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ON THE EQUATION O¢ = |v¢)?
IN FOUR SPACE DIMENSIONS**
ZHOU Yr*

Abstract

This paper considers the following Cauchy problem for semilinear wave equations in n space

dimensions
O¢ = F(0¢),
¢(0’ x) = f(x)» at¢(0’ x) = g(m),
where 0 = 82 — A is the wave operator, F is quadratic in ¢ with 8 = (8¢, 0zy, -+ , Oxn)-

The minimal value of s is determined such that the above Cauchy problem is locally well-
posed in H*. It turns out that for the general equation s must satisfy

n n+5
S > max <7,7).
2 4

This is due to Ponce and Sideris (when n = 3) and Tataru (when n > 5). The purpose of this
paper is to supplement with a proof in the case n = 2,4.
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¢1. Introduction

In this paper, we consider the following Cauchy problem for semilinear wave equations in
n space dimensions

D¢ = F(09), (1.1)
where [0 = 87 — A is the wave operator, F is quadratic in d¢ with = (0;,9y,, -+ , s, ).

We want to determine the minimal value of s such that the Cauchy problem (1.1),(1.2)
is locally well-posed for

feHs geH (1.3)
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The classical local existence theorem requires s > 5 + 1, while the scaling limit is s > 3.
The correct one turns out to be
n n+bd

L ) (1.4)
The counter-example which shows that (1.4) can not be improved in general is due to
Lindblad[®l. The positive result is due to Ponce and Sideris!'” (when n = 3) and Tatarul*!]
(when n > 5). To our knowledge, the proofs have not been written for the case n = 2,4.
The purpose of this paper is to supplement with such a proof. The proof in the case n = 2
uses Strichartz inequality just as in the three space dimensional case. The proof in the case
n = 4 uses so called Wave-Sobolev spaces (cf. [1, 3, 5-7, 12]). In the latter case, the proof
is quite similar to that of our previous paper[!?l when one deals with two space dimensional
case and the nonlinearity satisfying a null condition. This is the main motivation for us to
write down the present proof.

s>max(

§2. Four Space Dimensional Case

For simplicity of the exposition, we consider the equation

06 = Ve[, (2.1)
where V = (0py, -, 05, ). We start our investigation by studying the regularity properties
of the first iterate of the equation (2.1). For simplicity, we consider the following iterate:

O¢ =0, (2.2)
¢(0,2) = f(z), 0:(0,2) =0, (2.3)
Oy = VP, (2:4)
¥(0,2) =0, 0p(0,2) = 0. (2.5)

We shall prove

Proposition 2.1. Consider in R the Cauchy problem (2.4),(2.5) with ¢ satisfying
(2.2),(2.3). If f € H® with § < s < 2, then the first iterate 1 belongs to H®, and moreover,
it holds that

|09 (t, ) prs-1 < ot f Iy (2.6)
for any ~ with i <7 <s—2. Here C, is a positive constant depending only on .
It turns out that only the knowledge of local regularity of 1 is not enough for our purposes.
We shall also investigate the microlocal regularity properties of .
Proposition 2.2. Under the assumption of Proposition 2.1. Let 1&(7’, &) be the space time
Fourier transform of 1. Then microlocally at noncharacteristic point 72— &2 # 0, ¥ belongs
to H*=5. More precisely, the following estimate holds

/ / (| + €D r| — [€]|- =29 ((Val2(r, £))?drde < C|fly.. (2.7)

We are now ready to study the Cauchy problem (2.1),(1.2). It is suggested by Proposition
2.2 that we introduce the Wave-Sobolev norms (cf. [7])
1
Nos(@) = ( [ [ wir 0 ()3 yardc) (28)
where q~5 denotes the space-time Fourier transform of ¢ and

w (7, §) = 1+ 7] £ [¢]]- (2.9)
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After some cut off, we shall seek a solution with finite N
establish the following

Theorem 2.1. Consider in R**! the space-time norms (2.8) and function ¢ defined on
R, Then the estimate

_3 norm. Thus, we shall

stl,f(%fs)(|v¢‘ ) < CNSZS %((b) (210)

holds for any % <s < g
By applying Theorem 2.1, we can get
Theorem 2.2. The initial value problem (2.1),(1.2) in 4 space dimensions is locally
well-posed for f € H®, g € H*™1 with % <s< g
We first prove Proposition 2.1. It is easy to see that the space Fourier transform of 1 is
. 1 /[t .
9.6 = g [ sinlele— )P O, (211)
0
where F' = |V¢|?. Noting that
o(t',€) = cos [¢]t' (), (2.12)

we get

t
bt6) = = / / (€ — ) - nsin |¢|(t — ') cos € — nlt’ cos [nlt’ f(€ — ) f(m)dndt’.  (2.13)
€ Jo
By duality, we only have to prove
/ / (€ — ) - n(L+ |€))sin |€] (£ — ¢') cos |€ — |’ cos |t
F(& — n) f(n) H(€)dedndt’

< CO|fIh:1H], (2.14)
where ||H|| denotes the L? norm of H. Let

F(§) = (1+ ) f(©)- (2.15)
Then (2.14) is equ1valent to

nL+ ) ([ , S
// 1+|§ 77‘ EAIE (/0 sin [€|(t — t") cos |€ — n|t cos|n|tdt>

—n)F(n)H()dEdn
< CWIIFII IH][- (2.16)

By making a change of variables from & to £ 4 7, this is equivalent to

€L+ g + ) "
|| e e P PO @+ ey < COIFFH]. (217)

where
t
P(t,&,n) = / sin |€ + n|(t — t') cos [€]t' cos |n|t'dt’. (2.18)
0

A simple calculation shows that

P(t,&,n) (€M), (2.19)

uMp
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where
| sin(|€ + 7] + [€] + [n])¢] &
» _ 2.20
B TR a7 I (e Ea = e 20
|sin(—|§ +n| + [£] + |n])t] "
» _ 2.21
) = T el S Gy
|sin(|€ + 7l — 1] + [n)¢] &
P, _ 2.22
3(t,6,1) €+ — €] + 1] = (1€ +nl = €]+ [n)) = 222
[sin(¢ + ]+ I¢] — n])t £
» _ 2.23
4(t,€,m) €+ 0] + €] — |n] = (1€ +nl + & = )t~ ( )
Thus, we need to estimate
)
L= [ e e P EMFOFmHE . (224)
Noting that
Y t (2.25)

< )
(1€+nl+ 1€+ D= = (=& +nl+ &+ n)'—
the estimate of I; can be reduced to that of Io. We shall first estimate I,. We have
-n|(1 sLR(&)F(n)H de¢d
I < tv/ 1€ -l +l€+nl) : (E)F(n)H (¢ +n)1_§ n (2.26)
(L4 €N+ [n))=(&] + nl = 1€+ )=
Without loss of generality, we assume |n| < [¢]. Then it follows from Schwartz inequality

that
F2(&)dédn 3
e = (] a2
So it remains to prove
_ dn
7= [ e e < (2:28)

Without loss of generality, we assume £ = (r,0,0,0). Then by using polar coordinates, we
get

dr sin? 0d
J = C/ (14 r)2s—27—3 / (1 — cos §)2—27 < +00 (2:29)
provided that
1

We now estimate Is. I is, in fact, equal to I3. By making a change of variables from & to
& —n then n to —n, we get

(1€ +n) - nl(L+ &) F(&+n)F(n)H(&)dEdn
v . 2.30
R e (2:50)
If
then
€+ = +n° +2- 0> ¢
Thus

. P+ m)Fn)H(E)
Lo [ e e e (2:51)
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The problem is essentially reduced to the previous case. If

then
B _ Ll =¢&-m
€]In]
e+ Il 1€+l
Thus
F(§+n)F(n)H(§)dEdn
I3 < Ct’Y/ 1+|77| = (2.32)

provided that |n| < |£ + 7|, and
F(&+n)F(n)H()dEdn
Iy < Ct 2.33
s [ A (2:33)

provided that |£ + 1| < |n|. In both cases, the desired result follows from the following
Lemma 2.1. Let f,g,h be functions defined on R"™. Then

W)h(z+y)
// 1+ \a;| 1+|y\) 5 o1 gne @ = Cllfllgllin (2.34)

provided that a,b,c >0 and a +b+c> 3.
Proof. By

1
(1 [2zD)*(T +[y)* (A + |z + y))*
1 1
< - + ,
T (A fa)ettre (L fyl)ettre (14 |z yl)ethre

(2.34) follows easily from Schwartz’s inequality.
Therefore, we finish the proof of Proposition 2.1.
We now prove Proposition 2.2. We write

6= 56+ +60), (235)

where
¢u(t,x) = (2m) / e! (@ EEHED f(g)de. (2.36)
R4

To estimate |V¢|?, it suffices to estimate Vo, - Vo, and Vo, - Vé_. By duality, we only
need to prove that

i1+ 160 - €l E 96, Tosr O drds
< O|ff3-1H]- (2.37)
A simple calculation shows that the left-hand side is equal to
[t == -+ 16>l = ol bl = 1y~ F = =) -

FE&=n)f)H(IE =l £ |n|,€)dedn. (2.38)
Let

F(&) = (1+ €D f(&).
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Then we only need to prove

i =l £ ll D" e e e
// (llg - nu:\nu—mw e plepge &7 MEEE e =l ol E)dsdn

< C|IFI?|IH]. (2.39)
Without loss of generality, we may assume
€=l = Inl. (2.40)
Then
1€ = nl = [l + €] < 4]¢ — . (2.41)
It follows that
// H(|€ — n| = [nl, 5)616(177. (2.42)
Hé 77| i [l = €)%= In|*

Thus, the desired conclusions follows from the followmg
Lemma 2.2. The followmg estimate holds for any 4 <s < 5

7= [[ R 9 e e
e il T i

Proof. See [4, Theorem 1.1].
We now prove Theorem 2.1. By duality, it suffices to prove that

// wi (r, = (r, )|V e[ (v, ) H (7, € )drde
< ONZ,_3(9)| H]|- (244)

Let
s—3 ~
F=wi(r,fw_ *(1,6)e(T, ). (2.45)
Then an easy calculation shows that (2.44) is equivalent to
// wiT (T HANEF ) (E-n)F(T,EF ( mH(T + A, §+U)d7d)\d§dn
Wi A 6w (r, O (r Qw (A mw’ (A n)

< C|FIP| H]l. (2.46)

Without loss of generality, we may assume

ZU+()\, 7]) § W4 (T7 5)7

then
er(T + )‘75 + 7}) < 2’LU+(T, g)
Therefore, noting

|§‘ < er(Tv f)v |7I\ < er()‘»n)a
we can get

I< // An)H(T+ A, §_+ n)drd)\dfdn (2.47)
T+A§+n)|nls 1w (r w’ T ()
Without loss of generality, we take

[T =7, |Al==EA (2.48)
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We claim that

w (N EEm) b (n ) fu () > gl £l — e 4all (249)
Let
==&, v=I[A—Inl (2.50)
then
T=u+|¢], A==x(v+]n]). (2.51)
If

jul + Jol > 2 1€l % [nll ~ I¢ + 7l
then (2.49) will be right. Otherwise
w_(T+AE+n) =1+ |[utv+ [+ 0l —[§+nll. (2.52)
In the “4” case, we have
lutv+ &+ Inll = [€ +nl = —[ul = [v] + [§] + |n] = |€ + 7]

1
> S(gl + Il — € +l) > 0. (2:53)
In the “—” case, we have
[§+nl—lu—v+ [ = Inlll = —|u] = |[v] + 1€+ 0l = [[£] = Inl|
1
2 S (g+nul =gl = Inll) = 0. (2.54)

Therefore, (2.49) is always valid. It then follows from (2.49) that
€] % Inll = 1€ +nl12 7" < Clw_(r+ A& +m) +w_(7,€) +w_(An)7*
<3Cw- (7 + M E+0)E w (1w (A m)E

Thus
// YE(A\,n)H (T + X\, &+ n)drdAdEdn
|H€|i|77|\—|€+77||2 *Ipls—tw =4 (7, w> (A, )
:C//FUHSI,S VE(Fo £ [nl,n) H(u £ v + €] £ |n], § + n)dédn
EN £ [l = 1€ +nl[2*nls?
dudv
2.
// 1+|u| 28 41+|’U|)28 4" ( 55)
Let
ful) = Fu+[£],8), gu(n) = F(£v*nl,n). (2.56)
Then it follows from Lemma 2.2 that
Fu(©)go(mH(u+ v+ |€] £ |n], € +n)dédn
/ CI=WLe MDD _ cyprypalilgal. (@57)
|H§|i|77|\ — &+ nllZ=*In|
Thus
| fullll foll dudv
I <C|H 2.
el || b (2:58)

Noting 2s — 4 > 7, it follows from Schwartz’s inequality that

! !
r<clal( [inka) ([ lare)” = clmiep (2:59)
This finishes the proof of Theorem 2.1.
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§3. Two Space Dimensional Case

In this section, we consider the Cauchy problem (1.1),(1.2) in two space dimensions. Our
main result can be summarized in the following

Theorem 3.1. Suppose that (f,g) € H*(R*) x H*"'(R?) for s > I. Then there exists
a T > 0 depending on s and |f|gs + |g|lgs—1 such that (1.1),(1.2) has a unique solution ¢
satisfying

¢ € C([0,T); H*(R*) N C*([0, T); H*~' (R?)), (3.1)

| 10500t e <+, (32)

4q
q—2’

To obtain the result of Theorem 3.1, we need the following Strichartz inequality for the
linear wave equation (cf. [9]).

Lemma 3.1. Let ¢ be a function defined on R x R? which solves the following initial
value problem for the linear wave equation

Oo(t, x) = F(t,x), (3.3)
(b(O’x) = f(.%‘), 8t¢(0’$> = g(x)

_ 4 _ 3
Then for any 2 < g < +oo0, 7 = q—qQ, a = 2, there holds

([ 100t 1)

We are now ready to prove Theorem 3.1. For T',a > 0, define the space

Xi = {¢ € C([0,T]; H*(R*)) n C*([0, T]; H*~'(R?)) : ||| < a}, (3.6)

2 7, 3
where == < q < 400, 1= andJ:s—ZJrZ.

1
r

T
<C(flueor +lals + [P met)- (5)

where

T L
6] = sup (60t )a- + D1t i)+ ([ 1(2)F00(¢ ude) (31
0 T 0

<t<

with o,¢q,r as in Theorem 3.1. For any ¢ € X, define ¢ = A¢ by solving the following
Cauchy problem

Dy = F(99), (3:8)
We shall show that A is a contraction of X into itself.

By energy estimate, we get

T
e +/0 [F@6)(t s t). (3.10)

e C(If e +1g

sup [0¢(t, )

0<t<T
By Strichartz’s inequality, we get
T [ed
([ 1292000t )l5.r)
0

1
=

< O2(|f

T
wo + gl e +/0 (F(06)(t, ) et ). (3.11)
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Thus, we get
1

sup [06(t ) + C-ayRant )

0<t<T

T
< CO(|f|HS + 19l +/0 \F(8¢)(t,-)|H571dt)

a

T
4 00/0 \F(0)(t, )| ggo—rdt, (3.12)

W

where we take
a=4Co(|flus + [g]rs—1). (3.13)
Without loss of generality, we assume Cy > 1. As in the three dimensional case, we have
[F(0¢) o1 < Cl0¢| L2 |0¢|rs-1 < CalOp| .
Noting o > %, it follows from Sobolev inequality that

06| L= < C(10¢]12 +[(~2)%0¢|14) < Ca+ C|(=L)2¢|1a.

Thus
|F(08)| o1 < Ca® 4 Ca|(—=A)2 0| L. (3.14)
It then follows from Hoélder’s inequality that
T 1
/ |F(0¢(t, )| gge—rdt < Ca®T + CaT ™7 / )|qut)’
0
< Ca®T + Ca®T' 7+ < 7 (3.15)
provided that T is taking suitably small. By (3.12), we get
T 1
- = _a
sup (000t iz-s + ([ 1(-)F00(t)l5.dt) " < 5. (3.16)
0<t<T 0
We have
t
W0t )ox < |fle + / 90 (r. )| gadr
<4 T < — 1
<7 +Ta 5 (3.17)
provided that T is taken suitably small. Therefore, it follows from (3.16), (3.17) that
Y] <a

and thus A is a map from X to X$. In a similar fashion, it can be shown that the mapping
A is a contraction on X¢. Thus, there exists a unique fixed point of A which is a solution
of (1.1),(1.2). This finishes the proof of Theorem 3.1.
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