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Abstract

A random functional central limit theorem is obtained for processes of partial sums and
product sums of linear processes generated by non-stationary martingale differences. It devel-
ops and improves some corresponding results on processes of partial sums of linear processes
generated by strictly stationary martingale differences, which can be found in [5].
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§1. Introduction

In this article, let {e; : t € Z} be a sequence of r.v.’s defined on an identical probability
space (Q, F,P). Fy=o0(es: s <t),t € Z. {a; : j € Z} is a sequence of constants, satisfying
o0

> lay] < oo (1.1)

j=—00

o0
We say that X; = ) aje;—j;, t € N is a linear process generated by {e; : t € Z}. Linear
j=—o00

processes are of special importance in time-series analysis (see [6]), as well as in many fields
such as mathematical statistics, insurance and finance and so on (see [8, 3], etc.). Therefore
many show great interests in limit properties of all kinds of linear processes, for example,
Fakhre-Zakeri and Farshidil* got the random central limit theorem for linear processes
generated by i.i.d. r.v.’s, Fakhre-Zakeri and Leel® achieved the random functional central
limit theorem for strictly stationary linear processes generated by martingale differences.
Recently Kim and Back!”) obtained the functional central limit theorem for linear processes
generated by strictly stationary LPQD r.v.’s, etc.
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In above studies, Fakhre-Zakeri and Leel?! required that {e; : t € Z} should be a sequence
of strictly stationary martingale differences and satisfy the condition (1.1) and

E(et|Fio1) =0, E(e%|Fi_1) =02, as. (1.2)

This article has two objects. First substitute the strictly stationary condition with the
condition that there exists an r.v. € defined on (2, F, P) and a positive constant C, such
that

sup P(|et| > 2) < CP(le| > ) for any x>0, (1.3)
teZ
{ E(e?) < o0, if {e, : t € Z} is independent or strictly stationary; (1.4)
E(e?log™ |e]) < oo, else. '

Second, on the base of obtaining the random functional central limit theorem for processes
of partial sums of linear processes generated by non-stationary martingale differences, prove
the theorem for processes of product sums of linear processes above mentioned. For this, we
firstly give some signs.

For any n,m € N, set

Vi(m) = Z HXij, if n > m; Valm) =0, ifn<m.
1<ig < <im<nj=1
&n(u) = n_l/QT_l(S[nu] + (nu — [nu]) Xppuy41), we[0,1], n € N.
Un(m,u) = 0= 07" (Vi (m) + Vipay (m = 1) (nu = [nu]) X 11),
u € [0,1], n € N,
e 2
where S, = V,,(1), 72 = 02( > aj) and [nu] is the integral part of nu. Denote the
Jj=—00

random elements of &,(u) and U, (m,u) by &, and U,(m) respectively. &, and U, (m) are
respectively called the process of partial sum and the process of product sum of the linear
process {e; : t € Z}. Besides, denote by W the Wiener measure on C[0, 1].

We shall give some lemmas in Section 2, including the functional central limit theorem
for processes of partial sums of linear processes generated by non-stationary martingale
differences. Its corresponding results on processes of product sums will be discussed in
Section 3.

§2. Some Lemmas

First, we extend the lemma 3 in [5] to the case of non-stationary.

Lemma 2.1. Let {e;, F; : t € Z} be a sequence of martingale differences, satisfying the
conditions (1.2), (1.3) and

E(?) < . (2.1)

{X; : t € N} is the linear process generated by {e; : t € Z} and {a; : j € Z}, satisfying

the condition (1.1). And set )Z’t = ( i aj)et, t €N, §k = zk: )Z't, S = Zk: X, ke N.
Then J__Oo = =

max n 2|8, — Skl = 0, n— oo, in probability. (2.2)

Proof. By the proof of Lemma 3 in [5], in order to prove (2.2), it suffices to prove that
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for any | € N,
l J
Zaj Zsk,jﬂl — 0, n — o0, in probability. (2.3)
j=1 =1

For this, we point out that with the help of the condition (1.3) and E(g?)

Dl = n~Y2 max
’ 1<k<n

00, it is clear

<
l
that {g;? : t € Z} is uniformly integrable. Hence for any fixed | € N, { Y2 ite Z} is
=1

)

00 —2
uniformly integrable. Thus, for any ¢ > 0, set d = l_1< > |aj|) 52, then

j=—o00

l l
P(Zny 2 0) < P(éfgnz; lek—iv1l Z laj| > n1/25)
1= j=i

_ 2 D
- P(1<r§1<al§f1 Somitt <M ) iy 2 dn)
SeshT i

< d—ln—lki_lE(ilgiHl)I(Zg%Hl > dn)

1 1
Sd_lsupE( g2 i)[( EQiZdn)—M), n — 0o.

Denote by &, the random element defined on C[0,1] of {)?t :t € N},n € N. Then by

Lemma 2.1, we have &, — &, — 0, n — oo, in probability. And it is easy to verify the
conditions in [1]

z": E(Z2|Fi,1)<E(§:Z)2)_1 — 1, m — oo, in probability,
i=1 i=1

(2.4)
(E(gz>2)1 ZXZ;EZ%('Z' > 5(E(gz>2)1/2) —0, n—oo foranyd >(25)

So quite similarly to the proofs of Theorem 1 and Theorem 2 in [5], we can get the Renyi’s
central limit theorem and random functional central limit theorem for processes of partial
sums of linear processes generated by non-stationary martingale differences.

Lemma 2.2. Let {e;, F; : t € Z} be a sequence of martingale differences, satisfying (1.2),
(1.3) and (2.1). {X; :t € N} is a linear process generated by {e; : t € Z} and {a; : j € Z},
satisfying the condition (1.1). Then for any k € N and B € Fy, P(B) > 0, we have

lim P(n~Y/?tS, < x|B) = (27r)*1/2/ eV’ 2dy, zeR. (2.6)

n— oo

Further, all the finite-dimensional distributions of &, converge weakly under the probability
measure P(:|B) to the finite-dimensional distribution of the Wiener measure.

Lemma 2.3. Let the condition in Lemma 2.2 be satisfied, and {N,, : n € N} be a sequence
of positive integer-valued random variables defined on the probability space (2, F, P). If

n"IN, - N, n— o0, in probability, (2.7)
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where N is a real-valued random variable with

PO< N <o) =1, (2.8)
then the process {&n, (u) : u € [0,1], n € N} converges weakly to the Wiener measure.
Denote &, = W, n — oo.

Lemma 2.4. Let {z; : i € N} be a sequence of real numbers. Then for any n,m € N
and n > m, we have

vp(m) = Z Hmij = Z Alm,rj,s5:1<j<m) H (in’”ﬂ'fj, (2.9)

1<iy < <ipy <n j=1 m
2o Tisj=m
i=1

m
where A(m, 1,55 : 1 <j<m), > rjs; =m are constants irrelevant ton and {z; : i € N}.

Remark 2.1. Now we take the example of m = 4 to explain the scope of the sum and
the product in (2.9). In view of

m=4=1x4=1x24+2x1=2x2=3x1+1x1=4x1,

we have
n

vn(4):A(4,1,4)(§:xl) +A(4,1,2,2,1 (f: ) (Z:r)

i=1 =1 i=1

+A(4,2,2)(zn::c§) +44,3,1,11(> . )(ixl)+A44 1 (zn: wt).

i=1 i=1 i=1
Proof. For m we use the mathematical induction. When m = 1,2, (2.9) is obvious.
Assume when m < k — 1, (2.9) holds. Then m = k. Set
" k
flkyz;:1<i<n)= (Zwl) — kv, (k).
i=1
We know that f(k,z; : 1 <i <mn) is a k-homogeneous symmetric polynomial. By using the
principal theorem of symmetric polynomial, it follows that there exists a unique polynomial
g(k,y; : 1 <i<k—1) such that
flkyzi:1<i<n)=glkv,(k):1<i<k-—1). (2.10)
In view of the inductive assumption, put v,(k),1 < i < k — 1 into the right-hand side of
(2.10). After arrangement, we immediately obtain that (2.9) holds when m = k and the
coefficients are still irrelevant to n and {z; : i € N}.
Lemma 2.5. Let {Y; : i € N} be a sequence of real-valued r.v.’s, {N, : n € N} be a
sequence of positive integer-valued r.v.’s and N be a real-valued r.v. They are all defined on
the same probability space (Q, F, P). If the conditions (2.7), (2.8) are satisfied and

n
b;lei—H), 0<b,Too, n—oo, a.s. (2.11)
Then

max —0, n— o0, in probability. (2.12)

Proof. For any n > 0, (2.8) ylelds that there exist Ms > M; > 0, such that
P(N<M)<n/4 and P(N > M) < n/4. (2.13)

And by (2.7), for any My > § > 0, there exists ny € N such that when n > nq,
P(In"'N,, — N| > 6) < n/4. (2.14)
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And by (2.11), we know that

—0, n—o00, as.

max

1<k<n

im1

Then for any 8 > 0 and M7, M5, above-mentioned, there exists no € N such that when
n Z na,

(b;(M2+5) 1<k<n M2+6) ‘ Z —8§)(My+6)" ) <n/4. (2.15)

Thus, when n > ng = max{nl, na}, in view of (2.13)—(2.15), we conclude

>9)

| >0, 0N, — N| < 6, M, <N<M2)

(7 max

< P(bN max

P(\n—an —N|>6)+ P(N < M)+ P(N > M)

1 _ 1
< P(bn(MM) e ] Z > (M — 8)(Ma +68)~ 9) +(30)/4 < .

§3. The Main Results and Their Proofs

Now we give a non-random functional central limit theorem for processes of product sums.
For this we introduce some other notations first. Denote the coefficient of

n m—2s n s
() (X7
i=1 i=1
in (2.9) by A(m,s),s =0,---,[%]. And for any m € N, set
(%]
U(m,u) = ZA(m, s)(W(u)™ *u*, uel0,1].
s=0
Its corresponding random element defined on C[0,1] is U(m).
Theorem 3.1. Let the conditions in Lemma 2.2 and (1.4) be satisfied. Then for any
m € N,
U,(m)=U(m), n— oo. (3.1)

On the base of Theorem 3.1, we obtain the random functional central limit theorem for

processes of product sums.
Theorem 3.2. Let the conditions in Lemma 2.3 and (1.4) be satisfied. Then for any
m € N,

Un, (m)=U(m), n — oc. (3.2)

Proof of Theorem 3.1. Set U, (m,u) = 22: A(m, 8)(&n(u)™25u®, u € [0,1]. Its

corresponding random element on C[0, 1] is U, (m ), n € N. First we prove Uy, (m)—U,(m) —
0, n — oo, in probability. It suffices to prove that for any n > 0,

P( sup |Un (m,u) — Uy, (m,u)| 277) —0, n—oo. (3.3)
u€[0,1]
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By Lemma 2.4, we see that
Un(m,u) = Z A(m,rj,s5:1<j<m)

[nu]

f[l (T”n””(;X? + (nu — [nu])"™ +X[nu]+1))8j, u € [0,1].

It will be discussed in the following according to different r;, 1 < j < m respectively. To be
concise, denote r;,1 < j < m by 7.

When 3 < r <m, it follows from Jensen’s inequality, the condition (1.1), Fubini theorem
and Holder’s inequality that

[nu]

sup T/Z\Zxr (= )" Xy | < 077720 IXS
ue =1

< (n—3/2 Z |Xi|3)T

r/3
< (r (3 )
Jj=—00
n r/3
= ( Z |ajakal\n_3/2z |8i,j€i,k8i,l|)

—o0<,k,l<0 i=1

n 1/3
( > |ajaka1\(n_3/22\€ifjl3)
—00<7,k,l<0 i=1

. (n_3/2 zj: |5i—k|3> ( —-3/2 Z lei—1] )1/3)T/3 (3.4)

And in view of (1.3), (1.4), and the standard Marcinkiewicz strong law of large numbers, it
is easy to prove

n=3/2 Z leij|> =0, n—o0, as. (3.5)

By (3.5), (3.4), (1.1) and the dominated convergence theorem,

[nu]

sup n r/2) ZXT (nu — [nu})TX[Tnqu‘ —0, n—oo, as. (3.6)
u€(0,1] i1

When r = 2, we discuss it in two cases. First we prove

[nu] n
sup n- ‘ZXQ (nu — | ])QX[Qnu]_,’_l):n_lZXiQ
u€(0,1] :

Z aj ”_1Zfz ;T2 E : ajagn”! E i j€iok — T2, M —00, as.

j=—00 —oco<j<k<oo =1 (37)
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And by the conditions (1.2)—(1.4) and Theorem 2.19 in Hall and Heyde (1980), we have
nt ngfj — 0% n-—o00, as. (3.8)

Observe that j < k, then it is easy to know that {si,jsi,k,]-'i,j i € N} is still a sequence
of martingale differences. And by (1.2),

oo oo
E(E rzsf_k) =o?> i
i=1 i=1

Then it yields that

o0

o2
gzalk—gz ijk\]:zj1)<oo a.s.

Thus taking into account of Theorem 2.15 in Hall and Heyde (1980) and Kronecker lemma,
we see that

nt Z&—j&'—k —0, n—oo, a.s. (3.9)

With the help of (3.8), (3.9), the condition (1.1) and the dominated convergence theorem,
we arrive at (3.7) immediately.
On the other hand, by (3.7) we have

[nu]

sup n- ‘ ZX2 (nu — ])QX[zm]H — nut?
u€(0,1]

[nu}

< supn ‘ZX277 +u21[10p1]n |X[2nu]+1772\

+ sup 7271 l(nu — [nu] = (nu — [nu])?)

u€0,1]
k
<n~! max E (XZ-Q—TQ)‘—&—n_l max | XZ? — 7% +n 7172
1<k<n 1<i<n+1

i=

<4(n+1)" 1<k<n+l‘ZX2_T)‘+n ™ =0, n—o0, as.

(3.10)
When r = 1, in Lemma 2.3, take N,, = n, n € N. Then we have £, = W, n — oo.
And hy(X) = sup (X(u))™ 25,5 =0,---,[%] is a continuous functional in X. Hence by
u€[0,1]
Theorem 5.1 in [2], we have
[ru] m—2s
sup (r2n)" (" 2@)/2<ZX + (nu — [nu])X[nu]H)
u€(0,1] i—1
= sup (€u(w)" " = sup (W)™, nroo, s=0,,[F].
welo.1] uelo,1] 20 311

By (3.4), (3.6), (3.7), (3.10) and (3.11), we get that (3.3) holds. And by (3.3) we know
that to prove (3.1), we shall only prove

Up(m) = U(m), n— oo, (3.12)
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For this, set Y (u) = Y, (u) = u, u € [0,1]. Their corresponding random elements on C[0, 1]
are Y and Y,, respectively, n € N. Lemma 2.2 tells us that (¢,,Y,) = (W,Y), n — co. And
U,(m) and U(m) are the same continuous functionals of (§,,Y;,) and (W,Y) respectively,
thus (3.12) holds.

Proof of Theorem 3.2. Continuing to use the notations and proof idea in Theorem
3.1, we shall only prove

Un, (m) — Uy, (m) =0, n— oo, in probability. (3.13)
When 3 <r <m, by (3.6) and Lemma 2.5,
[Nnu]
N,/ 51[10pl Z X7+ (N — [Nou))" Xy +1’ 50, n - o0, in probability. (3.14)
ue —
When r = 2, on one hand, by (3.7) and Lemma 2.5,
[Nul
Nt Sl[lopl Z X2+ — [Ny u])QXfN”u]H’ — 72, n— o0, in probability. (3.15)
ue

On the other hand in view of (3.10) and Lemma 2.5,

[Npu]
sup Z X2+ — [Ny u])QX[QI\,nu]Jrl — Nnu7'2‘
u€l[0,1]
— 0, n — oo, in probability. (3.16)
When r =1, Lemma 2.3 yields {n, = W, thus
(Nnu] m—2s
(Tan)f(mf% sup] Z X+ ( — [Nnu])X[Nnu]H)
u€[0,1
m—2s m—2s m
= sup (€, ()" = sup (W()™ ™, n—oo, s=0.--,|Z].

u€l0,1] wel0,1] 2

(3.17)
It follows from (3.14), (3.17) and Slutsky theorem that (3.13) holds.

Acknowledgement. The authors are grateful to the referee and editor for the detailed
and critical comments on an earlier draft of this paper.

REFERENCES

[1] Babu, G. J. & Ghosh, M., A random functional central limit theorem for martingales, Acta. Math.
Acad. Sci. Hungar., 27(1976), 301-306.

[2] Billingsley, P., Convergence of probability measures, Wiley, New York, 1968.

[3] Embrechtz, P., Klippelberg, C. & Mikosch, T., Modelling extremal events for insurance and finance,
Springer, Berlin, Heidelberg, New York, Barcelona, Budapest, Hong Kong, London, Milan, Paris, Santa
Clara, Singapore, Tokyo, 1997.

[4] Fakhre-Zakeri, I. & Farshidi, J., A central limit theorem with random indices for stationary linear
processes, Statist. Probab. Lett., 17(1993), 91-95.

[5] Fakhre-Zakeri, I. & Lee, S., A random functional central limit theorem for stationary linear processes
generated by martingales, Statist. Probab. Lett., 35(1997), 417-422.

[6] Hannan, E. J., Multivariate time series, Wiley, New York, 1970.

[7] Kim, T. S. & Baek, J., A central limit theorem for stationary linear processes generated by linearly
positively quadrant-dependent process, Statist. Probab. Lett., 51(2001), 299-305.

[8] Tran, L. T., Roussas, G. G., Yakowitz, S. & Truong, V., Fixed-design regression for linear time series,
Ann. Statist., 24(1996), 975-991.



