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Abstract

This paper considers the pointwise estimate of the solutions to Cauchy problem for quasilin-
ear hyperbolic systems, which bases on the existence of the solutions by using the fundamental
solutions. It gives a sharp pointwise estimates of the solutions on domain under consideration.
Specially, the estimate is precise near each characteristic direction.
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¢1. Introduction

In this paper, we consider the following first order quasilinear strictly hyperbolic systems
of balance laws
u + A(u)u, = B(u), (1.1)
where u(z,t) = (ul,--- ,u")!(z,t) is the unknown vector function, (z,t) € R x Ry, A(u) =
(ai;) is an n x n matrix with suitably smooth elements a;; (4,7 = 1,2,--- ,n), and B(u) is
a given smooth vector function. By strictly hyperbolicity, for any given u on the domain
under consideration, A(u) has n real eigenvalues Aj(u), -, A\, (u) and a complete system
of left (resp. right) eigenvectors. For i = 1,---,n, let l;(u) = (l;1(uw), -+ ,lLin(u)) (resp.
ri(u) = (ri1(u), - ,rin(u))?) be a left (resp. right) eigenvector corresponding to A;(u),
Li(w)A(u) = A (u)l;(u) (resp. A(u)r;(u) = Xi(u)r;(u)). (1.2)
We have
detl;; #0 (equivalently detr;; # 0). (1.3)
Here A;(u),l;;(u),7i;(u) are supposed to have the same regularity as a;; (i,j = 1,--- ,n).
And wu(z,t) is considered in a neighborhood of u = 0. Without loss of generality, we suppose
0 < A(u) < < Ap(u), (1.4)
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in the neighborhood of u = 0, and furthermore we suppose that on the domain under
consideration

li(u)~rj(u)55ij, i,jzl,"' , N, (15)
ri(u)t () = 1, i,j=1,---.,n, (1.6)

where d;; stands for the Kronecker’s symbol.
Throughout this paper, we always assume that the term B(u) satisfies

B(0)=0, VB(0)=0, (1.7)

namely B(u) is a nonlinear term of higher order. The Cauchy problem is (1.1) with the
following initial data

u(z,0) = ¢(x), (1.8)
where ¢(z) is a “small” C? vector function of  with suitably decay properties as |z| — oc.
We will investigate the global existence and the precise pointwise estimates of the solutions
to the Cauchy problem (1.1) and (1.8).

In the case that B(u) =0, (1.1) is homogenous system as follows

up + A(u)uy = 0. (1.9)
Suppose that ¢(z) possesses a compact support and A(u) and ¢(z) are C? functions. In a
neighborhood of w = 0, if the systems (1.1) is genuinely nonlinear in the sense of Lax, or a
part of the characteristics are genuinely nonlinear while the other part of the characteristics
are linearly degenerate in the same sense, John?! and Liul studied the blow-up phenomenon
of C? solutions to the Cauchy problem (1.8) and (1.9) for small initial data. Hérmander!]
reproved the result given in [2] and obtained the sharp estimate for the life- span of C?
solutions. By introducing the concept of weakly linear degenerate, Li et all®l gave a complete
result on the global existence of C! solutions to the Cauchy problem (1.8) and (1.9) for small
initial data with compact support. And Li et all® 9 generalized the result to the case that
¢(x) has no compact support but possesses suitably decay properties as |z| — oo and for
inhomogeneous system (1.1). They obtained that the solutions of the systems have some
decay property except for the neighborhood around the characteristics.

In this paper, we try to obtain the whole pointwise estimates of the solutions for the above
case in [3, 9]. As we know, the estimate near the characteristics is important to hyperbolic
system, but it is more difficult than outside the neighborhood around the characteristics.
In general, one only can prove that solutions are bounded near the characteristics. One
of the key point in our study is how to get the pointwise estimates of the solutions near
the characteristics. In fact, by using the fundamental solution (i.e. Green function) in
dealing with the hyperbolic system with diffuse structurel® 719 we obtain a sharp pointwise
estimates of the solution on whole domain under consideration. Specially, we obtain the
explicit expressions of the time-asymptotic behavior of solution near each characteristic
direction. Since they are not of diffuse structure, the Green function is not decay for time,
so we need more precise estimate.

On the other hand, since it is difficult to deal with the above problem in multi-dimension
space by the characteristics method. We hope to extend the notion of weakly degener-
ate and study the time asymptotic behavior of solutions in multi-dimensions by using the
fundamental solution method. But, we consider the case in one-dimension.

We suppose ¢(z) € C*, and denote

0 = sup{(1+[al) (0] + 16/ +1] + 6] + 6"} (1.10)

where > 1. Set
vi(u) =Li(w) -u, wi(u) =Lw) - ug, bi(u) =1(u) - Bu). (1.11)
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The definitions of weakly linear degenerate, matching condition and normalized coordinate
can be seen in [3], here we omit it. Throughout this paper we denote the generic constants
by C, and denote \; = A;(0) in the sequel. Our main result is as follows:

Theorem 1.1. Under the hypotheses mentioned above, suppose that A(u) and B(u) are
C* in a neighborhood of u = 0. Furthermore, suppose that the system (1.1) is weakly linearly
degenerate and B(u) satisfies the matching condition. Then there exists 6y > 0 which is so
small that for any given 6 € [0,6y], the Cauchy problem (1.1) and (1.9) admits a unique
global C' solution u = u(x,t) ont > 0, and there exists C which is independent of 0, such
that

lvs(2,t)] < CO(L + |z — \t|) T, (1.12)
lw;(x,t)] < CO(1+ |z — N\t)1 T4 (1.13)

Finally in this section, we enclose a lemma and some formulas given in [3, 8].

Let

d 0 0
il TR G

be the directional derivative along the 4-th characteristic. From (1.11)—(1.13), for ¢ =

]-a N,
dvz -
Z ﬂz]k ijk + Z Uzyk vjbk )+bi(u)’
P P (1.14)
dwi
Z igk(wwgwg + Y Ep(w)wsbg + (bi(w))e,
G k= g k=1
where

Bijk
Vijk

ik

u) = ( ( ) = Ai(w)li(w) Vrj (w)ry(u), (1.15)
u) = —li(u)Vr;(u)ri(u), (1.16)
)= (Vrkrj Tk (1.17)
)= {( j(w) = A (u)li(w) Vg (u)r;(u)

— Vr(u)r;(u)dsx + (jlk)}, (1.18)

u

(
(
(
(

Yijk (U

where §;; is Kronecker’s symbol, and (j|k) stands for all terms obtained by changing j and
k in the previous terms. Hence, we have

,8”1<u) =0 for all ] (1.19)
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We get some relations in the normalized coordinates similar in [3]:

ri(uie;) =e; = (0, ,i,--- ,0)f, (1.20)
Bijj(uje;) =0 for all |uj] smalland j=1,---,n, (1.21)
vijj(uje;) =0 for all |u;| smalland j=1,---,n, (1.22)

bi(u) = Zb”k( W)U U forall i=1,---,n, (1.23)
J#k
= Zi)zk(u)wk forall i=1,---,n, (1.24)
- L Obyy -
bir(u) = Z [ D, (Sup, - Uy~ ,sun)ds} Uj for by (urer) =0.
iz Jo Oui (1.25)

§2. Preliminaries

In [3] for all T > 0, in the normalized coordinate, we know that there exists C' > 0
independent of 6 and T, such that

|u(1‘7t)|C1(R><[O,T]) <Co (2.1)
for 0 being small. We can see that the solutions u(z,t) € C%(R x [0,T]) if we employ the
same method as in [3] to the system (1.1) and (1.8). In the following, we will prove our
results in the normalized coordinate. Firstly, it is easy to prove the following two lemmas
as follows:

Lemma 2.1. There exists a positive constant C independent of (x,t), such that the
following inequality holds:

vi(, )] = [li(u)ul < C0, (2.2)
|w;(z,t)| = |l;(w)u| < CH. (2.3)
Lemma 2.2. There exists a positive constant C independent of (x,t) and 0, such that

t
/ (14 |z =Nt —(Nj — N)s|) "W Wds < ¢ forall j#i. (2.4)

0

Denote

Fijre =14z =Nt — (A — N)s)"E (14 [z — Nt — (e — Ag)s]) =0, (2.5)

Lemma 2.3. There exists a positive constant C independent of (x,t) and 0, such that
t

/ Fijrds < CA+ |z —Nt|)"U forall j# k. (2.6)
0

Proof. It is easy to prove for k = i or j = i. Without loss of generality, we suppose
j > i. We rewrite the left term in (2.4), for all (x,t) € R X R4, in the form

t
/ Fi7j7kd8=/ Fi7j,kd8+/ FiJ’,de—F/ FiJ’,de
0 [O,t]ﬁfl [O,t]ﬁIQ [O,t]f“l[:;

S A+ Ag + As, 2.7)
where

I ={s| |z = Nt] = (L+n)(N; — Ai)s},

I ={s| |z —Nt| < (1— )(Aj — Ai)s}h,

Iy={s| =)A= Ai)s < |z = At[ < (T +m)(A; — Ai)s}
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for n being small and defined later.
For s € I and s € I, respectively,

=t = (= A)sl > o= Aat] = (4 = M)s = e =t
[ =Xt = (g = M)l > (4 = A)s — o = At] = § L o=l
Thus from Lemma 2.2 and direct calculation, we have
Ay, Ay < O+ |o — Mt|) =M, (2.8)
For s € I3 = I31 U I35 with
I31 = {S | (1 — 77)()\J — )\1)8 <x—Nt< (]. + 77)()\] — )\i)S}, (29)
Isp = {s[ (1 = n)(A; = Ai)s < —(z = Mit) < (1 +n)(N; — Ai)s}. (2.10)
If se 139, then
9 _
2Nt — (A = A)s < —(2 =)\ — Ai)s < —1+Z|3: — Aitl.
It is easy to see that
Asy = / Fijrds < C(1+ | — Mt|)~(FH), (2.11)
[0,t]NI32
If s € I31, we choose n < %1;2 2‘(’&2:?1‘), then

Il‘ — /\it — (/\k — )\1)8‘ Z |()\k — /\j)Sl — |l‘ — )\it — ()\] — /\1)S|
n
1+7n

>n(Aj—Ai)s > |z — Aitl.

Thus we have

Az = / Fijrds < C(1+ |z — Agt]) =04, (2.12)
[O,t]mlgl

From (2.7)—(2.12), the inequality (2.6) is true, and we complete the proof of the lemma.
Choosing some dy which is small and satisfies \; 11 — A; > 499, A1 > 469, we denote

D = {(z,t)] (M — o)t <z < (A + do)t},
D; = {(z,t)| |[x — \it| < dot},
Dy = {(z,t)] x — A\t < ot}
D_ = {(z,t)] x — Mt > ot}

By the definition of D;, it is easy to obtain the following lemma.
Lemma 2.4. There exist positive constants C independent of (x,t), such that

C M <|z—M\t|<Ct  forall (z,t)eD\Dy, i=1,---,n. (2.13)
Set

M(t) :max{maxsup(1+|zf)\it\)1+“\vi(z,t)\,maxsup(1+|xf/\it|)1+”|wi(x,t)|}. (2.14)
i) i @)

Now, we will prove the following lemma.
Lemma 2.5. There ezists a positive constant C, for alli=1,--- ,n, such that

(1 + |z — Nt ) i (e, )] < CM(t). (2.15)
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Proof. In fact, for any (z,t) € D\ D;, i=1,--- ,n,
ui(z,t) = u’ (x,t)e; = kar,{(u)ei, (2.16)
k=1
where e; is defined by (1.20). Then from (2.13) we have

1+ & — Mt P |z, 1)) = (1 + |o — )\it|)1+“‘ AL
k=1

< CZ(l + o — Mt T oprd (w)es| < CM(2). (2.17)
k=1
If there exists 4, such that (x,t) € D;, then for all j # i from (1.20),

(14 o = Aty (2, 0)] < (L o= At Y owrd] (w)e]

ki
+ (L o = Agt) P uilr] (u) = v (uieq)]e;l- (2.18)
By Hadamard’s formula, we have
8
ri(u) —rj(uie;) / 5‘1? UL Uy SUp ) dSU.
0 1z Ok

Then, from (2.1), (2.2) we have
(L + Jo = Ajt) ]y (x, 1)
<CY (e = Mt opr (wes| + O+ o = \t) i D

ki ki
< CM(t) +COY (1 + [a — Apt)) T fup(x, 1)]. (2.19)
ki
If 0 is small enough, we can get the following inequality
> (A |z = Nt up(, 8)] < CM(2). (2.20)
k#j

For j = i, we can obtain
(L4 |z — Xit]) T ui (2, 1)
S (1 + |$ — )\it|)1+‘u Z |’Uk’/’ki| + (1 + |l‘ — )\itl)l—’_#lvirz’i‘
ki

< CM(t). (2.21)
For any (z,t) € D, © < (A — do)t, or © > (A, + do)t. We only consider the case of
x < (A —d)t. Then x — A\t < (A — N\, —dp)t forall i =1,--- ,n. Thus

Xr — )\ﬂf 60
<

AM—XN—0 " A=A —0p

=Nt <z —Mt<xz—Nt+ (N —A\) (x — N\it),

then

(L o — Xt s (. )] = (14 [ = Nt )T oprf (w)es]
k=1

i 1+ |2 — Mt]) o ()| < CM(2). (2.22)



No.4 WANG, W. K. & YANG, X. F. POINTWISE ESTIMATES OF SOLUTIONS 463

By (2.20) to (2.22), the lemma is proved.

63. Proof of the Theorem

In [3] Kong proved the existence and uniqueness of the solutions for the Cauchy problem
(1.1) and (1.8). Here we need to obtain the estimates (1.12) and (1.13). We know that
vi(x,t) and w;(z,t) satisfy (1.11), where A;, l;, r; are functions in the neighborhood of u = 0,
and they are bounded by some constants.

We will prove the main theorem from (1.14). Our proof includes the two order derivatives
of the solutions which will depend on the existence of C* solutions. And the proof of the
existence of the solutions is similar to that in [3], so we will not repeat it. In fact, by
differentiating two sides of the second equation of (1.14) with respect to z, and denoting
pi = % foralli=1,---,n, we have

do: AViik
dptl = Z gz (u)ijk +2 Zryzgk ijlc v)‘zua:pz
K i#k

z T Z gzyk (31)
k=

1

s

J
Similarly we differentiate two sides of (3.1) with respect to =, and denote o;; =

901 then we
obtain that, for alli =1,--- ,n,
dal - 6 Yijk 6% k
=3 ( ax; ) () + 4 z (%22) oy
k:
+2 Z VigkPiPk + 2 Z YijkWj Ok + %/\i C i+ T Aitg oy
) , ox
J,k=1 j,k=1
+ z x;cx+ Z fzjk w]bk (32)
7,k=1

Firstly, we have the following lemma.

Lemma 3.1. Under the hypotheses mentioned above, if A(u) and B(u) are C* in a
neighborhood of u = 0, suppose furthermore that the system (1.1) is weakly linearly degen-
erate and B(u) satisfies the matching condition. Then there exists 6y > 0 so small that for
any given 0 € [0,60o], the Cauchy problem (1.1) and (1.8) admits a unique global C* solution
u=u(z,t) ont>0. Foralli=1,--- ,n,

iz, t)] < CO + |z — Ait|) = A, (z,t) € R?\ Dy, (3.3)
lwi(z, )] < CO(L+ |z — \it])~ <1+“>, (z,t) € R*\ D;, (3.4)
lpi(z, )| < COL + |& — Ait]) =1, (z,t) € R*\ Dy, (3.5)
s (2, 1) < CO(L + |& — At]) =1, (z,t) € R\ D;. (3.6)
Furthermore, we have
|pi(z,t)| < CO, |ay(z,t)] < C0, (z,t) € R%. (3.7)

Proof. Tt is easy by using the method in [3].

Secondly, We will give the estimates of v;, w;. But we need a rough estimate for p; if we
want to reduce the estimate of w;. We prove the theorem in three steps.

Step 1. The rough estimate of p;
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We linearized (3.1) at the neighborhood of u = 0,

0 0 " 8’7@‘].3 i
(& + A”a?)”i = Z W(u)ijk +2 Z Vi (W) w;pr, — 7 Ni (w)uzp;

j,k= j,k=1
+ (0i(W)aw + Y (Egr(@wsbr)e — (Ni(w) = Ay
j,k=1
= f(xz,t). (3.8)

For fixed (x,t) € D;, suppose that the line Y —x = \;(S—t) intersects the line Y = (\;+60)S
(resp. Y = (A; — 60).5) at the point (y, x25-) (resp. (y, x%5;))- Without loss of generality,
we only consider the first case, i.e. y = %(x — A\it). As we know that the line between
(z,t) and (y, x¥5;) included in D;, so we integrate (3.7) from 55 to t,

plant) = (0 5 / /6x—y Nt — )/ (. 8)dyds

— Yy _ _
= pi (y7 Y 50) +/ , flxz—=Xi(t—9),s)ds. (3.9)
A;i+d0
We now estimate the right side terms of (3.8). From (3.5),
Y Aiy — (1w ¢!
(y.—2L N <co(a ’ - ’ <01+ |a — +h), 1
pivis) | <001+l 55 ) CO(L + |z — Ait]) ™ (3.10)

From Lemma 2.3 and (2.14),
i
/ ‘Z ijijk‘( —X\i(t—9),8)ds

~: +a0

t
< OM?(t) > Fijrds < CMP(£)(1+ [a — Nit]) =) (3.11)
Xi+d0 +50 J#k
From (1.22), using Hadamard’s formula and (2.1), we have

i
/ ‘Z Yidd 2 (= My(t — s) (ds < COM@)(L + |a — Mit]) =+, (3.12)
i +50 J#i
From the definition of M (¢) and the relation (1.22) for j = 4,

Ox
From (3.5) in Lemma 3.1,
lpr(z — Ni(t — 5),8)| < COL + |z — \i(t — 5) — Aps|)~AFH) for all k #i. (3.14)
From Lemma 2.3 and (3.5),

/ Z Yijkw;pr (T — Ait — s), s ‘ds < COM(t)(1+ |o — At])™ (1+#)
>t Jsﬁz k#i

/ a%”w»( —\i(t—s),s ’ds<C€M()(1+|x—)\t|) (A+n), (3.13)

Ait+do

|3 vt = At = ), 9)]ds < COM(1 + |~ Xy~
Xi+d0 +5o k=1
Since (z — \i(t — s),s) € Dy, for [ # 4,
|z — Xi(t—8) = Nis| = |\ — Ails = o — Ait| = dos > |z — N\t (3.15)
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From (3.7) in Lemma 3.1,

/ ‘Z%szgpz —Ai(t—9),9)|ds

)‘i+‘50 J#i
t
< COM(t) (14 |z = Ni(t — s) — Ays) " ds
A 150
< COM(t)(1 + |z — Mt|) =+, (3.16)

Because in the normalized coordinate, V; - r;(uze;) = 0, from Lemma 2.2, (3.4)—(3.6),
and using Hadamard’s formula for VA; - r;(u), we have

/tq ‘[ZkaAirkpi(fﬂf)\i(t*S),S)+’wiv>\i?"ipi( — it —s),s ”ds
- i

;130
t
<SOOM() [ Y (] = Nt = (4 = A)s]) T ds
St ki
< COM(t)(1+ |z — Nit]) =01, (3.17)

We can calculate directly

Z b2]k ijk + szk Pk»

k,j=1
61)1;C

where by, (uje;) = ( je;) = 0. The estimate of the term (b;(u))y, is similar to the above

terms. For the estimate of > (&jx(u)w;by)s, we only need to consider the term b;(u) and
7,k=1
bi(u),. From (1.23)—(1.25), Lemmas 2.3 and 2.5,

)/ —)\is,t—s)ds‘

<C’/Z|u3ukx—/\st s)|ds

J#k

< CM*(t / > Fijrds < C(1+ |w— Nt]) " TN (). (3.18)
J#k
It is similar to the estimate of b;(u),, and

‘/ )\stfsds’<01+|x—)\t|) () 172 (4),
Now, we need to estimate the last term. When (z — \;(t — ), s) € D;, from (3.5), (3.7) and
)\z' = /\z(u,ez) = O

|Ai u)| = ‘/ Z I i(su1, sug, -+, Suy)dsu|, (3.19)
0

t
[(As — Ai(w))i(z — Nt — 5), 8)|ds < COM(£)t(1 + |o — Ait|) =,
% (3.20)
Combining these inequalities above, we obtain that for (z,t) € D,
iz, )] < CO + |z — Nt|) =T 4 COM ()1 + |z — At ]) A1), (3.21)
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Step 2. The estimate of v;
Now, we will get estimates of v; from the first equation of (1.14). First of all, we linearize
this equation at the neighborhood of u = 0,

) ) d av;
(& +)\i%)vi - Z Bujn(w)vjwy + Z Vi ()b () + bilaw) + (4 = Ai(w) -
7,k=1 J,k=1
= fi(z,t). (3.22)

Then we get the expression of solutions for the systems, where § is the Dirac function,

vi(x,t):/R(S(x—y—)\it)vi(y,O)dy—F/ /5(:c—y—)\i(t—s))fl(y,s)dsdy
= v;(x — A\it, 0) / |: Z 5@31@ v]wk + Z ka U]bk u) + b;(u)

Jk=1 j,k=1
+ (/\1 — )\Z(u)) (’LUZ — Z ll \V4 ’I"ka’UjU)k)i| (21? — )\i87t — S)dS
jk=1
= B, + By + B3 + By + Bs. (3.23)

From (1.8), we know that
|Bi| = [vi(z = Xit, 0)] = [li(u) - u(z — Ait, 0)]
< CO + |o — Mt|)~ 01,

Rewrite By as

t t
BQZ/ Z Bijk:(u)’l)j’wde‘i'/ Zﬂikk(u)vkwkds

0 stk ki 0 jt;
= Ba1 + Baa. (3.24)
From (2.14), (2.4) and Lemma 2.3,
|Ba| <c/ S Fyjds < C(1+ [z — Agt) =0+ M2(), (3.25)
Jj#k

From (1.21), in the normalized coordinate, we get

8 Z'L/L
Biii (1) = Bisi(uw) — Biii(uie;) / by UL,y Uy oo 5 Sy ) ASUL. (3.26)
0 ) aUk

From (2.2), (2.14), (3.26) and (2.15), we have the following inequality

|B22|<C/ > lujvkwp(z = Ais, t — s)|ds

Gk kA
C(1 + |o — Nt|) "I+ M2(1). (3.27)
From (3.24)—(3.27), we have
|By| < C(1+ |z — Mt|)~EHW M2 (1), (3.28)

Noting (2.2), (3.17), thus
|By| < C(1+ |z — Mt|)~EHW M2 (1), (3.29)
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Furthermore, it is easy to check the following inequality
t n
|Bs| = ‘/ Z Yijk (W) vjbg(x — Ais, t — s)ds‘
0 jk=1
¢
< C" / Zbk(u)(ft — A\is,t — s)ds
0
<O+ |z = Mt|) M2 (1). (3.30)
Now we estimate the term By,
¢
Bs = / (i — Ni(u)w;(xz — N\is, t — s)ds
0
t n
- / (A — Ai(w)) Z l; v rjrevjwg(z — Ais, t — s)ds
0 G k=1
= Bs1 + Bsa. (331)
Notice that from (2.15), (3.19) and (2.6),
¢
|B51| S / |(>\z — Al(u))wl(x — )\z(t — 8), 5)‘d8
0
< CM2(t) (1 + |z — A\t ])~4F+m), (3.32)
For the estimate of Bsa, because of (1.21), (3.19) and (3.28), we have
t )\z — )\Z(u)
| Bsa| < / ‘ Z mﬂijkvjwk (x — \i(t — s),8)ds
0 " k2
< OM2(t)(1 4 |z — \t])~CFm), (3.33)
Now we can get that
vi(z, )] < CO + |o — Nt|)~EFH) £ OM2 (1) (1 + |o — Nit])~O+H, (3.34)
Step 3. The estimate of w;
We linearize the second equation of (1.14). Then
a a n n
(a + Ai%)'wi = z Vijk (W) wjwe + Z (&ijk (W w;bg)o
J,k=1 j,k=1
+ (0i(u)e + (N = Ai(u))pi
T (3.35)

We just need to estimate w;(z,t) for (z,t) € D; because of (3.4) for (x,t) € R\ D;, here y

has the same meaning as in Step 1. Similar to Step 2, it follows that

)—F/ty falx — Ni(t — s), 8)ds.

wi(z,t) = wi(y, ¥ 3—60

From (3.4) we know that

Yy —(14+p)
i < o1 — A\t B,
iy, 55| < OO+ | = Aitl)

The estimate of fo(z,t) is similar to that of v;(z,t) except for the last term.

(3.36)
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We will use (3.19), (3.21), Lemmas 2.5 and 2.2, and furthermore we need the condition
w>1.

= xt) [ = Nl = At = 5),9)lds

X130
¢
SCOM(t)+COM(t) [ > (14 |z = Nt —5) — Ajs|) " Fsds.
Sits i (3.37)
Because (z,t) € D;, we have
|z — Ai(t —5) — Ajs| > |Aj — Nils — | — Ajt] > dos for ﬁ <s <t
Furthermore since p > 1,
t t
/ D @]z = Ai(t—5) = A;ssds < c/ (1+s)"MHHgds < C. (3.38)
—Y —Y

Xi+30 jFi Xi+%0
From (2.14) and the above estimates,
(1+ |z — Nt]) " w;i (2, 1) < CO+ COM (t) + CM(t). (3.39)

Combining the inequalities (3.34), (3.39), we see that there is a positive constant C such
that

M(t) < CO+ COM(t) + CM?(t). (3.40)
Since 6 is sufficiently small, by continuity we have
M(t) < C6. (3.41)

This completes the proof of the main theorem.
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