AffT(A)/A%(m(UF(A))) =

U™(A)/DU™(A) and the distance da on U} (A)/DUF(A).
(2) For any unital C*-algebra A, we have a split exact sequence
0= A FT(A)/p(Ko(A)) 4 U (4)/DU(A) 4 K1(4) = 0
with 14 isometric.
Proof. First let n € N. Since e = /(%) module DUJ(A) with a,b € M,(A)qa,

disscused as above, and any element in U (A) is of form @1 ¢?92 . . . ¢'n with aq,az, - ,a, €

M, (A)sa, % is a divisible subgroup of % by

Uy (A)NDU™(A) = DUF(A).
Therefore there is a split exact sequence

by UBA) gy UMA) 5 UMA)

DU™(A)NUZ(A) ~ DU(A) U&(A)HO'
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So, by Uy (A)NDU™(A) = DUY(A) and Theorem 2.1 we get the desired split exact sequence
with i4 = ja(A,)~!. Tt is clear that j4 is contractive, so is i4. Now let n = oco. Since

DU;;(?,Q) and DUg;(?j) are the inductive limits of (%, (iA)n,m) and (%, (iA)mm)
0 0
respectively, 55?58) is a divisible subgroup of % by Lemma 2.2. Therefore, by Lemma
0

2.2 again, we have a split sequence
U(A) gy US(A) 5y US(4)
DUF(A)  DU>(A)  Uge(4)

Similarly, by Theorem 2.1,
UOC(A) [ ~ AO jos]
< = Ki(A) and  p(Ko(A) = AL (1 (Ug°(A))),
U< (A)

we get the desired split exact sequence with is = j4 (A ) ! isometric.
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