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Abstract

This paper gives some sufficient conditions for determining the simplicity of infinite di-
mentional Novikov algebras of characteristic 0, and also constructs a class of simple Novikov
algebras by extending the base field. At last, the deformation theory of Novikov algebras is
introduced.
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§1. Introduction

Novikov algebras were introduced in connection with the Poisson brackets of hydrody-
namic typel). They were also introduced in connection with Hamiltonian operators in the
formal variational calculus®?. Geometrically, a Novikov algebra corresponds to a left in-
variant torsion free flat connection of the Lie group whose Lie algebra is isomorphic to the
commutator Lie algebra of the Novikov algebra. The abstract study of Novikov algebras
began with Zelmanov(®, who showed that simple finite dimentional Novikov algebras of
characteristic 0 are one-dimensional. Osborn classified simple Novikov algebras with an
idempotent element and some modules over such algebras!¥. A class of simple Novikov
algebra without idempotent elements was constructed though Novikov-Poisson algebras by
Xiaoping Xul®!. For further understanding and physical applications, Bai Chengming!®! gave
a classification of Novikov algebras over the complex field in dimension 2 and 3.

We call a nonassociative algebra left Novikov if it satisfies the two identities

(z,y,2) = (y,7,2),  (xy)z = (22)y,
where (z,y,2) = (zvy)z — 2(yz). The operators L, and R, for some x € A,
Ly:A— A,
Yy =y,
R,:A— A,
Yy yx
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are called respectively the left multiplication operator and the right multiplication operator.
The beauty of a Novikov algebra is that the left multiplication operators form a Lie algebra
and the right multiplication operators are commutative. A Novikov-Poission algebra is a
vector space A with two operations “ | o” such that (A, -) forms a commutative associative
algebra and (A, o) forms a Novikov algebra for which

(z-y)oz=uw-(yoz)(voy)-z—wo(y-2z)=(yor) z—yo(r-2).

The main theorem in [4] is: if A is a simple infinite dimentional Novikov algebra over a field
of characteristic 0 containing an idempotent e with the property that A =Y A’ where
[e3

Al ={xz € Al [L. — (a+ b)id]"x = 0 for some n},

then A is described by one of the following:

(1.1) A has a basis {«;};>_1, where products are given by x;x; = (j + 1)z ;.

(1.2) Ahas abasis {z,}, where o ranges over an additive subgroup A of F, and products
are given by zqx5 = (8 + b)xays.

(1.3) A has a basis {41}, where products are given by

k+1 I+k-1
Toktpr = (B + b)< k )$a+ﬂ,k+l + ( i >$a+ﬁ,k+l—1-

A natural question is whether the inverse of the statement is true. In this paper we give
the positive answer. To prove this ,we will first show that the Novikov algebras of algebraic
structure (1.1), (1.2) or (1.3) are all simple.

Algebraic deformation theory was introduced for associative algebras by Nijenhuis and
Richardson!”. In [8, 9], Bai gave the deformation theory of Novikov algebras and proved
that the Novikov algebras in dimension < 3 can be realized as the algebras defined by I.
M. Gel‘fand!*® and their compatible infinitesimal deformations. Whether this result can be
extended to higher dimensions remains an open problem. In this paper, we introduce the
general deformation theory of Novikov algebras.

The paper is organized as follows. In Section 2, we prove that the Novikov algebras of
algebraic structure (1.1), (1.2) or (1.3) are all simple. In Section 3, we construct a class of
simple Novikov algebras by extending the base field . The general deformation theory of
Novikov algebra is introduced in Section 4.

§2. Simplicity of Novikov Algebras

In this section, we give some sufficient conditions for determining the simplicity of Novikov
algebras. Throughout this section, let (A-, o) be an infinite dimentional Novikov algebra over
a field of characteristic 0. The set of positive integers will be denoted by N.

Theorem 2.1. If A has a basis {x; }i>_1, where products are given by x;ox; = (j+1)Tit;,
then (A, o) is simple.

Proof. Suppose I is a nonzero ideal of A. Let ¢ be an arbitrary nonzero element of . We
can write i = a;, x;, + -+ +a;;x;;, where a;, # 0 and iy, # i, ifm#n. k,mn=1,--- 7.
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Since xg o ;, = (ix, + 1), , we obtain
= Q4 Ty + -+ Clij$ij,
on’i = ail(l + il)xil + -4 ai]. (]. + ij)xij,
Li;li = ail(l + il)j_lxil + -4 ai].(l + ij)j_lxij.

The matrix of this system has the form

iy iy Qi
ai, (1+11) ai,(1+1d2) -+ ai; (1 +1;)
M = N . . .
ap (L+a)’ ™" a (L)’ ™" o ag, (L4407 )

J

Notice that detM = ( I aik)detB , where detB is the determinant of Vandermonde and
k=1

we have detM # 0 if 4,, # i,(m # n). Hence, x;,, -+ ,x;; are linear combinations of the

vectors i, Ly _gi, -, L Y. So, @, ,x;, are all in I. Since i # 0, we have at least one
element z € I. If k = —1, i.e., x_; € I, for arbitrary i € Nyx_yox; = (i + 1)a;—q € I
So, x;—1 € I. Hence, I = A. If k # —1, we have x_1 ox, = (k+ 1)xg—1 € I. So xp_1 € I.
Using induction we can get x_; € I. Hence, I = A. From the above proof, we can see that
A has no nontrivial ideal, i.e. A is simple.

Theorem 2.2. If A has a basis {xs}, where o ranges over an additive group A\ of F,
and products are giwen by zoxg = (8 + b)Tats, then A is simple.

Proof Suppose I is a nonzero ideal of A. Let ¢ be an arbitrary element of I. We can
write i = 4124, + -+ + a;T4,, Where ai # 0 and a,, # a,. Using the similar device as in
Theorem 2.1, we can get z,, € I,k =1,---,j. Since ¢ # 0, we have at least one element
To € 1.

Case 1. Suppose b # 0. If a # —b, VB € A\, f—a € A, we have x3_42q = (0 +b)zg € I.
Soxgel Ifa=—bie z_p€l,since —bec A, wegetbec A, x_pox, =2bxy € I. Hence,
2o € I. For all a # —b,xp0xq = (¢ + b)xy € I. So x4 € I. Summarizing, we have I = A.

Case 2. Suppose b =0. If a = 0, i.e., 29 € I, for arbitrary « € A—{0}, zox, = ax, € I.
So we have z, € I. If a # 0,2, € I. Since x_, o x4, = axg, we have g € I. For arbitrary
B e —{0},zoxg = Bz € I. So we have zg € I. Summarizing we get I = A. From the
above we can see that A has no nontrivial ideal, i.e., A is simple.

Theorem 2.3. If A has a basis {xq r}, where a ranges over an additive group A\ of F
and k ranges over the nonnegative integers Z , where products are given by

k+1 k+1-1
Tartp = (B + b)( i )$a+ﬂ,k+z + ( i >$a+ﬁ,k+l—1,

then A is simple.

Proof. For any w= ).  aq jTa,; € A, we define
a€EN,jEZ 4
| Max{j € Jlag; # 0}, if some ag ; # 0;
dp(w) = {x -1, otherwise.

Put Z,Y = Y Fuz,,for vy € A and put 0 = L,,, — bid. It is obvious that 0(z,, ;) =

JjeZ+

Zo,0
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QTq,j + Ta,j—1. Note that, for any 8 € A,
(0= Bid)(w) = 3 tasl(@ = B)a + a1,
4s1(0 - Bid)(w)] = da(w) - 1,
d[(0 — Bid)(w)] = dy(w), for B #~v € A.
Moreover, if dg(w) > 0, we have
d51(0 — Bid) ™ 1 (w)] = —1,
d,[(0 — Bid)* T (w)] = d (w) for B#~ € A.

Therefore (9 — Bid)% ()1 (w) € PIFIIPN A,
Suppose [ is a nonzero ideal of A, and let w be an arbitrary nonzero element of I. We

can write
W =Db11%Tay a1, T+ 010y Tay ars,

+b21%ay,00 + 0+ b22-2:z:az,az,i2

NI

+bs1%a, a0 + 0+ bsi, Tayau, s
where by, € F —{0},ar1 > aga > -+ > agiy, k= 1,--- ,s. From the above proof, we get

Q = [10 - csiay™ 1+ (w) € A,
i#]

daj (Q) = daj (w).
Using the similar device as in Theorem 2.1, we get o, a0, , €I, p=1,-+ ij, j=1,---s.
Since w # 0, we have at least one nonzero element x, 1 € I.

Case 1. Suppose b # 0.

If « =0,1ie xox €1, since xg0x0,1s = To,k—1 € I, we get zg ;1 € I. Using induction,
we have 0,202 € I. Since xgrTo2 = (kzl)ostH € I, we have zg 41 € I. Using
induction we have zg; € I, for arbitrary ¢ € Z,. For arbitrary 5 € A — {0}, € Z,. Since
x0,128,0 = Bxg, € I, we have x3; € I. Hence, I = A.

If o # 0, since g 0%a,k = %ok + Ta,k—1 € I, we have x4 -1 € I. Using induction we
have x40 € I. Since a« € A, —a € A and z_4,%a,0 = a0 € I, we have x99 € I. Since
20,020,k = To,k—1 € I, we have z¢ 1 € I. Using induction, we can get xy; € I for arbitrary
i € Z;. For arbitrary § € A —{0},k € Z, we have x¢pxg0 = Srgr € I. So x5y € I.
Hence, I = A.

Case 2. Suppose b # 0.

If o # —b, since x0,0Takr = (@ +b) Tak + Tak—1 € I, we have x4 1 € I. Using
induction we can get x40 € I. Since o € A, —a € A, and T_q,6 Ta,0 = (@ + b)zoo € I,
we have oo € I. Since 29,0 Ta k1 = (¢ + b)Ta k41 + Tak € I, we have x4 11 € I. Using
induction we have z ; € I, for arbitrary ¢ € Z,. For arbitrary § € A,i € Z,,—a+ f € A,
T_atBia0 = (@ +b)zg,; € I, we have x5, € I. Hence, I = A.

Ifa=-bie ov_pr€l,a=—-be A, thenbe A. Since x_p 12,0 = 2bzo ;, € I, we have
To,k € 1.

Since x 0z, = bxor + To,k—1, We have zg 1 € I. Using induction we have zoo € I.
Since z¢ ;x0,1 = bTo x+1 + To,x € I, we have xo 41 € I. Using induction we have xg; € I,
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for arbitrary ¢ € Z,. For arbitrary 8 € A — {=b},i € Z1, zo,x580 = (B8 + b)xg,; € I.
a=—be A, then 2 = —2b € A. For arbitrary i € Z, xp ;2250 = —bxr_p; € I. So we
have z_p; € I. Hence, I = A.

From the above proof we can see A has no nontrivial ideal, i.e. A is simple.

Corrollary 2.1. If A is a simple infinite dimentional Novikov algebra over a field of
characteristic 0 containing an idempotent e with the property that A =5 A’

{z € A| [L. — (a+b)id]"x = 0 for some n}, then the subalgebra > A, is a simple Novkov
aEN

where Al =

algebra over Ay.
Theorem 2.4. A is a simple infinite dimentional Novikov algebra of characteristic 0
containing an idempotent e with the property that A = % Al , where A, = {z € A| [L. —

(a4 b)id]™x =0 for some n}, if and only if A is descrz'bead by one of the following:

(1) A has a basis {z;}i>—1, where products are given by x;z; = (j + 1)x;4;.

(2) A has a basis {x,} where o ranges over an additive subgroup A\ of F, and products
are given by xqx3 = (B + b)zayp

(3) A has a basis {xqa,k} where products are given by

k+1 l+k-1
Ta kgl = (B+0) g ) TetBet + i ToatB,k+1—1-

Proof. Based on the above results, to prove the theorem we need only to prove that
there exists an element e € A such that e* = be for some b € F and A = Y A/, where
«

Al ={z € A| [Le — (a+ b)id]"x = 0 for some n}.

In Case (1), since zgzg = xo, putting e = z¢ and A, = Fx;, we can easily verify that
Al ={x € A| [Le — (i + 1)id]™x = 0 for some n} and A =" AL,

In Case (2), since xozo = bz, putting e = zg and A, = Fx,,then we can easily verify

that A, = {x € A| [Le — (o + b)id]"x = 0 for some n} and A= > Al.
[S1SYAN

In Case (3), since zg,0z0,0 = bzo o, putting e = zg and A, = ;1&, we can easily verify

that A), = {x € A| [Le — (o + b)id]"x =0 for some n} and A= > A .
[1SVAN

§3. New Simple Novikov Algebras

In this section, we consider the simplicity of Novikov algebra A ®p E := AF over E,
where F is an extension field of F'.

Let {& }ier be a basis of A. Then A% has {&; ® 1}, as a basis. The products of Novikov
algebra AP are given by

GolEel)=§§0 1.
By Theorems 2.1-2.3, we can easily obtain
Theorem 3.1. If A is a Novikov algebra satisfying one of the conditions (1.1), (1.2) and
(1.3), then AF is simple.

§¢4. The Deformation Theory of Novikov Algebras

In this section, we shall give the definition of deformation of a Navikov algebra A over a
commutative ring F'. Since A is F-module, we can obtain an F[t]-module A[t] = A ®p F[t].
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As a matter of fact, A[t] is an F[t]—module of formal power-series with coefficients in the
F— module A, ie. Aft] = { > aitiln € Zy,a; € A}. The algebra A is submodule of A[t]
i=0

and we could make A[t] an algebra by bilinearly extending the multiplication of A, but we
may also impose other multiplications on A[t] that agree with that of A when we specialize
t=0.

Suppose a multiplication a : A[t] ® gy A[t] — A[t] is given by a formal power-series of
the form

a(a,b) = ag(a,b) + ai(a,b)t + az(a,b)t* +--- .

Since we are defining o over F[t], it is enough to consider a and b in A, and we further

presume that each «, is a linear map A ® A — A. Since we want the specialization ¢t = 0

to give the original multiplication on A, we insist that «g(a,b) = ab (multiplication in A).
Definition 4.1. A one-parameter formal deformation of a Novikov algebra A over a

commutative ring F is a formal power-series o = ioj apt™ with coefficients in Homp(A ®
A, A) such that ag: A® A — A is a multiplication 7z%nOA. The deformation is called Novikov
if a(a(a,b),c) — ala,a(db,c)) = ala(b,a),c) — a(b,a(a,c)) and a(a(a,b),c) = a(ala,c),b)
for all a,b,c € A.

Definition 4.2. We call Alt] = A ®F F[t] with the multiplication defined by « the
deformation of Novikov algebra A.

Example 4.1. Let (4, a1, ap) be a Novikov-Poisson algebra. (A, a;) forms a commuta-
tive associative algebra, (A, ap) forms a Novikov algebra and define a : Aft]®@p Alt] — Alt]
by

a = o+ agt.

It can be easily verified that (A[t], a) forms a Novikov algebra, i.e. (At], @) is the deformation
of (4, ap).
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