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GEOMETRY OF COMPLETE HYPERSURFACES
EVOLVED BY MEAN CURVATURE FLOW**
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Abstract

Some geometric behaviours of complete solutions to mean curvature flow before the singu-
larities occur are studied. The author obtains the estimates of the rate of the distance between
two fixed points and the derivatives of the second fundamental form. By use of a new maximum
principle, some geometric properties at infinity are obtained.
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Let M be a complete n-dimensional manifold without boundary, and let F, : M™ — R"*+!
be a one-parameter family of smooth hypersurface immersions in Euclidean space. We say
that My = Fy(M™) is a solution of the mean curvature flow (MCF) problem if F} satisfies

0

SP(X) = —HX,)N(X,t), X €Mt>0,

F(-,0) = Fo(),
where H(X,t) and N(X,t) are the mean curvature and the unit normal vector field re-
spectively and Fy describes the immersion of some given initial hypersurface. It is well
know!['2:3] that for smooth closed initial hypersurface or for complete initial hypersurface
with bounded second fundamental form A = {h;;} the solution of the MCF exists on a
maximal time interval [0,7), 0 < T < oo. If T < oo, the curvature of the hypersurfaces
M, becomes unbounded for ¢ — 7. One would like to understand the singular behaviour
for t — T in detail. Here, by singularities of the MCF we mean solutions to the MCF with
unbounded curvature. According to Huisken’s report!!d, we can discuss it like Hamilton
has done on Ricci flow (see [7, 10] and [11]). First, try to analyze the singularities which
develop in finite time well enough to enable one to perform geometric surgeries before the
singularities occur, which will decompose the hypersurface, and then continue the solution.

Manuscript received May 18, 2001.
*Department of Mathematics, Zhejiang University, 148 Tianmushan Road, Hangzhou 310028, Zhejiang,
China. E-mail: weimins@css.zju.edu.cn
xxProject supported by the National Natrual Science Foundation of China (No.10271106) and the Natrual
Science Foundation of Zhejiang Province, China (No.102033).



124 CHIN. ANN. MATH. Vol.24 Ser.B

Second, classify solutions to the scaled MCF which exist for all time ¢ € [0,00) and have
uniformly bounded curvature.

In this article we are interested in the geometric behaviour of solutions before the sin-
gularities occur. We confine our attention to solutions which are smooth and compact, or
smooth and complete with bounded second fundamental form. After recalling some nota-
tions, in Section 2, we show how the distance changes between two points under the MCF.
In Section 3, we obtain the estimates of the derivatives of the second fundamental form from
the bound of the second fundamental form. It is useful in discussing the existence of the long
time solution and the classification of singularities. We also obtain a maximum principle for
mean curvature flow which is more convenient than one in [3] to be used. In Section 4, we
study the curvature of complete manifolds at infinity. In Section 5, we discuss the volume
of the complete weakly convex solution to the MCF.

§1. Preliminaries

We recall the equations for some geometric quantities associated with the evolving hyper-
surface and other identities which we shall need in the sequel. We shall follow the notations
of [4]; in particular g = {g;;} and A = {h;;}(i,j = 1,--- ,n) will denote the metric tensor
and the second fundamental form on M induced by the immersion, while H = tr (h;;) is
the mean curvature. We also denote by dv the volume element on M. All these quantities
depend on z, t (where z is a local coordinate on M), but this dependence will not be written
explicitly unless necessary.

Lemma 1.1.1'% If M, is a solution of the MCF, we have

(1) 915 = —2Hhj,
) Zhij = Ahij — 2Hhi g™ by + | A hij,
) 2H = AH + |A]?H,

4) ZIAI? = A|42| — 2| DA +2|A],
)

i+j+k=m
where S x T denotes linear combinations of traces of S and T .

We can introduce the orthonormal frame {F,}(a = 1,--- ,n), where Fi,--- | F, are tan-
gent to M. We can take covariant derivatives D = {D,} in the frame coordinates. We also
have the time-like vector field D; on the frame bundle, which differentiates in the direction
of the moving frame (cf. [8] for detail). We can compute the commutator of D; and D,,
and obtain following lemma.

Lemma 1.2.8] For any function f,

(-Dt - A)-Daf = Da(Dt - A)f + hachcdDdf'

In these orthonormal frame coordinates, the evolution of the second fundamental form is
particularly simple,

Dthab = Ahab + ‘A|2hab-

§2. Bounds on Changing Distances

It is useful to see how the actual geometry changes under the mean curvature flow (MCF).
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For this purpose we need to control the distance d(P, @, t) between two points P and Q at
time t when P and @ are fixed but ¢ increases.
We let

ds? = g;j(X,t)dz'da?, 0<t<T
and use D or D! to denote the connection of ds?, A or A; the Laplacian operator of ds?,

and suppose |A|? < K holds on M; for 0 <t <T.
Lemma 2.1. We have

e_CKTdsg <ds? < eCKTdsg, 0<t<T,

where the constant C' depends only on n.

Proof. By use of the condition |4]?> < K and the evolution equation of the metric g;;,
we can easily obtain the lemma.

Theorem 2.1. There exists a constant C' depending only on the dimension, such that if
the square norm of the second fundamental form is bounded by a constant K, i.e., |A|? < K,
then

eiCK(tzitl)d(P7 Qatl) S d(Pa Q; t2) S 6CK(t27tl)d(P? Q)tl)

for any points P and Q and any times t1 and ts.

Proof. Let L be the length of a path « in a hypersurface M; = F;(M). Suppose T is
the unit tangent vector to the path and s is the arc length along the path. We keep the
path fixed. Then the length L evolves by the formula %L = — f7 Hh(T,T)ds under the
MCF. The function d(P,Q,t) is the least length L of all paths. In general it will not be
smooth in ¢ for fixed P and @, but at least it will be Lipschitz continuous. Hence we can
estimate its derivative above and below, in the sense of giving an upper bound on the lim sup
of all forward difference quotients and lower bound on the lim inf of all forward difference
quotients (see [5] for details). We have the estimate

d
— < — < i
V1r61£’-[th(T,T)ds’ < dtd(P,Q,t) < ;relfr‘[th(T’T)dS

where the inf is taken over the compact set I' of all geodesics v from P to Q) realizing the

i

distance as a minimal length.
Now we apply the bound

—CKL(y) < /Hh(T, T)ds < CKL(v)
¥
to conclude

—CKd(P,Q,t) < %d(P,Q,t) < CKd(P,Q,t),
that is,
—CK < %log d(P,Q,t) < CK;
all these inequalities are in the sense of [5]. Integrating the inequality we get the result.

§3. Derivative Estimates

In order to study the geometry of complete surfaces at infinity, we need a derivative
estimate from the bound of the second fundamental form. In this section, we will let C
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denote various constants which depend only on the dimension, the time interval T, and
the bound K. With appropriate modifications, the proof of Lemma 7.1 in [18] yields the
following derivative estimates of the second fundamental forms under the MCF.

Theorem 3.1. Suppose we have a solution to the MCF for 0 <t < T which is complete
with bounded second fundamental form |A|*> < K. Then there exist constants Cy, for k > 1
depending only on k, n, K and T such that the covariant derivative of the second fundamental
form is bounded

IDA| < Cy/Vt
and the k-th covariant derivative of the curvature is bounded

ID*A| < Cy/th/2.

Corollary 3.1. If the second fundamental form is bounded |A|?> < K on M x [0,T], then
the space-time derivatives are bounded

\DkaA| < Cj’k/t(j+k/2)7

where the constant C; ), depends on j, k, n, K and T.

Proof. We can express D;A in terms of AA and A x A. Likewise we can differentiate
this equation to express any space-time derivative Df DF A just in terms of space derivatives,
and recover the bound above.

Now we employ Hamilton’s method in [6] to prove the following maximum principle.

Theorem 3.2. Let F(X,t) be a C* function on M x [0,T] satisfying

(D — A)F < Q(F, X, 1)
on M x [0,T]. Let p(X,t) denote the distance between X and some fixed point O at time t.
If F(X,t) satisfies the following conditions:

(1) F(X,t) < Cp(X,t)™ for some positive integer m, constant C > 0;

(2) F(X,0) <0 holds on M;

(3) Q(F, X,t) <0 for F(X,t) > 0;
then F(X,t) <0 holds on M x [0,T].

In order to prove this theorem, we may assume we are working on a closed time interval
0 <t <T, for if we only start with 0 <t < T, we can pass to € <t <7, and let € — 0.

Lemma 3.1. There exists a function f such that f > 1 everywhere and f(X) — oo as
X — 00, but |Df]| < Cy and |Af] < Cy for a positive constant Cy depending only on n, K
and T fort € [0, T]. (In case the hypersurface is compact, we take f = 1.)

Proof. From our assumption, at time zero, |A|? < K, there must exist a constant k > 0,
such that Ric > —k. Then by a theorem of Schoen and Yau (see Chapter 1 of [17]) there
exists a proper smooth function f, satisfying |Df\ < C, f>Cipand |Af| < C for some
constants C' and C7 depending on K, where p is a distance function from a fixed point.

In what follows, we will bound covariant derivatives of f at time ¢ > 0. By Theorem 2.1,
we have f > Cp at t € [0,T]. Choose a coordinate system such that Dyg;;(X,0) = 0 at
X € M. We let D', A; and | - |; denote the covariant, the Laplacian and the norm at time
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t. Then by the definition of covariant derivative, we have
Dif(X) = D} f(X),
A f(X) = g7 (X,0)D} D] f(X) — g (X, )L} (X, t) DS

Since

0
&FZ = g*"(Dy(Hhi; — Dj(Hhy) — Di(Hhiy)),

we have

0 0 i
o TP (G0 = 5 (kg g T ) <

by our assumption and Theorem 3.1. Then |I‘fj|2 < C. We have
ID'F(X)* = ¢ (X, ) D} f(X) D} f(X)
< Cg(X, 00D} f(X)D}f(X)
=CID°f(X)P <C

o

and
A F(X)] < 197 (X, D D] F(X)]| + |9 (X, )T (X, 1) DL |
< ClAf(X)[+CID°f| < C
for some suitable constant C' depending only on n, K and T'. At last we let f =1+ f , then
f is desired.
Lemma 3.2. Given any constant C, any n > 0 and any compact set K in space-time,
we can find a function ¢(X,t) such that
(1) ¢ < n on the set K and ¢ > € for some € > 0, while ¢(X,t) — 0o if X — oo in the
sense that the sets ¢ < N are all compact in space-time for 0 <t < T
(2) (D; — A)é > Cé.
Proof. Let
H(X,1) = e f(X)

with f defined in Lemma 3.1 and constant B will be chosen later. Since Af < C and f > 1,
we get A¢p < C¢, and to make (2) work we only need D¢ > C¢ with a different C. This
can be done by picking B > C. To prove (1) we need

e <me” P (max f(X))7,

which we can do.

Now we begin to prove Theorem 3.2. Let G(X,t) = F(X,t) — ¢™T1(X,t), where the
function ¢ = eeP! f(X) = eeP'(1+ f) is given in Lemma 3.2 and Lemma 3.1. Then G(X,0) =
F(X,0) — ¢™"(X,0) <0 on M, and

G(X.1) < Cp™(X,1) — (Cup)™ ' = (C = C'p)p™ <0

outside a compact subset K. We want to show G(X,t) < 0 holds on M x [0,T].
If it is not true, we suppose that tg is the first time such that at some point Xy, € M,
G(Xo,tp) = 0. Then at time tg, X is the maximal point of G on M and F(Xj,tg) =
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¢™ T (Xo,t9) > 0. So at space-time point (Xo,to)
DiG(X,t) < AF + Q(F, X, t) — (m + 1)¢™ D¢
= AG +Q(F, X, t) — (m + 1)¢™(Dy — A)p +m(m +1)¢™ [ Dg|*
< (m+1)¢™ T (=C +mCy) <0,
where the constant C' comes from Lemma 3.2 and can be chosen large and Cy comes from
Lemma 3.1. Then at point Xy, G(Xp,t) > 0 for some time ¢ < tg. This is a contradiction.
Then we have G(X,t) < 0on M x [0,7]. At last we only need to let n — 0 in Lemma 3.2,
and get F(X,t) <0 on M x [0,7]. This completes the proof of Theorem 3.2.
Now we can use Theorem 3.1 and Theorem 3.2 to prove following

Theorem 3.3. If the square norm of the second fundamental form |A|? is bounded
AP < K
up to time t with 0 < t < 1/K, there exists a constant C' depending only on the dimension
such that the covariant derivative of the second fundamental form is bounded
|DA| < CKY2/t1/2,
Proof. We have
Dy|A? = AJA|2 — 2|DAJ? + 2|A]*,
Dy|DA|?> < A|DA* — 2|D?A|? + CK|DA|%.
Now let F' be the function
F =t|DA]* + B|AJ]?,

where B is a constant we shall choose in a minute. Then D,F < AF + (CKt—2B)|DAJ? +
2B|A[*. We assume tK < 1. Then if we take B > C, we get D;F < AF + CK? for
some constant C. Also the inequality F' < CK at t = 0 together with Theorem 3.2 implies
F < CK + CK?t. Now as long as tK < 1 this gives F < CK for some constant C, and
t|DA|? < F < CK yields |[DA| < CK'/?/t'/? for some constant C.

t¢4. Geometry of Complete Surfaces at Infinity

Theorem 4.1. Suppose we have a complete solution to the MCF with bounded second
fundamental form. Let s denote the distance from a fized point on the complete hypersurface.
If |A| = 0 as s = oo at t =0, this remains true for t > 0.

Proof. Suppose |A|? < K for some constant K. At t = 0, for every ¢ > 0 we can find
o < 00, such that |A|? < e for s > 0. We have the evolution equation

Dy|A]? = AJA]? — 2|DA* +2|A*
and an estimate
Dy A]? < A|A? +2]A)%
For any o > 0 choose

p=0c+ (K —¢)/d
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and choose the continuous function

K, if s <o,
Pp=9 K—0(s—0o)=ec+d(p—¢), ifo<s<p,
g, if s> p,

where s is the distance from some origin at ¢ = 0. Then 1 is Lipschitz continuous since s is,
and since |Ds| < 1 almost everywhere, we also have | D] < § almost everywhere.

Now we can smooth % locally and patch together with a partition of unity to get a
function ¢ which is smooth and satisfies

—e<9p<K+4e and |Dy| <25 everywhere
and

>K—¢, ifs<o,

<

<eg ifs>p.
Lastly take ¢ = z/? + 2¢. Then
e<¢p<K+3 and |D¢| <25 everywhere
and
p>K ifs<o and ¢ <3e ifs>p.

Now define ¢ for ¢ > 0 by solving the scalar heat equation %f = A¢ in the Laplacian of

the metric evolving by the MCF. By the maximum principle we still have ¢ < ¢ < K + 3¢
everywhere for ¢ > 0. The derivative D,¢ evolves in an evolving orthonormal frame by
Lemma 1.2

DtD(Ld) = AD(L¢ + hachcdDd¢
and hence
0
&|D¢|2 = A|D¢‘2 - 2|l)2¢|2 + 2habhbcDa(bl)c(b
< A[D¢|?> + CK|Dg|?

for some constant C' depending only on the dimension. By the maximum principle, we have
|D¢|? < 452e“Kt for t > 0.
The second derivative D, D¢ evolves by the formula

DyDoDy¢p = ADo Dy + 2(havhed — haahve) DeDad + hacheaDaDy
+ hichcaDaDag + 2heqaDohyeDad.
Then we can obtain
D|D?|* < AID?¢| + CK|D?*¢[* + CK'/*|DA|| D¢|| D).
By Theorem 3.3 we have for 0 <t < 1/K
Di|D*¢* < AID*6|* + CK|D?|* + CK|D¢|| D?¢|/t'/?,
where C' depends only on the dimension. Let us put F = t|D?¢|? + |D¢|? and compute

%F < AF — |D*¢|* + CKt|D?*¢|* + CKt'/?|D¢||D*¢| + CK|Dg|*.
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As 2t1/2|Do||D?¢| < t|D?¢|? + | Dp|?, we have
0

Gl SAF - |D?¢|* + CKt|D*¢|> + CK|D¢|*.

Then if ¢t < Cy/K where Cy = 1/C depends only on the dimension, we have
BQF < AF + CK|D¢|* < AF + CK§%e“K?,

Now in the time interval 0 < t < min{ &2 o L1, we have
0

~F<AF 2K
g +C

where C' depends only on the dimension. By the maximum principle (Theorem 3.2)
F(t) < F(0) + C8°Kt < 46% + C5* Kt
for 0 < ¢t <min{$2, £}. Then F(t) < C¢%, and t|D?¢|* < C4°. Thus
1
|D?*¢| < C6/VE, for 0<t< mm{i(’o K}
Since |A¢|? < n|D?¢|? and ¢ solves the heat equation,

g¢’<06/\/ for 0<t<m1n{f{ Il(}

where C' depends only on the dimension n. For all point X,

|¢(Xat)_¢(Xa0)|S2C(5\/£, fOI‘ O<t<m1n{§( Ilf}

Since § > 0 is arbitrarily small, we can take
5< VE
= 20C,
so that 200Vt < ¢, for 0 < t < min{$2, L}. Then ¢ < 4e for ¢ < min{52, =} on the set
where s > p at t = 0. Now distances can expand, but only at an exponential rate governed
by K. In particular if s = s(X, O, t) is the distance between a point X and the origin O at
time ¢, we have 89 < OKs and s(t) < s(0)e“K*. This gives us a constant C' depending only
on the dimension such that if s > Cp at X at time ¢ < min{$2 2, K} then s > p at X at
t =0, and ¢ < 4e at X at time t.
Now at t = 0, we have

AP <K <¢, ifs<o,

\A|2§s§¢, if s >o.
So |AJ]? < ¢ everywhere at t = 0. Since

24P < AJAP + 2141
we have

a1 < alAP + 24P,
while

0

(K1) = A(K6) + 2K (219,
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So |A|? < e*£t¢p by Theorem 3.2, for t < min{%7%}. This gives |A|?> < C¢ for some
constant C' depending only on the dimension. Hence at time ¢ we have
|A|2 < Ce for s > Cp,

where the constant C' depends only on the dimension and independent of . Thus |A| — 0
for t < min{%, %} also as s — oo. Since the time interval can always be advanced by

min{52, £} as long as |A|? < K, we get the result until |A| becomes unbounded or ¢ — oo.

§5. Asymptotic Volume Ratio

Next we introduce the concept asymptotic volume ratio which was first defined by Hamil-
ton (see [7]). Let s denote the distance to an origin O in a complete manifold of dimension
n, let B, denote the ball of radius s around the origin, and let V(B;) be its volume. If the
manifold has weakly positive Ricci curvature, then the standard volume comparison theorem
tells us that V(Bs)/s™ is monotone decreasing in s. We define the asymptotic volume ratio

v = lim V(Bs)/s".

S— 00
In Euclidean space v is the volume 7 of the unit ball, otherwise v < &. For all s, V(B;) > vs™.
It is clear that the value of v is independent of the choice of the origin. Hence the lower
bound holds on any ball around any point P,
V(Bs(P)) > vs".
Of course we also have V(B;s(P)) < vs™.

Theorem 5.1. Suppose we have a complete weakly convex solution to the MCF with
bounded second fundamental form, where |A|?> — 0 as s — oo (a condition preserved by the
flow). Then the asymptotic volume ratio v is constant.

Proof. Let v be a small constant we shall choose soon, and consider the annulus

N, ={yo <s<o}.
Since N, = B, — By,, we have
V(Ns) =V (B,) — V(Byo).
If the asymptotic volume ratio is at least v, then
V(N,) > (v —~4"D)o™,
where v is small, v — 4" is nearly v and most of the ball is in the annulus.
The volume of the annulus changes at a rate

d
—V(N,) = — H2dw.
CVN,) /N dv

For every € and every v we can find o so that if o > g then |A|?> < & on N,. This makes

|GV

< neV(N,).

If V1 (N,) is the volume at time ¢; and V2(N, ) is the volume at time to, we have
Va(Ng) 2 e etV ().

Let v; be the asymptotic volume ratio at time ¢; (¢ = 1,2). Then

Vi(No) = (11 ="P)a"
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for all o and all v > 0. If V2(B,) is the volume of B, at time ts, then
Va(By) > Va(No).
Together these make
Va(B,) > e_"e‘fa_tl'(yl —"D)o"™.
Fix v > 0 and let 0 — co. Then € — 0 and
vo = lim w

> vy — nD.
o—00 on - v

Since this is true for all v > 0, v5 > v;. But we can switch ¢; and t2, so v; = vy and v is
constant.
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